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1. INTRODUCTION:

A positive sequence (an) is said to be almost increasing if there exists a positive sequence (bn)

and two positive constants A and B such that
(1.1) Ab, <a, <Bb, , forall n.

The sequence (an) is said to be quasi- S -power increasing, if there exists a constant K

depending upon S with K >1 such that
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(12)Kna, >m’a, ,

for alln>m . In particular, if 5=0, then (an) is said to be quasi-increasing sequence. It is clear
that every almost increasing sequence is a quasi- S -power increasing sequence for any non-

negative S . But the converse is not true as (n’ﬂ) IS quasi- S -power increasing but not almost

increasing.

Let f=(f,) be a positive sequence of numbers. Then the positive sequence (a, ) is said to

be quasi- f -power increasing, if there exists a constant K depending upon f with K >1such that

(13)Kf,a,>f a

m?

forn>m >1[4] . Clearly, if (, ) is a quasi- f -power increasing sequence, then the (o, f, ) is a

quasi- increasing sequence.

Let > a, be an infinite series with sequence of partial sums {s, }. Let (p, ) be a sequence of

positive numbers such that

n
P,=>p, >, 8 n—>wo.
v=0

Then the sequence-to-sequence transformation

(14) Tn = Piz pv Sv ! Pn;é 0’

n v=0

defines the (ﬁ, P, ) mean of the sequence (s, ) generated by the sequence of coefficients {p, }.

The series Zan is said to be summable ‘N, P,

k=1, if
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k-1
(1.5)2[%} T, -T,| <.
n=1 n

The series Zan is said to be summable‘ﬁ, pn;5‘k k>1,620, if

w P K+k-1
(1.6) z[p—] T, -T, [ <o
n=1 n

The series ) a, is said to be summable‘ﬁ, P, (5)1k k>1,6>0, if

k-1
(17) Z(an )k (%J |Tn _Tn—1|k <o
n=1

n

5
Putting «, =(%J N P, (5]k k=1,6>0,reduces to |N, pn;5‘k k>1,5>0.

n

2. PRELIMINARIES

Dealing with quasi- g -power increasing sequence Bor and Debnath[2] have

established the following theorem:

2.1. THEOREM:
Let (X,)be a quasi- g -power increasing sequence for 0< <1 and (4,)be a real
sequence.

If the conditions

(2.1.1) Z% ~o(P,),
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(2.1.2) A, X, =0(),
e, |

(2.13) 2 -=0(X,),
n=1
m, Pt

(2.1.4) > Bl _ox,)
n=1 Pn

and

(2.1.5) inxn A2 | <o
n=1

are satisfied, where t, is the (C,1) mean of the sequence (na,) .Then the series Zan;tn §

summable‘ﬁ, P,

k>1.
k

Subsequently Leindler[3] established a similar result reducing certain condition of Bor.
He established:

2.2. THEOREM:

Let the sequence (Xn)be a quasi- S -power increasing sequence for 0< g <1, and
the real sequence (4, ) satisfies the conditions

m

(2.2.1) > 2, =0(m)
and
(2.2.2) S°|A4,|=O(m).

Further, suppose the conditions (2.1.3) ,(2.1.4) and

<o,

(2.2.3) i nX, (B)A|A4,]
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hold, where X (f) = max(nﬂxn ,log n).Then the series Zanln IS summable ‘N, P, k>1.

Recently, extending the above results to quasi- f -power increasing sequence,

Sulaiman[5] have established the following theorem:
2.3. THEOREM:
Let f=(f,)=(n"log’ n),OS,B<1,;/20be a sequence. Let (X, )be a quasi- f -

power sequence and (ﬂn) a sequence of constants satisfying the conditions

(2.3.1) A, —>0asn— oo,

(2.3.2)

(2.3.3) 4,|X, =0(1),
» k

2.34 t,| =

( ) nz_; nX k-1 | | ( m)

and

(2:35) S P 1_1 L —o(x,),
n=1 Pn

where t, is the (C,1) mean of the sequence (na,) .Then the series » a 4, is summable

‘N,pnk,kzl.

We prove the following theorem.

3. MAIN RESULTS:

Let f =(f,)=(n"log” n) be a sequence and (X, )be a quasi- f -power sequence. Let (4,) a
sequence of constants such that

(3.1) A, —0,as n— oo,

(3.2) S,
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(3.3) [4,[X, =0W,

@4 N e (!

n

(35) Z(a)(E—J :{kaO(Xm),
(36) ) L —opx,)
' = "

Then the series > _a, 4, is summable‘ﬁ, P, (5)1k k>1,6>0.

