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Abstract. In this paper, fixed point problems of nonexpansive mappings and solution problems of
generalized variational inequalities are investigated based on a viscosity approximate iterative algorithm.
Strong convergence theorems for common elements which lie in the fixed point set and in the solution set

are established in the framework of Hilbert spaces.
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1. Introduction

Variational inequalities introduced in the early seventies have witnessed an explosive
growth in theoretical advances, algorithmic development and applications across all the
discipline of pure and applied sciences; see [1-24] and the references therein. It combines
novel theoretical and algorithmic advances with new domain of applications. Analysis of
these problems requires a blend of techniques from convex analysis, functional analysis
and numerical analysis. Now, we have a variety of techniques to suggest and analyze

various numerical methods including projection technique and its variant forms, auxiliary
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principle, Wiener-Hopf equations and so on. Recently, some classes of generalized varia-
tional inequalities involving two or three three nonlinear operators has been studied by
many authors; see [1-6] and the references therein. The generalized variational inequali-
ties are useful and important extension and generalizations of the variational inequalities
with a wide range of applications in industry, mathematical finance, economics, decision
sciences, ecology, mathematical and engineering sciences. For solution problems of the
generalized variational inequalities, projection methods which link solution problem of
variational inequalities and fixed point problems of nonlinear operators are efficient and
popular. Viscosity approximation method which was first introduced by Moudafi [18] has
been studied iterative solutions of variational inequalities and fixed points of nonexpansive
mappings. In this paper, fixed point problems of a nonexpansive mapping and solution
problems of a generalized variational inequality are investigated based on a composite ap-
proximate iterative algorithm. Strong convergence theorems for common elements which
lie in the fixed point set and in the solution set are established in the framework of Hilbert

spaces.
2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space, whose inner product
and norm are denoted by (-,-) and || - ||. Let C' be a nonempty closed and convex subset

of H and A : C' — H a nonlinear mapping. Recall the following definitions:

(a) A is said to be monotone if

(Ar — Ay,x —y) >0, Vx,yeC.

(b) A is said to be v-strongly monotone if there exists a positive real number v > 0

such that

(Av — Ay.x —y) > vlla —y|*, Vo,yel.
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(c) A is said to be relaxed p-cocoercive if there exists a positive real number p > 0

such that
(Az — Ay, x —y) > (—p)|| Az — AyHQ, Vr,y € C.

(d) Aissaid to be relazed (i, v)-cocoercive if there exist positive real numbers p, v > 0

such that

Next, we consider the following generalized variational inequality problem. Give non-

linear mappings 7} : C — H and T, : C' — H, find an v € C such that
(u—MTu+ \Thu,v—u) >0, YveC, (2.1)

where A1, and A\, are constants. In this paper, we use VI(C, Ty, Ty) to denote the solution
set of the variational inequality problem (2.1).

It is easy to see that an element u € C' is a solution to the problem (2.1) if and only
if w € C is a fixed point of the mapping Po(A7T7 — AT3), where Po denotes the metric
projection from H onto C.

If Ty = I, the identity mapping, and A\; = 1, then the problem (2.1) is reduced to the
following. Find u € C such that

(Tou,v —u) >0, YveC. (2.2)

The variational inequality (2.2) was introduced by Stampacchia [23] in 1964. The problem
(2.2) has emerged as a fascinating and interesting branch of mathematical and engineering
sciences with a wide range of applications in industry, finance, economics, social, ecology,
regional, pure and applied sciences. In this paper, we use VI(C,T3) to denote the solution
set of the variational inequality problem (2.2).

Let S : C' — C be a mapping. Recall that S is said to be nonexpansive if
[Sz =Syl < [z —yll, Vo,yeC.

In this paper, we use F'(S) to denote the fixed point set of the mapping S.
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Recently, many authors studied the problem of approximating a common element in
the solution set of variational inequalities (2.1), (2.2), and in the fixed point set of nonex-
pansive mappings. Motivated by the research work going on in this direction, fixed point
problems of nonexpansive mappings and solution problems of generalized variational in-
equalities are investigated based on a composite approximate iterative algorithm in this
paper. Strong convergence theorems for common elements which lie in the fixed point set
and in the solution set are established in the framework of Hilbert spaces.

In order to prove our main results, we also need the following lemmas.

Lemma 2.1 ([25]). Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let S; : C' — C and S5 : C' — C' be nonexpansive mappings. Suppose that
F(S1) N F(S,) is nonempty. Define a mapping S : C — C by

Sz =aSix+ (1 —a)Syz, VxeCl.

Then S is nonexpansive with F'(S) = F(S1) N F(S2).

Lemma 2.2 ([26]). Let C' be a nonempty closed and convex subset of a real Hilbert space

H and S : C' — C a nonexpansive mapping. Then I — S is demi-closed at zero.

