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integro-differential equations. By using fixed point theorems for the sum of three operators are used for proving

the main results.
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1. INTRODUCTION

Fractional differential equations arise in the mathematical modeling of systems and processes
occurring in many engineering and scientific disciplines such as physics, chemistry, aerodynam-
ics, electrodynamics of complex medium, polymer rheology, economics, control theory, signal
and image processing, biophysics, blood flow phenomena, etc. [18]-[21].

For some recent developments on the topic, see [3]-[23], and the references therein. Hybrid
fractional differential equations have also been studied by several researchers.
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This class of equations involves the fractional derivative of an unknown function hybrid with
the nonlinearity depending on it. Some recent results on hybrid differential equations can be
found in a series of papers [25]-[14].

In [22], Surang Sitho, Sotiris K Ntouyas, and Jessada Tariboon discussed the following Exis-

tence results for hybrid fractional integro-differential equations

D‘”(“”2}@1’52?3‘“““”)=g<r,x<z>> de 1€1=[0T], 0<a<I

x(0)=0

where D% denotes the Riemann-Liouville fractional derivative of order o, 0 < o < 1, I? is the
Riemann-Liouville fractional integral of order ¢ > 0, ¢ € {B1,B2,....Bu}. f € C(J x R, R\
{0}), g € C(J x R,R), with h; € C(J x R,R) with 1;(0,0) =0,i=1,2,...,m.

In [19], K Hilal and A Kajouni considered boundary value problems for hybrid differential
equations with fractional order (BVPHDEEF of short) involving Caputo differential operators of

orderO< a <1

D“( x(1) ):g(t,x(t)) ae. t€J=[0,T]

NI
FTAD) ~ €

x(0)
| 471000y 2

where f € C(J x R,R\{0}) , g € €(J x R,R) and a, b, c are real constants witha+5b #£0 .

Dhage and Lakshmikantham [12] discussed the following first order hybrid differential equation

\x(to) =x0 €NR
where f € C(J x R, R\{0}) and g € €(J x R,R). They established the existence, uniqueness
results and some fundamental differential inequalities for hybrid differential equations initiating

the study of theory of such systems and proved utilizing the theory of inequalities, its existence

of extremal solutions and a comparison results.
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Zhao, Sun, Han and Li [25] are discussed the following fractional hybrid differential equations

involving Riemann-Liouville differential operators

D f(;c,gc[()t))] —=g(t,x(t)) ae t€J=10,T]
x(0)=0

where f € C(J x R,R\{0}) and g € €(J x R,R). They established the existence theorem
for fractional hybrid differential equation, some fundamental differential inequalities are also
established and the existence of extremal solutions.

Benchohra and al.[24] are discussed the following boundary value problems for differential

equations with fractional order
D%(t) = f(t,y(t)), for each t€J=1[0,T], 0<a<]l
ay(0)+by(T) =c

where D% is the Caputo fractional derivative, f : [0,7] x R — fR, is a continuous function, a,
b, ¢ are real constants with a + b # 0.
Motivated by some recent studies on hybrid fractional differential equations see [19],[22], we

consider the following value problem :

D® (x(f>‘2]i’f—(;;‘;"l§';<’“<’>>> —g(t,x(t)) ae. t€J=[0,T], O<a<]l
(1

x(0) XT)
Foxo) TP 7Ty = ¢

a
where D% denotes the Caputo fractional derivative of order o, 0 < ¢ < 1, 1 9 is the Riemann-
Liouville fractional integral of order ¢ > 0, ¢ € {B1,B2,...,Bm}, f € C(J xR,R\ {0}), g €
E(J x R,R), a, b, c are real constants with a + b # 0, and h; € C(J x R,R) with 4;(0,x(0)) =
0,i =1,2,...,m. An existence result is obtained for the initial value problem (1) by using a
hybrid fixed point theorem for three operators in a Banach algebra due to Dhage [15].

