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Abstract. In this paper, we establish some common fixed point theorems in generalized interpolation for two
mappings and generalize the Kannan type contraction.
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1. INTRODUCTION/PRELIMINARIES

It is well known that fixed point theory played a central role in various scientific fields. The
well-known result in this area is undoubtedly the famous Banach contraction principle (see
[1]) which motivated researchers to find other forms of contractions. In this line, we cite the

well-known Kannan contraction that does not require continuous mapping.

Definition 1.1. [2] Let (X,d) be a metric space. A self-mapping on T: X — X is said to be a

Kannan contraction if there exists 1 € [0,1/2] such that

(1.1) d(Ta,Tb) < u(d(a,Ta) +d(b,3b)).
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Kannan obtained the following theorem.

Theorem 1.1. If (X,d) is a complete metric space, then every Kannan contraction on E has a

unique fixed point.

In 2018, Karapinar [3] published a new type of contraction obtained from the definition of

the Kannan contraction by interpolation as follows:

Definition 1.2. [3] Let (X,d) be a complete metric space. A mapping T: X — X is said to be

an interpolative Kannan type contraction on X, if there exist it € [0,1) and a € (0, 1) such that

(1.2) d(%a,%b) < uld(a,%Ta)]*[d(b,Th)]' "%,
for every a,b € X \ Fix(%), where Fix(¥) = {a € X|Ta = a}.

Theorem 1.2. [3] On a complete metric space (X,d), any interpolative Kannan-contraction

T: X — X has a fixed point.
Now, we define the generalized interpolative condition in the following way;

Definition 1.3. Ler (X,d) be a complete metric space. A mapping T: X — X is said to be an
generalized interpolative type contraction on X, if there exist 1 € [0,1) and o, € (0,1) such

that
(1.3) d(Ta,Tb) < pld(a,%a)]*d(b,3b))P,
for every a,b € X \ Fix(%), where Fix(¥) = {a € X|Ta = a}.

Theorem 1.3. [4] Let (X,d) be a complete metric space. A mapping T,&: X — X is said to be

an interpolative Kannan type contraction on X, if there exist u € [0,1) and o € (0, 1) such that

(1.4) d(%a,6b) < uld(a,Za)|*[d(b,Sb)] ™%,

is satisfied for all a,b € X such that Ta # a and Gb # b. Then ¥ and S have a unique common

fixed point.
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Definition 1.4. Let (X,d) be a complete metric space. T,&: X — X be a self-mappings. As-

sume that there are some 1L € [0,1), 0,8 € (0,1) s.t. the condition
(1.5) d(Ta,&b) < u[d*(a,%a).d? (b, &b)]

is satisfied ¥V a,b € X such that Ta # a whenever &b # b. Then G and T have a unique common

fixed point.

2. MAIN RESULTS

We start this section with the Theorem of generalized interpolative Kannan type contraction

for pair of mapping.

Theorem 2.1. Let (X,d) be a complete metric space. ,&: X — X be a self-mappings. Assume

that there are some € [0,1),a,p € (0,1) s.t. the condition
d(Ta,Sb) < uld*(a,Ta).dP (b, Sb)]

is satisfied ¥V a,b € X such that Ta # a whenever &b # b. Then G and T have a unique common
fixed point.

Proof. Let a, € X, define the sequence {a,} >, by
aony1 = Zagy, 2 = Gaz, 11,V n=140,1,2,3,....}.

If 3ne{0,1,2,3,..} s.t. a, = a1 = an2 then a, is a common fixed point of & and T.
Suppose that three consecutive identical terms in the sequence {a,};;_, and that ag # a;.

Now, using (1.5), we deduce for a = ay,,b = ar,+ that
d(a2n+1 s a2n+2) = d(fzaZna 6a2n+1 )
< w.d®(azm, azm+1)-dP (azni1,a0042)
Thus,

d" P lazi1,a0m42) < ud*(ag,azny1)
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or,
1
d(am+1,a0m+2) < WP .d7F (az,,a0n41)
1 o
2.1) S UUPATF (az, azt), Since 5 <1
< ud(az,am+1)-
Hence,
d(azns1,an12) < Hd (@, azni1) < wPd(ag,—1,a2,) <
. < pkd(agy-2,a0n-1) < ... < p*d(ag,a)
or
(2.2) d(aoni1,am12) < u?"d(ag,ay),

similarly, on putting a = ay, and b = ay,—; we have

d(QZn—i—l;aZn) = d(zaZm 6‘12;1—1)
< ud*(ag, Taz,).dP (az,_1,Saz, 1)

< I«lda (a2n7 axp+1 ) dﬁ (Ganl , a2n)-

Thus
d""%(ag,azny1) < udP (az,1,a2,),
or
1B
d(a2n702n+l) <u —adT-a (QZn—laaZn)
B
< udva(ag,—1,a)
< u(az—1,azn).
Hence,

d(azni1,a2,) < wd(aom—1,a2,) < p?.d(azm—2,a20-1) < pd(azn—3,a2,-2) <
.. < ,uz”d(ao,al).

Thus

(2.3) d(agnyi1,a2,) < p*'d(ag,ay).
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Unifying (2.2) and (2.3) we can deduce that

(2.4) d(ay+1,a2,) < p'd(ag,ar)

(o)

Now using (2.4) we can prove that the sequence {a,};_ is a Cauchy sequence

Let m,r € {0,1,2,3...},

d(amaam+r) < d<am;am+l) + d(am—H 7am+2) + ...+ (am—i-r—l >am+r>
< “m+um+1 +...,llm+r_ld(ao,a1)

< (W g 4 )d ag,a)

m

—= lliud(ao,a])

Letting m — oo we deduce that {a,}’;_ is a Cauchy sequence.
As (X,d) is complete, so Ju € X lim, ;. a, = u. Using the contrary of the metric in its both

variables we may prove that u is a fixed point of ‘T, as follows:
d(Tl/h a2n+2) = d(‘zuv 6a2n+1)
< .u'da (u7 ‘ZM) dﬁ (02n+1 ) a2n+2) .

Letting n — oo we get d(Fu,u) = 0 so (Tu,u).
Similarly,
d(“Zn—H y GM) = d(‘Zazn, 6u)

< u.da(azn,aznﬂ).dﬁ (u,Su),

letting n — oo we get u = Gu.

Thus u is a common fixed point of G and ¥. To prove that u is a unique common fixed point
of G and ¥ suppose that v € X is another common fixed point of G and ¥.
Then

d(u,v) = d(Tu,&v) < ud*(u,%u).dP (v,6v) = 0.

Hence u =v. So G,% : X — X has a unique common fixed point in X. U
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3. NUMERICAL EXAMPLE

d(c,a) = d(a,c) = 4
d(b,c) = d(c,b) = %
d(d,a) = d(a,d) = 0
d(d,b) = d(b,d) = 4
d(d,¢) = d(c,d) = %

Define self maps ¥, S as follows
a b c d a b c d
G:
a d c d a b d c
It is clear that T, S satisfies (1.5) with yu = % and a = %,ﬁ = %, and T and G has unique

common fixed point a.
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