In order to prove the theorem we require the following lemma.
4. LEMMA:
Let f =(f,)=(n"log”n),0<B<1,7>0 beasequenceand(X,) bea quasi- f -

power increasing sequence. Let (ﬂn) be a sequence of constants satisfying (3.1) and (3.2). then

(4.1) n X|A4,| =0(1)

and

4.2) 3 X, [A2,| <o
n=1

4.1. PROOF OF THE LEMMA:

As AL, —0 and n’log’ nX, isnon-decreasing, we have

nX,[A4,|=n"" log ’Vn(nﬁ log ”n Xn)iA| A, |

v=n

=0Mn*” log ’ynivﬁ log 7v X, |Al|AZ,

= O(l)ivlﬁﬂ log “vv”log v X, |A|AZ, |

v=n
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—0® v X,[a] A4, |=0@).

v=n

This establishes (4.1). Next

ixn |AZ, |:§(ZHZXJA|A/L |+( n XrJ|A/1r|
n=1 r=1

n=1l\ r=1

=O(1)mi[zn:r‘ﬁ log “rr’log”r er|A|| A, |

n=1\ r=1

+O(1)(Zm:rﬂ log 7rr”log’r Xr]| A, |
r=1
m-1 n
= O(l)Z(n’j log "n Xn)A” A, D r*=<log 7rre
n=1 r=1

+OMm” X, |AZ, [log’m> r*<log 7rre,e<1-p.
r=1

= O(l)f(nﬁ log 'n Xn)A” AA,
n=1

nee Iog *7ni r*ﬁ*é
r=1
~O@®M” X,| A4, [log”mm* log ;/m3 1~
r=1
= 0@ > X, A A%, |(I u‘ﬁ‘Edu]+o(1)mfl’+€ X,| A4, |U u-ﬂ-edUJ
n=1 1 ]

A a2,

=0(1)zm:nxn +O(M)MX | AL, |
n=1

- 0(1) .

This establishes (4.2).

62
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5. PROOF OF THE THEOREM:

Let (T,) be the sequence of (N, pn) mean of the series ian/ln, then

n=1

1n 1%
T, == a, 1
I P,

n v=0 r=0

n-1 n-1
= M&tnﬂn +LZ p,,t A V_+1 +LZ p.t, V_H'A;LV
n I:)n I:)n I:)n—l v=l v Pn I:)n—l v=l v

pn S /lw—l
=_—n_ t vl
PP Z Prh %

n'n-1 v=l
=Tnl +Tn2 +Tn3 +Tn A(Say)'

In order to prove the theorem, using Minkowski’s inequality it is enough to show that

S5

ol
P

<o i=1234.

Applying Holder’s inequality, we have

n=1 pn

n+ip, |

n P

n

T

nl
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1,k
m =] tn _
= O(I)Z(an )k[ pn ] |X k|1 (XnMnDk 1|/ﬂtn|
n=1 n

n

-1 k

S P .|
=0 (a, )| = U
()n=l(an)[an kal| n|

n

m-1{ n ‘ 1 t k
—0(1)21(2(an)(%J G }

m-1
=01 X, A4, |+ 0@ X | 4]
n=1

=0(@).
Next,
S (2] ol =St (2] S a
n=1 " pn " n=. pn I:)nF)n_;l_ v=l v
m . P -1 1 n-1 ‘ ‘ n-1 P
=0y (a,) (—J Y Pt |4, (Z—V
n=1 pn Pn_l v=l v=l Pn_l
u Kia ko k[ P, - 1
= O(l)z pv—l tv ﬂ’v Z (an) O P :
v=1 n=y+1 pn n-1
—om> (V| Pl [fa
W3e ) 2
=0(), asinthe case of T,;.
Next,
m P k-1 m P k-1 +1 k
k k k 14
D=1 [T =) (& Pt, —A/i
Set(fe) Il =S 2] [ 5

)%
pl} 14

;

k

X k-1

[
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Finally,

P
=1 pn

a5

J&+kl

=0<1)i(an)k(%J >,

ABSOLUTE INDEXED SUMMABILITY FACTOR

—o ()| S S 2 15>
- n=1 " pn Pnk_]_ v=1 Y X‘ifil Y v=1

0<1)2Pk JllMlmf ( jpl-

n=v+1

k

oa)Z - (ag,))

V

k-1
' J

m-1 v k m t k
=03 (a,) xk|1 Al V)+0(1)[Z(ar) %Li J(mW )
= 0(1)mf X, (=[A4, |+ (v +2]A|AZ, |)+ O@MX ,|A4, |
=0(1).

k

n-1
Tn4 — pn Z Pvtv ﬁ
n=1 pn I:)n Pn -1 v=l 14

_1P

n k-1
(5
Pn—l v=l v ; v

s

n=v+1 pn

_]_P

k

n p
=0t |“|2
v=1l v

k

(X,

)k—l

A A

v

v

—om> (a, )
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m-1{ v tr k m tr k
= O(l)z Z(C(r )k | |k—l |Aﬂ“v +O(1)Z(ar)k | |k—1
vl r=t rx, r=1 rx,
= omi X, [AZ,|+O@) X ;| A,]
v=l
=0().
This completes the proof of the theorem.
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