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Abstract. In this paper, we discuss the unique common fixed point of two pair of weakly commuting mappings on

a complete multiplicative b-metric space, which satisfy the following inequality:
d(Sx,Ty) < [k{max{d(Ax,By),d(Ax,Sx),d(By,Ty),d(Sx,By),d(Ax,Ty) }}|*,

where A and S are weak commutative, B and T also are weak commutative. Our result improve and generalize the
results of X. He et al. [3].
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1. INTRODUCTION

The study for the fixed point of contractive mappings is a famous topic in metric spaces. Fixed
point theory is, in fact, a simple, powerful, and useful tool for research area. In addition to an

acceptable contraction condition, the metrical common fixed point theorems usually include
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constraints on commutativity, continuity, completeness, and appropriate containment of ranges
of detailed maps. Since Banach [1] proved the Banach contraction principle in 1922.

Bashirov [2] introduced the usefullness of multiplicative calculus with some interesting appli-
cations. With the help of multiplicative absolute value function, they defined the multiplicative
distance between two nonnegative real numbers as well as between two positive square matri-
ces. In 1976, Jungck [4] introduced the notion of commuting maps to prove the existence of a
common fixed point theorems on a metric space

In 2012, Ozavsar et al.[5] investigate the multiplicative metric space by remarking its topo-
logical properties and introduced the concept of multiplicative contraction mapping and some
fixed-point theorem of multiplicative, contraction mappings on multiplicative metric space.
They recently proved a common fixed-point theorem for four self-mappings in multiplicative
metric spaces.

We present some definition and result in common fixed-point theorem for commuting map-
pings in complete multiplicative b-metric space. For, we have introduced the notion of multi-

plicative b-metric space.

2. PRELIMINARIES

Definition 2.1. [3] Let X be a nonempty set. A multiplicative metric is a mapping d : X X X —
R satisfying the following conditions:

1) d(x,y) > 1, Vx,ye X and d(x,y) =1 if and only if x =y,

(i) d(x,y) =d(y,x), Vx,y € X;

(iii) d(x,y) < d(x,z)d(z,y), Vx,y € X,

(multiplicative triangle inequality).

We use the following definition for our main result:

Definition 2.2. Let X be a nonempty set. A multiplicative b-metric is a mappingd : X x X — R
satisfying the following conditions:

[B1] d(x,y) > 1forall x,y € X and d(x,y) = 1 if and only if x = y;

[B2] d(x,y) = (y,x) for all x,y € X;
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[B3] d(x,y) < b.d(x,z).d(z,y) for all x,y,z € X (multiplicative triangle inequality),

where b > 1.

Definition 2.3. [3] Let (X,d) be a multiplicative metric space, {x,} be a sequence in X and
x € X. If for every multiplicative open ball Be(x) = {y | d(x,y) < €}, € > 1, there exists a
natural number N such thatn > N, then x,, € B(x). The sequence {x,} is said to be multiplicative

converging to x, denoted by x,, — x (n — o).

Definition 2.4. [3] Let (X,d) be a multiplicative metric space and {x, } be a sequence in X. The
sequence is called a multiplicative Cauchy sequence if it holds that for all € > 1, there exists

N € N such that d(x,,x,,) < € for all m,n > N.

Definition 2.5. [3] We call a multiplicative metric space complete if every multiplicative Cauchy

sequence in it is multiplicative convergence to x € X.

Definition 2.6. [3] Suppose that S,7 are two self-mappings of a multiplicative metric space

(X,d); S,T are called commutative mappings if it holds that for all x € X, STx = T Sx.

Definition 2.7. [3] Suppose that S,T are two self-mappings of a multiplicative metric space
(X,d); S,T are called weak commutative mappings if it holds that for all x € X, d(STx, T Sx) <
d(Sx, Tx).

Definition 2.8. [3] Let (X, d) be a multiplicative metric space. A mapping f : X — X is called
a multiplicative contraction if there exists a real constant A € [0, 1) such that d(f(x;), f(x2)) <

d(xy,x)p” forall x,y € X.

3. MAIN RESULTS

In this section, we prove some common fixed point results for generalized contraction map-

pings satisfying commutative conditions:

Theorem 3.1. Let S,T,A and B be self-mappings of a complete multiplicative metric space X;
they satisfy the following conditions:

(i) SX C BX,TX C AX;
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(ii) A and S are weak commutative, B and T also are weak commutative;
(iii) One of S, T , A and B is continuous;
(iv) d(Sx, Ty) < [k{max{d(Ax,By),d(Ax,Sx),d(By,Ty),d(Sx, By),d(Ax,Ty)} }|*,
S (0,%) Vx,y € X,
where b > 1 such that limyn(kb) ™5 = 1.

