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Abstract. In this paper, a modified Ishikawa iterative algorithm is introduced for finding a fixed point
of a total asymptotically pseudocontractive mapping. Furthermore, strong convergence result is obtained

in a real Hilbert space. Our result improves the corresponding result of Qin, Cho, and Kang [4].
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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space, whose inner
product and norm are denoted by (-,-) and || - ||. The symbols — and — are denoted
by strong convergence and weak convergence, respectively. wy(x,) = {z : 3 z,, — x}
denotes the weak w—limit set of {x,}. Let C' be a nonempty closed and convex subset of

H and T : C — C a mapping. In this paper, we denote the fixed point set of T by F(T).

Recall the following definitions. In 1991, Schu [1] (see also [2]) introduced the class of

asymptotically pseudocontractive mappings.

Received April 14, 2013

788



TOTAL ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS 789

Definition 1.1 (see [1, 2]) T is said to be asymptotically pseudocontractive if there exists

a sequence {k,} C [1,00) with k, — 1 as n — oo such that

(T"x — Ty, x —y) < kullz —y|*>, Vo yeC. (1.1)

In 2010, Qin et al. [3] introduced the class of asymptotically pseudocontractive map-

pings in the intermediate sense.

Definition 1.2 (see [3]) T is said to be an asymptotically pseudocontractive mapping in
the intermediate sense if there exists a sequence {k,} C [1,00) with k, — 1 as n — oo

such that

limsup sup ((T"x — Ty, x — y) — ku|lz — y||*) <0, Va, yeC. (1.2)

n—oo x,yeC

Put
&, = max{0, sup ((T"x — T"y, x — y) — kallz — y||*)}.

z,yeC
It follows that &, — 0, as n — oo. Then,(1.2) is reduced to the following:

(T"x — Ty, 2 —y) < kpllz —y|* + & YVn>1, 2, yeC. (1.3)
It is easy to see that (1.3) is equivalent to
[T — T < 2k — iz — gl + 2~y — (T2~ TP+ 26 Y >1, 2, yeC.

In 2011, Qin, Cho, and Kang [4] introduced the class of total asymptotically pseudo-

contractive mappings.

Definition 1.3 (see [4]) T is said to be total asymptotically pseudocontractive if there
ezist two sequences {p,} C [0,00) and {£,} C [0,00) with p, — 0 and &, — 0 as n — oo

such that
(T =Ty — g < o — gl + pd(le —yl) + €0 Y21, 0, yeC, (1)
where ¢ : [0,00) — [0,00) is a continuous and strictly increasing function with ¢(0) = 0.

It is easy to see that (1.4) is equivalent to the following: for all n > 1, z, y € C,

|77 = Ty < llz = ylI? + 26 (e — yl) + 2 — y — (T2 — T"9)[* + 26, (L5)
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If (\) = A2, then (1.4) is reduced to

Tz — Ty, 2 —y) < (L+ )|z —yl|* +&, Vn>1, 2 yeC. (1.6)
Put
&n = max{0, Supc(<T"93 =Ty, —y) — (14 )|z — y*)}- (1.7)
x, ye

If ¢(\) = A2, then the class of total asymptotically pseudocontractive mappings is reduced

to the class of asymptotically pseudocontractive mappings in the intermediate sense.

In recent years, iterative methods for approximating fixed points of total asymptotically
pseudocontractive mapping have been studied by some authors. In 2011, Qin, Cho, and
Kang [4] proved a weak convergence theorem for a total asymptotically pseudocontrac-
tive mapping by the modified Ishikawa iterative process which was introduced by Schu
[1]. Very recently, Ding and Quan [5] introduced a modified Mann iterative algorithm for
a total asymptotically pseudocontractive mapping. Moreover, they proved a strong con-
vergence theorem for finding the fixed point of a total asymptotically pseudocontractive
mapping.

Motivated and inspired by the above facts, the purpose of this paper will introduce a
new modified Ishikawa iterative algorithm for a total asymptotically pseudocontractive
mapping. And by the new iterative algorithm, the strong convergence theorem for find
the fixed point of a total asymptotically pseudocontractive mapping can be obtained. The

result of this paper improves the corresponding result in Qin, Cho, and Kang [4].

2. Preliminaries

A mapping T : C — (' is said to be uniformly L—Lipschitzian if there exists some

L > 0 such that

| T"z —T"y|| < L||lzr —vyl, Vz,yel, n>1. (2.1)
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Let C' be a nonempty closed convex subset of a real Hilbert space H. For every point
x € H, there exists a unique nearest point in C, denoted by Pz, such that ||z — Pox|| <

|z — y|| holds for all y € C, where P is said to be the metric projection of H onto C.
In order to prove our main results, we also need the following lemmas.

Lemma 2.1. In a real Hilbert space, the following inequality holds:

laz + (1 = a)yll* = allz* + (1 = a)llylI* — a(1 = a)llz —yl*, Va€[0,1], =, yeC.

Lemma 2.2. (see [6]) Let C' be a nonempty closed convexr subset of a real Hilbert space

H. Gwen x € H and z € C, then z = Pox if and only if
<£L’—Z,y—2>§0

holds for all y € C.

Lemma 2.3. (see [7]) Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let {x,} be a sequence in H and u € H. Let ¢ = Pou. If {x,} is such that w,(x,) C C

and satisfies the condition
|z —u|| < |lu—yq|  for all n.