Lemma 2.3 ([27]). Let {x,} and {y,} be bounded sequences in a Hilbert space H and let
{68} be a sequence in (0,1) with

0 < liminf 8, < limsupf, < 1.
n—oo

n—o0

Suppose that 1 = (1 — 5y)Yn + By for all integers n > 0 and

limsup({lyn1 = ynll = 2041 — 2nll) <0

n—oo

Lemma 2.4 ([28]). Assume that {a,} is a sequence of nonnegative real numbers such

that
Opi1 S (1 - 'Yn)an + 5n>
where {y,} is a sequence in (0,1) and {5,} is a sequence such that

(a) liInn—>oo Tn = 07 ZZO:I Tn = O0;
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(b) Hmsup,, o 0n/vn <0 0r Y07 |0, < 00

Then lim,,_, o, = 0.
3. Main results

Theorem 3.1. Let C be a nonempty closed and convexr subset of a real Hilbert space
H. Let f: C — C be a contractive mapping with the contractive constant k, and S :
C — C a nonezpansive mapping with fized points. Let T(,,1) : C — H be a relazed
(L(m,1)s Vim,1))-cocoercive and Ly, 1)-Lipschitz continuous mapping and T(moy : C — H
be a relazed (fi(m,2), V(m,2))-cocoercive and Ly 9 -Lipschitz continuous mapping for each
positive integer m € [1, N|, where N > m is some positive integer. Assume that F =
NN _GVI(C, Tim1y, Tim2) (VF(S) # 0. Let {x,} be a sequence generated by the following

algorithm

(
13160,

Yn = 5nsxn + (1 - (Sn) Zﬁzl 7/](m,n)PC()\(m,l)T'(m 1)Tn — )\ (m,2 T(m Q)xn)

\xn-i-l - anf(xn) + ann + YnYn, n > 1;

where {an}, {Bn}, {m}: {0n}, and {nmn} are sequences in (0,1) satisfying the following

restrictions:

(@) ap +Bn+m=1 ¥n>1,

(b) lim, oo v, =0, and Y 07 | o = 00;

(

(d Zm L Mmny = 1, and iy, o0 im.n) = Mm € (0, 1);

)
)
¢) 0 < liminf, , 3, <limsup,, .. 5, < 1;
)
(e) lim, o0 0, = 6 € (0,1),

and {1y} and {\m 2} are sequences such that

f) \/1 — 2>\(m’1)V(m’1) + 2)\(m,1)/L(m71)L% + )\2 L%m 1)
+ \/1 — 2XA(m2)V(m2) + 2)\(m,2)u(m,2)L 9 T )\2 L%m g = 1.
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Then the sequence {x,} generated by the algorithm converges strongly to T, where T € F,

and solves the following variational inequality: find some point y such that

(fly)—y,y—z) >0, VxelF.

Proof. First, we prove that the mapping Po(Aim,1)T(m,1) — Am,2)T(m,2)) is nonexpansive
for each m € {1,2,..., N}. For each z,y € C, we have
| Pe(Am. 1) Tim,1) — Am2) Tim2))® — Po(A ) Tim,1) — Am2) Ton,2))Y ||
< A Tim,1) = An2) Tim,2)) T — A,y Tim) — Am,2)Tim,2)) ¥ || (3.1)
< (@ =y) = A1) (T )@ = Ty ¥)| + (2 = ¥) = A2y (Tim2yr — Tim2)y) |-

It follows from the assumption that T(,, 1y : C — H is relaxed (fi(m,1), V(m,1))-cOCO€ICiVE

and L, 1)-Lipschitz that
1z =) = A1) (Tmn® = Tamnyy)lI®
= [z = yI* = 2Xn. ) (Tem 1) = Timyy: © = Y) + Moy | Timy = TomyylI?
2 2 2 2 2
<z =yl = 2X ) (= I Thz — Tyyl|* + vim 1z — yl1?) + Aoy L Iz — vl

< Oyl =yl

where 0, 1) = \/1—2)\m1 (1) + 2\ ) L2,y + A2, L2, . That s,
I =) = A (Tm® = Tan )|l < Oyl = yll- (3:2)

On the other hand, by the the assumption that T(,, 2) : C' = H is relaxed (fi(m,2), V(m,2))-

cocoercive and L, 2)-Lipschitz, we arrive at
1z =) = Am2)(Tim2)® = Tam2yy)|I”
= llz = yl* = 2Am2) (Tm2)® = Tim2)¥: & — ) + Aoy | Tim 2y — Tm2yy 1
<l =yl = 2Am2) (—pm2) | Tox = ToylI” + vy 12 = yl1*) + A2y Ly Iz — vl

< Omllz —yl%,
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where 8(m,2) = \/1 - 2/\(m72)V(m72) + 2)\(7”,2)/’[/(77172)‘[/%7”72) + /\%m,2)L2

(m7

2)- This implies that

1z =) = Am2) (Tim2) = T2yl < Oy llz =yl (3.3)

Substituting (3.2) and (3.3) into (3.1), we see from the restriction (f) that
1 Pe(An, 1y Tim,1) — Am.2)Tim.2)T — PoAm,nTim1) — Am2)Tma)| < [z —yl.

