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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space, whose inner

product and norm are denoted by 〈·, ·〉 and ‖ · ‖. The symbols → and ⇀ are denoted

by strong convergence and weak convergence, respectively. ww(xn) = {x : ∃ xni
⇀ x}

denotes the weak w−limit set of {xn}. Let C be a nonempty closed and convex subset of

H and T : C → C a mapping. In this paper, we denote the fixed point set of T by F (T ).

Recall the following definitions. In 1991, Schu [1] (see also [2]) introduced the class of

asymptotically pseudocontractive mappings.
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Definition 1.1 (see [1, 2]) T is said to be asymptotically pseudocontractive if there exists

a sequence {kn} ⊂ [1,∞) with kn → 1 as n→∞ such that

〈T nx− T ny, x− y〉 ≤ kn‖x− y‖2, ∀ x, y ∈ C. (1.1)

In 2010, Qin et al. [3] introduced the class of asymptotically pseudocontractive map-

pings in the intermediate sense.

Definition 1.2 (see [3]) T is said to be an asymptotically pseudocontractive mapping in

the intermediate sense if there exists a sequence {kn} ⊂ [1,∞) with kn → 1 as n → ∞

such that

lim sup
n→∞

sup
x,y∈C

(〈T nx− T ny, x− y〉 − kn‖x− y‖2) ≤ 0, ∀ x, y ∈ C. (1.2)

Put

ξn = max{0, sup
x,y∈C

(〈T nx− T ny, x− y〉 − kn‖x− y‖2)}.

It follows that ξn → 0, as n→∞. Then,(1.2) is reduced to the following:

〈T nx− T ny, x− y〉 ≤ kn‖x− y‖2 + ξn. ∀ n ≥ 1, x, y ∈ C. (1.3)

It is easy to see that (1.3) is equivalent to

‖T nx− T ny‖2 ≤ (2kn− 1)‖x− y‖2 + ‖x− y− (T nx− T ny)‖2 + 2ξn, ∀ n ≥ 1, x, y ∈ C.

In 2011, Qin, Cho, and Kang [4] introduced the class of total asymptotically pseudo-

contractive mappings.

Definition 1.3 (see [4]) T is said to be total asymptotically pseudocontractive if there

exist two sequences {µn} ⊂ [0,∞) and {ξn} ⊂ [0,∞) with µn → 0 and ξn → 0 as n→∞

such that

〈T nx− T ny, x− y〉 ≤ ‖x− y‖2 + µnφ(‖x− y‖) + ξn, ∀ n ≥ 1, x, y ∈ C, (1.4)

where φ : [0,∞)→ [0,∞) is a continuous and strictly increasing function with φ(0) = 0.

It is easy to see that (1.4) is equivalent to the following: for all n ≥ 1, x, y ∈ C,

‖T nx− T ny‖2 ≤ ‖x− y‖2 + 2µnφ(‖x− y‖) + ‖x− y − (T nx− T ny)‖2 + 2ξn, (1.5)
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If φ(λ) = λ2, then (1.4) is reduced to

〈T nx− T ny, x− y〉 ≤ (1 + µn)‖x− y‖2 + ξn, ∀ n ≥ 1, x, y ∈ C. (1.6)

Put

ξn = max{0, sup
x, y∈C

(〈T nx− T ny, x− y〉 − (1 + µn)‖x− y‖2)}. (1.7)

If φ(λ) = λ2, then the class of total asymptotically pseudocontractive mappings is reduced

to the class of asymptotically pseudocontractive mappings in the intermediate sense.

In recent years, iterative methods for approximating fixed points of total asymptotically

pseudocontractive mapping have been studied by some authors. In 2011, Qin, Cho, and

Kang [4] proved a weak convergence theorem for a total asymptotically pseudocontrac-

tive mapping by the modified Ishikawa iterative process which was introduced by Schu

[1]. Very recently, Ding and Quan [5] introduced a modified Mann iterative algorithm for

a total asymptotically pseudocontractive mapping. Moreover, they proved a strong con-

vergence theorem for finding the fixed point of a total asymptotically pseudocontractive

mapping.

Motivated and inspired by the above facts, the purpose of this paper will introduce a

new modified Ishikawa iterative algorithm for a total asymptotically pseudocontractive

mapping. And by the new iterative algorithm, the strong convergence theorem for find

the fixed point of a total asymptotically pseudocontractive mapping can be obtained. The

result of this paper improves the corresponding result in Qin, Cho, and Kang [4].