The problem (1) considered here is general in the sense that it includes the following three

well-known classes of initial value problems of fractional differential equations.
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Case I: Let f(t,x(t)) = 1 and IPh(r,x(1)) =0,i=1,2,...,mfor all r € J and x € 9R. Then the

problem (1) reduces to standard initial value problem of fractional differential equation,

D%(x(t)) = g(t,x(t)) ae. t€J=[0,T|,0<a<l1
ax(0)+bx(T) =c,

Case II: If IPin(t,x(t)) =0, i=1,2,...,m for all t € J and x € R in (1). We obtain the

following quadratic fractional differential equation,

D*(20) =glt,x(1)) ae reJ=[0,T], 0<a<l
)

x(0
£(0:x(0))

1)
+orramy = ¢

Case III: If f(t,x(t)) =1 for all t € J and x € R in (1).We obtain the following interesting

a

fractional differential equation,

D (x(t) - ;"leﬁih(t,x(t))> —g(t,x(t)) ae. t€J=[0,T], O<a<l

ax(0) +bx(T) =c,
Therefore, the main result of this paper also includes the existence the results for the solutions
of above mentioned initial value problems of fractional differential equations as special cases.

As a second problem we discuss in Section 4 an initial value problem for hybrid fractional

sequential integro-differential equations,

D~ (D“’f(f)—jf-(’f—;(’f)g’“"(”"(’))) = g(t,x(t),I"x(t)) ae. teJ=[0,T], 0<a<l
2) ’

x(0 x(T
f(o,(x<)0>> +b f(T,(x()T)) =¢, DPx(0) =0,

a
where 0 < o, B < 1, 1 < ¢+ B <2, functions f,h, and constants P, B, ..., B, are defined as
in problem (2), g € C(J X R,9R), a, b, c are real constants with a+ b # 0, and 17 is the Riemann-
Liouville fractional integral of order y. By using a useful generalization of Krasnoselskii’s fixed
point theorem due to Dhage [17], we prove an existence result for the initial value problem (2).
This paper is arranged as follows. In Section 2, we recall some concepts and some fractional
calculation law and establish preparation results. In Section 3, we study the existence of the

initial value problem (1), based on the Dhage fixed point theorem,while in Section 4 we deal

with the initial value problem (2).
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2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminaries facts which are used
throughout this paper. By E = C(J,9R) we denote the Banach space of all continuous functions

from J = [0, 7| into PR with the norm

[y[l = sup{[y(s)[,z € J}

and a multiplication in E by

I#ll = sup|x(r)] and (xy)(r) = x(1)y(r), V1 € J.

Clearly E is a Banach algebra with respect to above supremum norm and the multiplication in it.

Let €(J x R, M) denote the class of functions g : J x R — R such that
(i) the map 7 — g(t,x) is mesurable for each x € R , and
(ii) the map x — g(¢,x) is continuous for eachz € J.
The class €' (J x R,9R) is called the Carathéodory class of functions on J x & which are
Lebesgue integrable when bounded by a Lebesgue integrable function on J .
By L!(J,9R) denote the space of Lebesgue integrable real-valued functions on J equipped with
the norm ||.||;1 defined by

Inlly = Ji Jx(s)lds

Definition 2.1:  The fractional integral of the function # € L' ([a,b], ") of order o € R+ is
defined by

1%h(1) = / U= s
a
where I is the gamma function.

Definition 2.2: For a function & given on the interval [a, b] , the The Riemann-Liouville fractional-

order derivative of 4, is defined by

DEnn =it (4) [ s

where n = [o] + 1 and [¢t] denotes the integer part of o.

Definition 2.3:[5] For a function % given on the interval [a,b] , the Caputo fractional-order
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derivative of 4, is defined by

t _Sn—(x—l
(D, h) (1) = F(nl_a) / ( Fga) 1O (s)ds

where n = [a] + 1 and [o] denotes the integer part of .

Lemma 2.1: [18] Let & > 0 and x € C(0,7)NL(0,T). Then the fractional differential equation
D%x(t) =0
has a unique solution
x(t) =kt f kot 24 4kt

where k; € R, i=1,2,....n,andn—1 < o < n.

Lemma 2.2: Let o > 0. Then for x € C(0,7) NL(0,T) we have
1%D%x(1) = x(t) +co+crt+...+cpt™ L,

fore some ¢; € R, i=1,2,...,n— 1. where n = [at] + 1.

3. HYBRID FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS

In this section we consider the initial value problem (1). The following hybrid fixed point
theorem for three operators in a Banach algebra E, due to Dhage [15], will be used to prove the
existence result for the initial value problem (1).
lemma 3.1: Let S be a nonempty, closed convex and bounded subset of a Banach algebra E and

letA,C: E — E and B : S — E be three operators satisfying:

(a1) A and C are Lipschitzian with Lipschitz constants § and p, respectively,
(b1) B is compact and continuous,

(c1) x=AxBy+Cx=x€ Sforally €S,

(dy) OM+p < 1, where M = ||B(S)||.