This shows that Po(Aumn,1)T(m,1) — Am,2)T(m,2)) is nonexpansive for each m € {1,2,...,N}.
Fix p € F and Put

N
Zn = Z n(m,n)PC’(/\(m,l)T(m,l)In - )\(m,Q)T(m,Q)‘xn,)‘

m=1

It follows that ||z, — p|| < ||z, — p||. This in turn implies that
[yn — Pl = [[0nSzn + (1 = 0n) 2, — p|
< 0n||Szn — Spl| + (1 = 63) |20 — pll
< |lzn = pl|-
It follows that
[#n41 = pll < anll f(zn) = pll + Bullzn — Il + yallyn — pll
< apkllzn, = pll + an |l f(p) — ol + Balln — pll + Yullzn — pll
= (1= an(1 = &) |lzn = pll + anll f(p) = plI

By mathematical inductions, we arrive at

I/ (p)

—-p
fow = pll < max{ L2 =L gy, vz,

This completes the proof that the sequence {x,} is bounded. Since the mapping Pe(A(m,1)T(m,1)—

A(m,2)T(m,2)) is nonexpansive for each m € {1,2,..., N}, we see that that

N
||Zn+1 - Zn” = || Z 77(m,n+1)PC’()\(m,l)T’(m,l)ajn—i-l - A(m,Z)T(m,Z)xn—&—l)
m=1
N
- Z n(m,n)PC()‘(m,l)T(m,l)xn - )\(m,2)T(m,2)xn)|| (34)
m=1

N
< Hxn+1 - an + M, Z ’n(m,n+1) - n(m,n)la

m=1
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where

My = max{sup || Pc(Am, ) Tm1)Tn — Am,2)Tim,2)Tn) ||, V1 <m < N}
n>1
This in turn implies that
|Yns1 = Ynll = 10n41S2ns1 + (1 = dng1) Zng1 — 6nSzn — (1 — 6n) 24|

< Ontal|STngr — Sxall + (1 = dns1)ll2nt1 — 2all + [0n11 — Onl[|STn — 2|

N
< [#nsr — 2ol + My Z Mnnt1) = Nomm)| + 001 — O] [|S2n — 2n-
m=1

(3.5)

Put [, = % It follows that

Topr1 = (1= Bl + Buxn, VYn > 1. (3.6)

Now, we estimate ||l,,41 — ,]|. In view of

ln—‘rl - ln
Opt1 1—- ﬁn—‘rl — Op41 (679 1 - ﬁn — Qp
1—5n+1f< +1) 1— Bt Yn+1 1_an( ) 1- 3, Y
Q41 Qp
= 1——571+1(f($n+1) — Yn+1) + -3, (Yn = [ (@n)) + Ynt1 — Yn,
we obtain that
Qpyq (079
[nt1 = lnl] < _—+Hf<xn+1) — Y1l + — lyn — F@)ll + 1Yn+1 — yull- - (3.7)
1 — Bpi1 1- 8,
Substituting (3.5) into (3.7), we obtain that
an+1 Oy
llnss =8l = wss = 2l € T2 @) = o+ 725 o — Fa)

N
+ My Z Mnnt1) = Ny | + |1 — Onl[[ ST — 20|

m=1

It follows from the restrictions (b), (c), (d) and (e) that

m sup(|[lns1 — lnll = |01 — Znga|]) < 0.
n—o0

In view of Lemma 2.3, we see that
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Thanks to (3.6), we obtain that

Tpr1 — Tp = (1= Bn)(ln — xn).

It follows from (3.8) that
lim ||z,41 — x| = 0. (3.9)
n—oo

On the other hand, we have

1 o
90 — Tnll < —ll@ns1 — @pll + —llzn — f(20)]-
Yo T v

From the conditions (b) and (c), we obtain that
lim ||y, — .|| = 0. (3.10)
n—oo

Define a mapping R : C' — C' by

Rx =0Sx —l— 1 — Z N(m, n)PC<)\(m 1)T(m )T — )\(m,g)T(m,g)x), Vo e C,

m=1
where 0 = lim,,_,o d,. From Lemma 2.1, we see that R is nonexpansive with F(R) =
F( =1 PeQunnTima) = A Tma) N F(S)) = F.