Then S,T,A and B have a unique common fixed point.

Proof. Since SX C BX, and T (X) C AX, for an arbitrary chosen point x( in X we obtain x; in

X. For this x; € X, we may obtain x; € X; etc. Continuing in this way we obtain a sequence

{yn} €X,
dxp € X such that Tx; = Axy = yq,... ;

Jxon41 € X such that Bxy, 1 = yau,

Jxop42 € X such that Txp,+1 = AX2p12 = Yontiy--- 5 Vn=20,1,2....00.

define a sequence {y,} € X. Now

putting x = xp,, y = Xx2,+1 in condition (iv) we obtain

In order to show {y,} a Cauchy sequence, let us put xp, for x, and x;,, 1 for y in condition (iv),

and using (1) we have;

d(yan,yan+1) = d(Sx2n, Tx2+1)

< [k (max{d(Ax2n, Bxop+1),d(Ax2n Sx24),d(Bxon+1, TX2n41),d(Sx20, BX2n11),

d(Axon, Txon 1)}

= [k (max{d(yan-1,520):d(320-1,20),d (2, Y2141), 2, ¥20): d (¥2n—1,y201) D]*
< [k(max{d(yan—1,Y20),d(Yan-1,Y20),d(Y2n, Y2n+1),

1,d(yon—1,y20) - d(yon:yons1) P)I*

< [k(max{bd(y2n—1,y20) - d(Y2n,Y2n+1):bd(Yan—1,Y2n) -d(y2n;Y2n+1),
bd(yan—1,Y20) - d(Y2n:¥2n1)s 1,6d (2n—1,520) - d(yan,yans1)})]*

= [k (max{bd(yan—1,y2n) - d(yz,,,yznﬂ)})]l, (using Bl,as d(x,y) > 1Vx € X)

< I*DMd (yan—1,y2)]* - [dan, yans 1))
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— dl_k(yZnayZn—H) < klbl dl(yZn—layZn)
L L

— d(y2n7y2n—|—l) (kb) Ad1-2 (y2n—17y2n)-

Let ﬂ = h, where A € (0,1) then

d(yansYoni1) < (kb)'d" (yan—1,y2n)-

Similarly, putting x = x2,,42, ¥y = X2,,+1 on (iv), we may obtain
d(y2n+1,Y2n+2)
= d(Sxont2, TX2n+1)
< [kmax{d(Axn+2,Bx2n+1),d(Ax2n4+28%2n+2),d (Bxons1, Tx2n41),d(Sx2042, Bx2n11),
d(Axapt2, Txopi1) }
< [k (max{d(yows1:y20),d(V2n+1,Y2042),d (Y2, Y2041),d (Vans2,20) . d (V2n1,y2n1) DI
< [k(max{d(yan,y2n+1),d(Y2n+1,Y20+2):d(Y2n, Y2n+1)-d(Yan, y2n+1),
d(yani1,32m12), D]
< [k (max{bd(y2n,Y20+1)-d(Y2n+1,Y20+2),6d (Y2n, Y2n+1)-d(Y2n+1,Y20+2),bd (yan, yan+1)-
d(y2ns1,Y2012),bd (Yo, y2u+1)-d (Y2ns1,y2042), DI
= [k (max {bd(y2n, y2n+1)-d(y2ns1,y2012) })]*
< KDM[d(yan,yone )] [d(ang1, yoni)) -

This implies thatd]_l()@n—i—l y2n+2) < KAb* L d* (yani1,y0n)

d(yane1yon2) < (KD)TAATT (201, 320).
Let kl = h, where A € (0,}) then

3.1 d (Yo, yani1) < (kb)Y .d" (yan_1,v20),

(3.2) d(Yani1,Ym12) < (kb)".d" (2, y2ns1)-

From (3.1) and (3.2), we obtain d(y,,yui1) < (kb)'d"(y,_1,yn), n = 1,2,3,... which induc-

tively implies that
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d(Ynsynr1) < (kb)"[(kD)'d" (yu—2,y0-1)]"
= (kb)Y 1" (-2, Y1)
< (kD)™ (k) d" (yn—3, yu2)]"

2

2 3 3
= (kb)" " (@ (33, y0—2)]

< (kb)h+h2+h3+...+h" [dh" (yo,yl )]