Then the operator equation x = AxBx 4 Cx has a solution.
lemma 3.2: Suppose that 0 < o < 1 and a, b, c are real constants with a + b # 0.

Then, for any & € L' (J,9R) , the function x € C(J,9R) is a solution of the
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x()=Y" Bih,- X
D“( L “”) =h(t) ae. 1e€J=[0,T]

3)

x(0) x(T)
CFox0) T OTTAT) T C
if and only if x satisfies the hybrid integral equation

@x(t) = [f(t.x()] [ﬁ / ’(r—s>“lh<s>ds—aib(% / (=)  hs)ds — ¢

bY™  1Pin, (T, x(T)) O
F(T.X(T)) ﬂﬂ_;’ hi(t,x(1)), 1€ [0,T]

(1)

proof Assume that x is a solution of the problem (3). By definition, m 1s continuous.
Applying the Caputo fractional operator of the order o, we obtain the first equation in (3).

Again, substituting 7 =0 and 7 = T in (3) we have

bZT:llﬂihi(Tvx(T))> ;n:llﬁihi(ovx(o))

x(0) 1/ b (T "
(7 )/0 (T =) hls)ds— e+ === ) £(0.4(0))

£(0,x(0))  a+b\I(a

x(T) B 1 T o
Ty © @y T s

- (L/()T(T—s)a_lh(s)ds—c%—

bY™, Iﬁih,-(T,x(T))>

a+b\I'(x) f(T,x(T))
N Y 1Pin(T,x(T))
f(T,x(T))
then
x(0) x(T) —ab r R R
Ty T~ o (0 e
b T a1 b’ g a—1
+ W/O (T —5) h(s)ds—m/o (T —5)* "h(s)ds
bc —ab b? YL Iﬁihi(T,x(T))
+ a+b+(a+b_a+b ) 1f(T,x(T))
this implies that
; x(0) b x(T) _
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_ym Bip.
Conversely, D“ (x([) Lii! h‘(t’x(’))> = h(¢)

flx(@))
So we get

x(1) = Y P (,x(1)) _
f(t,x(1))

Then

x(0) N bz;';llﬁfh,-(T,x(T)

= bR+ @+ b) 5 oy HO T )

x(0) 1
£(0,x(0))  a+b

In consequence, we have

- bz;ﬂ_llﬁfhi(T,x(T))>

<c— bI®K(T) )

x(1) = (f(ux(z)))[%a) [ s L b(%) [ 9 hisas
by 1P (T,x(T)) L i
FTAT) )]+;1 hi(t,x(t)), t€]0,T]

. In the forthcoming analysis, we need the following assumptions. Assume that :
(Hp) The functions f:J xR — xR\ {0} and h; : J xR — xR, h;(0,x(0)) =0,i=1,2,...,m,
are continuous and there exist two positive functions ¢, y;, i = 1,2,...,m with bound ||¢|| and

v, i=1,2,...,m, respectively, such that

®) |f(2,x()) = f(2,(0)] < 9(1) x(r) = ¥(2)]

and

(©) it (1)) — (e, y(0)] < W(Olx(t) = y(1)], i=1,2,...,m,
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fort € Jand x,y € ‘R.
(H,) There exists a function & € L!(J,9) such that .

(7) lg(t,x)| <h(t) ae teJ

for all x € fR.

(H3) There exists a number r > 1 such that

Ro[ (1+ %) (el i) + oy + | Rt rl] + Ko B e
190 [ (1+ ) (1l ey ) + oy + \”ZZ;ZB”’ ] [ i T

where Fy = sup|f(z,0)| and Ky = sup|h (1,0),i=1,2,.
reJ
Theorem 3.1 Assume that the COIldlthIlS (Hy) — (H3) hold. Then the initial value problem (1)