Next, we show that Rx, — x, — 0 as n — oo. Note that

N
m=1

< |5 - 5n|M2 + Hyn - xn”a

where
N
My = max{sup |Sx, — Z Nom.n) Po A1) Tim 1) Tn — Am2) Tm2)2n) ||, V1 < m < N}
m=1

In view of the restriction (e), we see from (3.10) that
lim ||Rz, — z,| = 0. (3.11)
n—oo

Since P f is a contraction with the coefficient s, we have that there exists a unique fixed

point. We use T to denote the unique fixed point of the mapping Pf. That is, Pf(z) =
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Next, we show that limsup,_,. (f(Z) — Z,z, — Z) < 0. To show it, we can choose a

sequence {x,,} of {z,} such that

limsup(f(z) — z, 7, — ) = lim (f(7) — %, 7, — ). (3.12)

n—o0 i—00
Since {xz,,} is bounded, there exists a subsequence {xnlj} of {z,,, } which converges weakly
to b. Without loss of generality, we may assume that z,, — p. From Lemma 2.1 and

Lemma 2.2, we see that

p € F(R) = F(Mj e Tima) = A Tima) (| F(S)) = F.
This completes the proof of (3.12).
Finally, we show that x, — Z as n — oo. Note that
|41 — 2|2
= an(f(zn) = f(Z), 2n41 = T) + on(f(T) = T, Tnyy — Z) + Bn(tn — T, Tny1 — )
+ Y Yn — T, Tng1 — T)
< anfil|lzn = Elllznts = Z[ + on{f(Z) = T, 2ns1 = T) + Bullen — 2| [[2n41 — ]

+ Ynllyn — Zlll|zna — 2|
< 1 —a,(1—k)
- 2

This in turn implies that

(lzn = ZI* + 2 = ZI°) + o (f(2) = 2, 201 — 7).

lner = 2)* < (1= (1 = 8)) |2 — 2|° + 200 (£ (2) = T, 2p41 — 7).

In view of the restriction (b), and (3.12), we find from Lemma 2.4 that This completes

the proof.

If T(yn,1y = I, where I denotes the identity mapping, and A1) = 1, then we find from
Theorem 2.1 the following.

Corollary 2.2. Let C' be a nonempty closed and convex subset of a real Hilbert space H.
Let f: C'— C' be a contractive mapping with the contractive constant k, and S : C' — C a
nonexpansive mapping with fived points. Let T,, : C' — H be a relazed (i, Vm)-cocoercive

and L,,-Lipschitz continuous mapping for each positive integer m € [1, N|, where N > m
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is some positive integer. Assume that F = NN_ VI(C,T,,)F(S) # 0. Let {x,} be a

sequence generated by the following algorithm

(

x € C,

Yn = 57153771 + (1 - 5n) Zgzl n(m,n)PC(:En - )\mexn>7

\xn—i-l - anf(xn> + B’nxn + YnYn, n 2 ]-7

where {an}, {Bn}, {m} {0n}, and {nmn} are sequences in (0,1) satisfying the following

restrictions:

(b) lim,, o v, = 0, andz 00 = 00;
(
(d Zm LMy = 1, and iy, o0 im.n) = Nm € (0, 1);

)
)
¢) 0 <liminf, o B, < limsup,,_,. O < 1;
)
(e) lim, 4o 0, =6 € (0,1),

and {\n} is a sequence such that

(£) A < —2”"1‘557"%

Then the sequence {x,} generated by the algorithm converges strongly to T, where T € F,

and solves the following variational inequality: find some point y such that

(f(y)—y,y —x) >0, VoelF

If N =1, and f(z) = u, where u is a fixed element in C, for all x € C| then we have

the following.

Corollary 2.3. Let C' be a nonempty closed and convex subset of a real Hilbert space
H. Let S : C — C be a nonexpansive mapping with fived points. Let Ty : C — H
be a relaxed (pu1,11)-cocoercive and Ly-Lipschitz continuous mapping and Ty : C' — H

be a relazed (s, v2)-cocoercive and Lo-Lipschitz continuous mapping. Assume that F =
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GVIC, T, Ty)NF(S) # 0. Let {z,} be a sequence generated by the following algorithm

(

:1:16(7,

< Yn = 0,51y + (1 - 5n)Pc()\1T1$n - >\2T2$n),

Tnt1 = U+ By + Vnln, 1> 1,
\

where {an}, {Bn}, { ) {0n}, and {nmn} are sequences in (0, 1) satisfying the following

restrictions:

and A\ and Ay are two constants such that

(e) /1 =2\ + 2\ L3 + A2 L3 + /1 — 2Xavn + 2Xoup L3 + N3L3 < 1.

Then the sequence {x,} generated by the algorithm converges strongly to T, where T € F,

and solves the following variational inequality: find some point y such that

(fly)—y,y—z) >0, VxeF.
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