" h
< (kB)TH [ (yo,v1)], B+ 2+ B3+ o AW < —

Let m,n € N such that m > n, then for Cauchy sequence, we get

d())mayn>

< d(Yma)’mfl)-d(ymfl;mez)---d()’nJrl»)’n)

_h o pm—1 _h o pm-2 _h o n
< (kb)TRd"" " (yo,y1)-(kb)T5d"" " (yo,y1)...(kb) 5 d"" (yo,y1)]
(e [(m—1)+(m~2)+...+7]
< {(kp) TR L@ g v}
—n)[(m—1)— (m—n—1)]

= {(kb) "5 }lmm " (oy1)}

< {(kb)ﬁ}(m*”)dhm(min) (yo,>1), since (m—1)+ (m—2)+...+n < m(m—n) where m > n,

— Bd"" " (yo,y1), where B = {(kb)ﬁ}(m_") — lasn— oo.

This implies that d(y,y,) — 1 as m,n — o. Hence {y, } is a multiplicative Cauchy sequence
in X.

By the completeness of X, there exists z € X such thaty, — z as n — oo.

We claim that z is a coincidence point of the pair A, S for, putting x = z and y = x2,,+1 in the
inequality (1) we have

Moreover, since

{Sxan} = {Bxont1} = {yan} and {Txon11} = {Axzns2} = {yon+1},
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are subsequence of {y, }, so we obtain

lim SX2n = lim Bx2n—|—l = lim Tx2n+1 = lim A)Q,H_z =Z.
n—oo n—oo n—oo n—oo

Taking condition (ii) and (iii) we obtain following cases;

Case 1: Suppose that A is continuous then

lim ASxy, = lim A%xy, = Az.
n—oo n—oo

Since A and § are weakly commuting , then
d(ASxp, SAx2,) < d(Sx24,AX2).

Let n — oo, we get lim,, o d(SAX2,,AZ7) < d(z,2) = 1, i.e.,lim, e SAxy, = Az.
Putting Ax,,, and xy,11, respectively for x and y in condition (iv) of Theorem 3.1, and using the

continuity of A, we respectively obtain,
d(SAx2,, Txop+1) < [k{max{d (Azxzn,sznH),d (Aszn, SAx2,),
d(Bx2ns1, Txon11),d(SAX2, Bx2ni1), d(A%X2n, Tx2n41) 1A

Let n — oo, we can obtain

d(Az,z) < [K{max{d(Az,z),d(Az,Az),d(z,2),d(Az,z),d(Az,2) } ]
= [k{max{d(Az,z),1}}]*
= k*d*(Az,z).

This implies that d(Az,z) = 1,i.e.,Az = z.
Putting x = z, and y = x2,,1.1, we obtain

d(SZ, TX2n+1 )

S [k{max{d(Az, ,Bx2n+] ),d(AZ, SZ),d(BXz,H_] y Tx2n+] ),d(SZ,B)Qn_H ),d(AZ, Tx2n+] )}}]/l
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Let n — o we can obtain

d(Sz,2) < [k{max{d(Az,z),d(z,52),d(z,2),d(Sz,2),d(z,2) } }*
= [k{max{d(Sz,z),1}}]*

= i*d* (Sz,2),
which implies that d(Sz,z) = 1, i.e., sz =1z,

z=2Sz7€ SX C BX , so dz" € X such that z = Bz*

d(z,T7*) =d(Sz,T7")
< [k{max{d(Az,Bz"),d(Az,Sz),d(BZ*,Tz"),d(Sz, Bz*),d(Az, Tz*) }}*
= [k{max{d(z,T7"),1}}]*
=Kk d*(z,T7"),
which implies d(Sz,z) =l i.e., TZ* =z.

Since B and T are weakly commuting mappings then
d(Bz,Tz) =d(BTZ",TB7") <d(BZ*,T7") =d(z,z) = 1,

soBz=1Tz,

d(Sxa, Tz) < [k{max{d(Ax,Bz),d(Axm,Sx2,),d(Bz, Tz),d(Sx2m, B),
d(Ax2,, Tz),d* (Axa, Bz),d* (Sx24, T2) }}]*.
d(z,Tz) =d(Sz,Tz)
< [k{max{d(Az,Bz),d(Az,Sz),d(Bz,5z),d(Sz, Bz),d(Az, Tz) }}]*
= [k{max{d(z,T2),1}}]*

= k*d* (2, T2),

which implies d(Tz,z) =l ie., Tz =z

Case 2: Suppose that B is continuous , we can obtain the same result by the way of case 1.
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Case 3: Suppose that S is continuous then lim;; . SAx2, = lim, e S$%xy, = Sz.
Since A and S are weak commutative, then d(ASx2,,SAxz,) < d(Sxzn,Axzy).