® r=

has at least one solution on J provided that

a c Bip,
O 10l[(+ 2 () + iy [PEEE T

proof:. Set E = C(J,R) and define a subset S of E as
S={xecE:|x|]|<r}

where r satisfies inequality (8).
Clearly S is closed, convex, and bounded subset of the Banach space E. By Lemma 3.2, problem
(1) is equivalent to the integral equation (3). Now we define three operators;

o/ : E — E by
(10) Ax(t) = f(t,x(t), teJ,

A .S — E by

(a0 Bx) — m/ot(t—s)alg(s,x(s))ds— ! ( b /OT(T—S)“ Lo(s,x(s))ds — ¢
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and ¢ : E — E by

m —s)Bi-
(12) Cx(t) = Zlﬁihi(t x(t Z/ (t=5) hi(s,x(s))ds, teJ
i=1 i=1

We shall show that the operators <7, %, and ¢ satisfy all the conditions of Lemma 3.1. This
will be achieved in the following series of steps.

Step 1. We first show that .o# and % are Lipschitzian on E.

Let x,y € E. Then by (H,), fort € J we have

| x(t) =) = |f(t,x(1)) = ft,3())]
< o) x(@) —y@) < [lo][llx—yl

which implies ||.&/x — «/y|| < ||¢||||x — y|| for all x,y € E. Therefore, & is a Lipschitzian on E
with Lipschitz constant ||@||.

Analogously, for any x,y € E, we have

Ex(0) - 630 = | Y Phlex) - Y Ptey()
)y )y

_Sﬁz—l
< ; / ’ ) wils)lx(s) — y(s)lds

[

‘I/z
el E ” —

IN

This means that

wi||T
-1 < 3 Moy

yi|| 7P

Thus, € is a Lipschitzian on E with Lipschitz constant ;" r l3 (BT

Step 2. The operator 4 is completely continuous on S.
We first show that the operator 2 is continuous on E. Let {x,} be a sequence in S converging

to a point x € S. Then by the Lebesgue dominated convergence theorem, for all ¢ € J, we obtain

fim [ =9

B Lt —s5)%)
e Jo Wg(saxn(s))ds = /0—11mg(s,xn(s))ds

[Na) n—oe

t(f— )1
[ sl xts)as
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and

L/Tg‘_s)a 'g(s X,(s))ds = T —5)%" ! hm g(s Xn(s))ds

n%oo )

g(s,x(s))ds

(04 /
(
/
(
In consequence, we have

lim $x,, = Bx

n—oo

This implies that 4 is continuous on S.

Next we will prove that the set Z(S) is a uniformly bounded in S. For any x € S, we have

PR /Ot%g@,x(s»ds— (s [ gl x(os

a+b\I'(a)
bY™, Iﬁfth,x(T))) ,
T))

S (T, x(
T b T el (X 1Phi(T X(T))
< Al T(o+1) + la+b|T(a+1) 17l + la+b| ’ (a—i—lb)f(T,x(T)) ‘
b| T el b PR(T X(T)) | _
< (1+| +b|><Hh|lL1F(a+1))+|a+b| | (@t B (Tx(T)) =&

for all 7 € J. Therefore, ||%| < K;, which shows that % is uniformly bounded on S.
Now, we will show that Z(S) is an equicontinuous set in E. Let 71,7, € J with 7 < 1, and

x € S. Then we have

o _g)e-l T — )l
|Bx(52) — Bx(1)| = ’/ (h()‘))g(s,x(s))ds—/o (Tzrmz)g(s,x(s))ds‘
1 _go-l_ _g)e-l ) —s)el
< /0 ’(72 ) F(a()fl ) ’|g(S,X(S))|dS—}— : (TZF((X)) |g(s7x(s))‘ds
- y a—1 _ g a—1 OC 1
< /O (72 —5) F(a()fl ) ’Hh||L1ds+/ 7\\hlluds

which is independent of x € §. As 7] — T2, the right-hand side of the above inequality tends to
zero. Therefore, it follows from the Arzeld-Ascoli theorem that & is a completely continuous
operator on S.