2. Preliminaries

A mapping T : C → C is said to be uniformly L−Lipschitzian if there exists some

L > 0 such that

‖T nx− T ny‖ ≤ L‖x− y‖, ∀ x, y ∈ C, n ≥ 1. (2.1)
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Let C be a nonempty closed convex subset of a real Hilbert space H. For every point

x ∈ H, there exists a unique nearest point in C, denoted by PCx, such that ‖x−PCx‖ ≤

‖x− y‖ holds for all y ∈ C, where PC is said to be the metric projection of H onto C.

In order to prove our main results, we also need the following lemmas.

Lemma 2.1. In a real Hilbert space, the following inequality holds:

‖ax+ (1− a)y‖2 = a‖x‖2 + (1− a)‖y‖2 − a(1− a)‖x− y‖2, ∀ a ∈ [0, 1], x, y ∈ C.

Lemma 2.2. (see [6]) Let C be a nonempty closed convex subset of a real Hilbert space

H. Given x ∈ H and z ∈ C, then z = PCx if and only if

〈x− z, y − z〉 ≤ 0

holds for all y ∈ C.

Lemma 2.3. (see [7]) Let C be a nonempty closed convex subset of a real Hilbert space H.

Let {xn} be a sequence in H and u ∈ H. Let q = PCu. If {xn} is such that ωw(xn) ⊂ C

and satisfies the condition

‖xn − u‖ ≤ ‖u− q‖ for all n.

Then xn → q.

Lemma 2.4. (Demiclosedness principle) (see [5]) Let C be a nonempty bounded and closed

convex subset of a real Hilbert space H. Let T : C → C be a uniformly L-Lipschitzian

and total asymptotically pseudocontractive mapping. Suppose there exists M∗ > 0 such

that φ(λn) ≤M∗λn for an arbitrary positive real sequence λn, then I −T is demiclosed at

zero, where I is the identical mapping.

Lemma 2.5. (see [5]) Let C be a nonempty bounded and closed convex subset of a real

Hilbert space H. Let T : C → C be a uniformly L-Lipschitzian and total asymptotically

pseudocontractive mapping. Suppose there exists M∗ > 0 such that φ(λn) ≤M∗λn for an

arbitrary positive real sequence λn, then F (T ) is a closed convex subset of C.
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3. Main results

Theorem 3.1. Let C be a nonempty bounded and closed convex subset of a real Hilbert

space H, and let T : C → C be a uniformly L−Lipschitzian and total asymptotically

pseudo-contraction. Suppose there exists M∗ > 0 such that φ(λn) ≤M∗λn for an arbitrary

positive real sequence λn, and F (T ) 6= ∅. For an arbitrary x1 ∈ C, let {xn} be a sequence

generated by the following manner:



zn = (1− βn)xn + βnT
nxn,

yn = (1− αn)xn + αnT
nzn,

Cn = {u ∈ C : ‖yn − u‖2 ≤ ‖xn − u‖2 − αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn},

Qn = {u ∈ C : 〈x1 − xn, xn − u〉 ≥ 0},

xn+1 = PCn∩Qnx1.

(3.1)

where θn = 2αn(1 + βn)[ξn + µnM
∗(diam C)] for each n ≥ 1. Assume that {αn}, {βn}

are sequences in (0,1) satisfying a ≤ αn ≤ βn ≤ b for some a > 0 and some b ∈

(0, L−2[
√

1 + L2 − 1]). Then{xn} converges strongly to {PF (T )x1}, where PF (T ) is the

projection of H onto F (T ).

Proof. We split the proof into eight steps.

Step 1. Show that PF (T )x1 is well defined for every x1 ∈ C.

In view of Lemma 2.5, we know that F (T ) is a closed and convex subset of C. Therefore,

PF (T )x1 is well defined for every x1 ∈ C.

Step 2. Show that Cn ∩Qn is closed and convex for each n ≥ 1.

It is obvious that Qn is closed and convex and Cn is closed for each n ≥ 1. Therefore,

we only need to prove that Cn is convex for each n ≥ 1. Let w1 ∈ Cn and w2 ∈ Cn. Put

w = tw1+(1−t)w2, where t ∈ (0, 1). Next, we show that w ∈ Cn. From the constructions

of Cn, we have
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‖yn − w1‖2 ≤ ‖xn − w1‖2 − αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn (3.2)

and

‖yn − w2‖2 ≤ ‖xn − w2‖2 − αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn. (3.3)

In view of (3.2) and (3.3), we have

‖yn − w‖2 = ‖yn − (tw1 + (1− t)w2)‖2

= ‖t(yn − w1) + (1− t)(yn − w2)‖2

= t‖yn − w1‖2 + (1− t)‖yn − w2‖2 − t(1− t)‖w2 − w1‖2

≤ t[‖xn − w1‖2 − αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn]

+ (1− t)[‖xn − w2‖2 − αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn]

− t(1− t)‖w2 − w1‖2

= t‖xn − w1‖2 + (1− t)‖xn − w2‖2 − t(1− t)‖w2 − w1‖2

− αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn

= ‖xn − w‖2 − αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn.