Let n — oo then lim,, e (ASx2,,S2) < d(z,2) =1, i.e., lim, 0 ASxp, = Sz,

d(S%x2n, Txony1) < [k{max{d(ASxan, Bxop+1),d(ASx2n, S*x20),d(BX2n i1, TXons1),
d(SZXZn ) Bx2n+1 ) , d(ASin, Tx2n+1 ) } }])L .

Let n — o we can obtain

d(Sz,z) < [k{max{d(Sz,z),d(Sz,5z),d(z,2),d(Sz,2),d(Sz,2) } }]*
= [k{max{d(Sz,z),1}}]*
= itd*(Sz,2),
which implies d(Sz,z) = 1 i.e., Sz = z. Now
z=_S8z € SX C BX, so 37" € X such that z = Bz*
d(S%x2,, T7")
< (k{max{d(ASxsn, Bz*), d(ASxm, %2, d(B*, T2*),d(S%x2m, B2 ), d (ASxom, T2 )V}
Letting n — oo using z = Sz = Bz" , we can obtain
d(z,Tz*) =d(Sz,T7")
< [k{max{d(Sz,z),d(Sz,8z),d(z,Tz"),d(Sz,2),d (sz, Tz*) } }]*
= [k{max{d(z,Tz"),1}}]*
= ktdt (2,17,
which implies that d(z,Tz*) = 1, i.e., TZ* =z
Since T and B are weak commutative, then

d(Tz,Bz) =d(TBz",BTz") <d(Tz*,Bz*) =d(z,z) = 1,50 Bz =Tz,

z 1s a fixed point of T. For, we have on using condition (iv).

d(Sx2y,Tz) < [k{max{d(Axp,,Bz),d(Axzn,Sx2,),d(Bz,Tz),d(Sx2,,Bz),d(Ax2,,T7)} }] A,
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Let n — o we can obtain

d(2,T2) < [k{max{d(z,T2),d(z.2),d(T,T2),d(z, T2),d(z. T2) }}I*
— [k{max{d(z, T2), 1}}]*

= k*d* (2, Tz),
which implies d(z,Tz) = l ie., Tz =z
z=TzeTX CAX, so dz** € X, such that z = Az**

d(Sz",z) =d(87",Tz)
< [k{max{d(Az** ,Bz),d(Az"*,S7"),d(Bz,Tz),d(Sz**, Bz),d(Az**,T2) } }]*
= [k{max{d(z,z),d(z,Sz**),d(Bz,Bz),d(SZ**,Z),d(Z,Z)}}]A
= [k{max{d(sz"*,2), 1}}]*
= K*d* (52, 2).
This implies that d(Sz**,z) = 1 i.e., SZ** =z.
Since S and A are weak commutative, then

d(Az,Sz) = d(ASz"*,SAZ™) < d(A7**,S7") =d(z,z) = 1, s0 Az = Sz.

We obtain Sz = Tz = Az = Bz =z, so z is common fixed point of S, 7', A and B.

Case 4: Suppose that T is continuous, we can obtain the same result by the way of case 3.
In addition we prove that S, 7', A and B have a unique common fixed point. suppose that w € X

is also a common fixed point of S, 7', A and B then we obtain

d(z,w) = d(Sz, Tw)
< [k{max{d(Az,Bw),d(Az,Sz),d(Bw,Tw),d(Sz, Bw),d(Az, Tw)} }]*
= [k{max{d(z,w), 1}}]*
= I d* (z,w).

This is a contradiction as d(z,w) > 1, when z # w.

Thus z is a unique common fixed point of A,B,S, T C X. [
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Corollary 3.2. Let T be a mappings of a complete multiplicative metric space (X,d) into itself

satisfying the following condition:
d(Tx,Ty) < [d(x.y)*

forall x,y € X, where A € (0,3).

Corollary 3.3. Let S,T,A and B be self-mappings of a complete multiplicative metric space X ;
they satisfy the following conditions:
(i) SX C BX,TX C AX;
(ii) A and S are weak commutative, B and T also are weak commutative,
(iii) One of S, T , A and B is continuous,
(iv) d(SPx,Ty) < [k{max{d(Ax,By),d(Ax,SPx),d(By, T%y),d(SPx, By),d(Ax, Ty)}}]*,
A€ (0,%) Vx,y € X,
where b > 1.

Then S,T,A and B have a unique common fixed point.
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