Step 3. The hypothesis (c;) of Lemma 3.1 is satisfied.
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Letx € E and y € S be arbitrary elements such that x = .&7x%y + € x. Then we have

KOl < 1x(0)l|B5(0)| +x(0)
I b (T .
< 1) [y ) =0 s xNas+ o (g [ =90 ss.x(s)ds e
by 1P hi(T . X(T))

T )] (55000
< ((e) = F0.0)+ 100D [ [ =9 s

Lo T e
+ |a+b|(r(a)/o (T =) ||l s + |c]

m By x n
o [P S )] 1 9 o) = (s.0)+ (5 0))

|b| T“ |c] by 1P (T, x(T))

= (””‘7’””0)[(”\ +b\)(”h””r(a+1>) \a+b\+‘ @ LB (TA(T)) ]

2 (| wil| + ko) TP
lzi r(Bi+1)

which leads to

1| T e
(13) Il < <r||¢|r+Fo>[(1+m)(Hhuvr(aﬂ))+|a+b|

DY, IPhi(T & (il +ko) TP
)(a+b)f(Tx H Z; rg+1) =

Therefore, x € S.

Step 4. Finally we show that M + p < 1, that is, (d;) of Lemma 3.1 holds.

Since
M=% = i‘;lg{i‘;?'%@'}
< (1) (M)
14) i )bzmlréil)lﬁw X(T >>‘

la+D| (a+b)f(T,x(T))

and by (H3) we have

ThBi
H¢HM+Z ﬁlH)HWzII <L
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. B;
with & = |9 and p = £, 7w
Thus all the conditions of Lemma 3.1 are satisfied and hence the operator equation x = .o/ x%x +
% x has a solution in S. In consequence, problem (3) has a solution on J. This completes the

proof.

4. HYBRID FRACTIONAL SEQUENTIAL INTEGRO-DIFFERENTIAL EQUATIONS

In this section we consider the initial value problem (2). An existence result will be proved
by using the following fixed point theorem due to Dhage.
Lemma 4.1: Let M be a nonempty, closed, convex and bounded subset of the Banach space X

andletA: X — X and B: M — X be two operators such that

(i) A is a contraction,
(ii) B is completely continuous, and
(iii) x=Ax+Byforallye M = x € M.
Then the operator equation Ax + Bx = x has a solution.
Lemma 4.2: Suppose that 0 < o, < 1,0<a+B <1, y>0, a+b # 0 and the functions
f. g hi,i=1,2,... m satisfy problem (2). Then the unique solution of the hybrid fractional

sequential integro-differential problem (2) is given by

) = flex() ﬁ/ot(t—s)ﬁ1(%/;(5*—14)0‘lg(mx(u),ﬁ’x(u))du
- ai b(% OT<T—s)“lg(u,x(u),ﬂx(u))du)—c
DERL P PIT AT ] ey
(15) + FTAD) )d}+i;1 hi(t,x(1)) 1€ [0,T]

Proof: By lemma 2.2 we have

DBx(t) =y, 1Bihy(t,x(1))
f(t.x(1))

by condition DBx(0) = 0, implies that co=0

=1%g(t,x(t),I"x(t)) + co

applying the semigroup property, i.e., 1BIBip; = [PtPh; i =1,2,... m, we obtain the,

L P Pn(T,(T)) | x(0)

O e By (), () + fox0)  70.x(0)

f(t,x(1))
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x(T)
f(0,x(0)) ~ f(T,x(T))

by 1B+Pin, (T, x(T))
F(T,x(T))

x(0)
f(0,x(0))

= bI*PgT x(T),I"x(T)) + + (a+b)

x0) v e, . by PP (T x(T))
7(0,x(0)) a+b( DI P g(T,x(T), I'(T) FTx(T)) )

Consequently,

1

) = f0x0) [ [ =97 (g [ 6= 0% (.
b

T
m/o (T — )% g(u,x(u), I"x(u))du+

by IPPin(T x(T)) N BB
(a+b)f(T,x(T)) )d}ﬂL;I hi(t,x(1)), tel0,T]

a-l—b

In the forthcoming analysis, we need the following assumptions. Assume that :

(A1) The functions f:J x | — R\ {0} and g : J x R? — R, are continuous and there

such that

(16) [ (8x(2)) = (2, 3(1))] < @ (1) |x(t) = y(1)]

and

(17) |8 (#,x(2), y(2)) — &, %(2), 5(1))| < % (1) Ix(1) = y(1)[ + [x(2) = 3(2)]

fort € J and x,y,x,y € ‘A.