This implies w ∈ Cn, that is, Cn is convex for each n ≥ 1. Hence, we obtain that Cn ∩Qn

is closed and convex for each n ≥ 1. Therefore, PCn∩Qnx1 is well defined for every n ≥ 1

and x1 ∈ C.

Step 3. Show that F (T ) ⊂ Cn ∩Qn for each n ≥ 1.
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Let p ∈ F (T ). From Lemma 2.1, and the algorithm (3.1), we see that

‖yn − p‖2 = ‖(1− αn)(xn − p) + αn(T nzn − p)‖2

= (1− αn)‖xn − p‖2 + αn‖T nzn − p‖2 − αn(1− αn)‖T nzn − xn‖2

≤ αn(‖zn − p‖2 + 2µnφ(‖zn − p‖) + ‖zn − T nzn‖2 + 2ξn)

+ (1− αn)‖xn − p‖2 − αn(1− αn)‖T nzn − xn‖2

≤ αn(‖zn − p‖2 + 2µnM
∗‖zn − p‖+ ‖zn − T nzn‖2 + 2ξn)

+ (1− αn)‖xn − p‖2 − αn(1− αn)‖T nzn − xn‖2

≤ αn(‖zn − p‖2 + 2µnM
∗(diam C) + ‖zn − T nzn‖2 + 2ξn)

+ (1− αn)‖xn − p‖2 − αn(1− αn)‖T nzn − xn‖2

= αn‖zn − p‖2 + αn‖zn − T nzn‖2 + (1− αn)‖xn − p‖2

− αn(1− αn)‖T nzn − xn‖2 + 2αnµnM
∗(diam C) + 2αnξn,

(3.4)

‖zn − p‖2 = ‖(1− βn)(xn − p) + βn(T nxn − p)‖2

= (1− βn)‖xn − p‖2 + βn‖T nxn − p‖2 − βn(1− βn)‖T nxn − xn‖2

≤ βn(‖xn − p‖2 + 2µnφ(‖xn − p‖) + ‖xn − T nxn‖2 + 2ξn)

+ (1− βn)‖xn − p‖2 − βn(1− βn)‖T nxn − xn‖2

≤ βn‖xn − p‖2 + 2βnµnM
∗‖xn − p‖+ βn‖zn − T nzn‖2 + 2βnξn

+ (1− βn)‖xn − p‖2 − βn(1− βn)‖T nxn − xn‖2

≤ βn‖xn − p‖2 + 2βnµnM
∗(diam C) + βn‖xn − T nxn‖2 + 2βnξn

+ (1− βn)‖xn − p‖2 − βn(1− βn)‖T nxn − xn‖2

= ‖xn − p‖2 + β2
n‖xn − T nxn‖2 + 2βnµnM

∗(diam C) + 2βnξn,

(3.5)
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and

‖zn − T nzn‖2 = ‖(1− βn)(xn − T nzn) + βn(T nxn − T nzn)‖2

= (1− βn)‖xn − T nzn‖2 + βn‖T nxn − T nzn‖2 − βn(1− βn)‖T nxn − xn‖2

≤ (1− βn)‖xn − T nzn‖2 + βnL
2‖xn − zn‖2 − βn(1− βn)‖T nxn − xn‖2

= (1− βn)‖xn − T nzn‖2 + βnL
2‖xn − T nxn‖2 − βn(1− βn)‖T nxn − xn‖2

= (1− βn)‖xn − T nzn‖2 + βn(β2
nL

2 + βn − 1)‖xn − T nxn‖2.
(3.6)

Substituting (3.5) and (3.6) into (3.4), we obtain

‖yn − p‖2 ≤ αn[‖xn − p‖2 + β2
n‖xn − T nxn‖2 + 2βnµnM

∗(diam C) + 2βnξn]

+ αn[(1− βn)‖xn − T nzn‖2 + βn(β2
nL

2 + βn − 1)‖xn − T nxn‖2]

+ (1− αn)‖xn − p‖2 − αn(1− αn)‖T nzn − xn‖2

+ 2αnµnM
∗(diam C) + 2αnξn

≤ ‖xn − p‖2 − αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn,

where θn = 2αn(1 +βn)[ξn +µnM
∗(diam C)] for each n ≥ 1. This follows p ∈ Cn for each

n ≥ 1; that is F (T ) ⊂ Cn for each n ≥ 1.

Next, we show that F (T ) ⊂ Qn for each n ≥ 1. By inductions, it is obvious that

F (T ) ⊂ Q1 = C. Suppose that F (T ) ⊂ Qk for some k > 1. Since xk+1 is the projection

of x1 onto Ck ∩Qk, we see from Lemma 2.2 that

〈x1 − xk+1, xk+1 − x〉 ≥ 0, ∀ x ∈ Ck ∩Qk.

By the induction assumption, we know that F (T ) ⊂ Ck ∩ Qk. In particular, for any

q ∈ F (T ) ⊂ C, we also have

〈x1 − xk+1, xk+1 − q〉 ≥ 0,

which implies that y ∈ Qk+1; that is, F (T ) ⊂ Qk+1. This follows that F (T ) ⊂ Qn for

each n ≥ 1. Hence, F (T ) ⊂ Cn ∩Qn for each n ≥ 1.

Step 4. Show that limn→∞ ‖xn − x1‖ exists.



796 ZI-MING WANG

In view of the algorithm (3.1), we have xn = PQnx1 and xn+1 ∈ Qn which imply that

‖x1 − xn‖ ≤ ‖x1 − xn+1‖.

This shows that the sequence {‖xn − x1‖} is nondecreasing. Since the set C is bounded,

one has limn→∞ ‖xn − x1‖ exists.

Step 5. Show that xn+1 − xn → 0 as n→∞.

Since xn = PQnx1 and xn+1 = PCn∩Qnx1 ∈ Qn. This implies that

〈xn+1 − xn, x1 − xn〉 ≤ 0, (3.7)

From (3.7), we have

‖xn+1 − xn‖2 = ‖(xn+1 − x1) + (x1 − xn)‖2

= ‖xn+1 − x1‖2 + ‖x1 − xn‖2 + 2〈xn+1 − x1, x1 − xn〉

= ‖xn+1 − x1‖2 + ‖x1 − xn‖2 + 2〈xn+1 − xn + xn − x1, x1 − xn〉

= ‖xn+1 − x1‖2 − ‖x1 − xn‖2 + 2〈xn+1 − xn, x1 − xn〉

≤ ‖xn+1 − x1‖2 − ‖x1 − xn‖2.

From Step 3, we have xn+1 − xn →∞ as n→∞.

Step 6. Show that T nxn − xn → 0 as n→∞.

In view of xn+1 ∈ Cn, we see that

‖yn − xn+1‖2 ≤ ‖xn − xn+1‖2 − αnβn(1− 2βn − β2
nL

2)‖xn − T nxn‖2 + θn. (3.8)

On the other hand, we have

‖yn − xn+1‖2 = ‖yn − xn + xn − xn+1‖2

= ‖yn − xn‖2 + ‖xn − xn+1‖2 + 2〈yn − xn, xn − xn+1〉.
(3.9)

Since yn = (1− αn)xn + αnT
nzn, from (3.8) and (3.9), we have

αn‖T nzn−xn‖2+2〈T nzn−xn, xn−xn+1〉 ≤
θn
αn

−βn(1−2βn−β2
nL

2)‖xn−T nxn‖2. (3.10)
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From the assumption, we have

1− 2βn − β2
nL

2 ≥ 1− 2b− b2L2 > 1− 2

√
1 + L2

L2
− (

√
1 + L2

L2
)2L2 = 0.

It follows from (3.10) that

a(1− 2b− b2L2)‖T nxn − xn‖2 ≤
θn
αn

+ 2‖T nzn − xn‖‖xn − xn+1‖.

Since µn, ξn → 0, as n→∞, It follows

lim
n→∞

θn
αn

= lim
n→∞

2(1 + βn)[ξn + µnM
∗(diam C)] = 0.

And using Step 4, we obtain

lim
n→∞

‖T nxn − xn‖ = 0.

Step 7. Show that Txn − xn → 0 as n→∞.

Noticing that

‖xn − Txn‖ = ‖xn − xn+1‖+ ‖xn+1 − T n+1xn+1‖

+ ‖T n+1xn+1 − T n+1xn‖+ ‖T n+1xn − Txn‖

≤ (1 + L)‖xn − xn+1‖+ ‖xn+1 − T n+1xn+1‖+ L‖T nxn − xn‖.

From Step 4 and Step 5, limn→∞ ‖xn − Txn‖ = 0. That is, Txn − xn → 0 as n→∞.

Step 8. Show that xn → p̂, where p̂ = PF (T )x1 as n→∞.

Let xnk
be a subsequence of xn such that xnk

⇀ x̂ ∈ C as k → ∞, then by Lemma

2.4, we have x̂ ∈ F (T ); that is ωw(xn) ⊂ F (T ). Let p̂ = PF (T )x1, from xn = PQnx1 and

F (T ) ⊂ Qn, we see that ‖xn − x1‖ ≤ ‖p̂− x1‖. From Lemma 2.3, we can obtain xn → p̂,

where p̂ = PF (T )x1 as n→∞. This completes the proof.
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