(A2) [f(t.x)] < pu(2), V(t,x) €J xR, p € C(J,RT), [g(t,x,y)| < v(2), V(t,x,y) €J X Rx R,
v eC(,RY), and |hi(t,x)| < 6;(2),V(t,x) €JXR, 6; e C(J,RT),i=1,2,....m
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Theorem 4.1: Assume that the conditions (A) — (A2) hold. Then the initial value problem (2)

has at least one solution on J provided that

ol (1 + 2y L PR TAD

T(B+1) M(a+1) la+b] la+b] f(T,x(T))
|b| T8 TB+Y
a8) + el (1 + 7 5) (R ey ) <!

then problem (2) has at least one solution on J.
Proof: Setting sup |p(7)| = ||u], sup |v(¢)| = || V||, sup|6i(t)| = ||6:]|, i = 1,2,...,m, and choos-
teJ teJ teJ
ing
m ldl To+B
19 R > Y ol + [ (1+ -2

|C! by 1P Pn(T,x(T)) }
la+ b ‘ (a+b)f(T,x(T)) ’

vl

we consider Bg = {x € C(J,R) : ||x|| < R}. We define the operators <7 : E — E by
(20) Ax(t) = f(t,x(t)), tel,
9 :Br — E by

t(t—s a—1
Ix(t) = /O (t)g(s,x(s),lyx(s))ds—b)rwc) /O T = 9% g x(u), (), 1€ ]

T(a) (a+b
and
@1) Dx(1) = i ! /(; VBHB=1hu(s,x(s)), 1€
S T(Bi+B)
and
Tx(t) = dx(t)(ﬁ/ot(t—s)ﬁ_lﬁx( )ds+ﬂ
by 1P (T, x(T))
(22) (a—l—lb)f(T,x(T))> €J
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For any y € Bg, we have

x(t)| = |2x(2)+ Ty()|
< ill“(BiIJrB)/ot(t_s)ﬁi+ﬁ_l|hf(s’x(s))’ds+Wy( /@y |ds+‘ |+’b\
)
: lill“[},+[3 [ =565 as

t s (5 — a—1
w0 [ 0= ([ ST e A [ - s

[c] bYI PP (T x(T)) H

+ + ’

la+ b (a+Db)f(T,x(T))
I al To+h ]
< i_zlr(ﬁl_+ﬁ+1)\\ei\|+|rm[(1+|a+b|)r(a+ﬁ+l)u I+ s
bY 1P Py (T, x(T))
* ‘(a+mﬂrﬁap ]

and therefore ||x|| < R, which means that x € Bg. Hence, the condition (iii) of Lemma 4.1
holds.
Next we will show that 2 satisfy the condition (ii) of Lemma 4.1. The operator 2 is obviously
continuous. Also, 2 is uniformly bounded on Bg as

o < $ gyl

Let 71,7y € J with 7] < ) and x € Bg. We define  sup  |hi(t,x)| =h; < o0, i=1,2,....m
(I,X)EJXBR
Then we have

|9x(1) — 2x(11)| = — )PP (5, x(s))ds

Ms

lzlfﬁﬂrﬁ )/

m 1;1
Bi+B—1y,

- T —S hi(s,x(s ds‘

,;rﬁ,ﬂs | =P sx(s)
< . h BI+B 1 ﬁl+ﬁ 1 +/ B1+B 1d
- ; /3,+B )/ -(@ g
< o BB _ BB

,:ZIFB,+B+1)| 2 |

which is independent of x and tends to zero as 7, — 71 — 0. Thus, 2 is equicontinuous. So 2

is relatively compact on Bg. Hence, by the Arzela-Ascoli theorem, 2 is compact on Bg.
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Now we show that .7 is a contraction mapping. Let x,y € Bg. Then for t € J we have

| Tx(1) = T y(1)]

= |tz [ =0 2x)ds = sl [ =9 y(s)a

= [ = 4(5)25(5) = o (6) 2(6) 4 5(6) 23(6) =/ x(5) ()|
< 7 b 0= {1250 x06) = (6) 505 | 25(5) — (0] s

< g fe=P (14 ) s VIl

Il (14 ) s (o1 el [ (s =07 ) s

a+b|/T(a+1) I'(7)
T TF |a| T TB+Y
< {rwarnraenile I+ 00+ ) I (fgy mp ) M

Hence, by (18), .7 is a contraction mapping, and thus the condition (i) of Lemma 4.1 is satis-
fied.
Thus all the assumptions of Lemma 4.1 are satisfied. Therefore, the conclusion of Lemma 4.1

implies that problem (2) has at least one solution on J.
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