Then x,, — q.

Lemma 2.4. (Demiclosedness principle) (see [5]) Let C' be a nonempty bounded and closed
conver subset of a real Hilbert space H. Let T : C — C be a uniformly L-Lipschitzian
and total asymptotically pseudocontractive mapping. Suppose there exists M* > 0 such
that ¢(An) < M*\, for an arbitrary positive real sequence A\, then I —T is demiclosed at

zero, where I is the identical mapping.

Lemma 2.5. (see [5]) Let C' be a nonempty bounded and closed convex subset of a real
Hilbert space H. Let T : C — C be a uniformly L-Lipschitzian and total asymptotically
pseudocontractive mapping. Suppose there exists M* > 0 such that ¢p(\,) < M*\, for an

arbitrary positive real sequence \,, then F(T) is a closed convezr subset of C.
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3. Main results

Theorem 3.1. Let C be a nonempty bounded and closed convexr subset of a real Hilbert
space H, and let T : C' — C' be a uniformly L— Lipschitzian and total asymptotically
pseudo-contraction. Suppose there exists M* > 0 such that ¢(N\,) < M*\, for an arbitrary
positive real sequence \,, and F(T) # 0. For an arbitrary x, € C, let {x,} be a sequence

generated by the following manner:

p

Yn = (1 - an)ajn + OénTnZna
Co ={u€C: |lyn —ul]® <||zn — ul]® — @nBu(l = 28, — BLL?) |2y — T2, |” + 0.},

Qn={ueC:(xy—x,,x,—uy >0}

Tnt1 = PC'nﬁanl-

(3.1)
where 0, = 20, (1 + 5,)[&n + n M*(diam C)] for each n > 1. Assume that {a,}, {Bn}
are sequences in (0,1) satisfying a < a, < B, < b for some a > 0 and some b €
(0,L72[V1+ L2 — 1]). Then{z,} converges strongly to {Ppx1}, where Ppery is the
projection of H onto F(T).

Proof. We split the proof into eight steps.
Step 1. Show that Pp(r)z; is well defined for every z; € C.

In view of Lemma 2.5, we know that F'(T') is a closed and convex subset of C'. Therefore,

Prryzy is well defined for every x; € C.
Step 2. Show that C, N @, is closed and convex for each n > 1.

It is obvious that @, is closed and convex and (), is closed for each n > 1. Therefore,
we only need to prove that C), is convex for each n > 1. Let w; € C,, and wsy € C,,. Put
w = tw; + (1 —t)ws, where t € (0,1). Next, we show that w € C,,. From the constructions

of C,,, we have
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Y — w1||2 <o, — w1||2 — anfBn(1 =28, — /6727,112)“5571 - TnanQ + 0n (3.2)

and

lyn = wal® <l — wall* = anBu(l = 28, = BiL?)|lwn — T2y | + 60 (3.3)

In view of (3.2) and (3.3), we have

1yn — w]* = llym — (w1 + (1 = t)wy)|”

= [[t(yn — w1) + (1 = ) (yn — wo)|1?

=ty — wi [ + (1 = 1) ||y — wal® = t(1 = 1) lwy — wy]?

< tlllz, —wi[® = anfa(l = 28, = BaL?)|Jzn — T"2n|* + 6]
+ (L= )[lzn — wall* = anBu(l = 28, = BAL?) ||z, — T"wn|* + 6,
— (1 —t)[lwy — wy?

= |z, —wi[|” + (1 =)z — wal* — (1 — 1) [lwy — wy|*
— (1 = 268, — BiL?) |20 — T 2|* + 6,

= ||z, — w||2 — ap B, (1 =28, — BZLQ)Hxn — T”:13n||2 +0,,.

This implies w € C,,, that is, C, is convex for each n > 1. Hence, we obtain that C,, N @),
is closed and convex for each n > 1. Therefore, Pc,ng,*1 is well defined for every n > 1

and x, € C.

Step 3. Show that F(T") C C,, N Q,, for each n > 1.
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Let p € F(T). From Lemma 2.1, and the algorithm (3.1), we see that

[y — pII” = [[(1 = o) (@0 — p) + (T2, — p)||°
= (L= an)llzn = plIIP + anll Tz — plI* — an(1 — @) | T" 2, — |
< an(llzn = pI* + 2000 ([|2n — pll) + [2n — T"20l|” 4 265)
+ (1 =)z —pl? = an(l — @) 1Tz, — x|
< an(llz0 = PlI* + 20 M| 20 — pll + |20 = T 20 ||* + 265)
+ (1= )l = pl? = an(l — an) I T2, — x|
< an(||2n — Pl + 2unM* (diam C) + ||2n — Tz + 26,.)

+ (1 — a)|zn — p”2 —an(1 = an)||T"2, — anZ

= anlzn = pII* + anllzn — T"2l* + (1 — an) |20 — pII”

— (1 — )T 2, — 20 |]* + 2001 M* (diam C) + 200,

120 = plI* = (1 = Bu) (w0 — p) + Bu(T" @0 — p)|I*

= (1= Bu)llwa = plI* + BullT"@n = plI* = Bu(l = Bu)IT" 20 — 2nl|?

< Balllzn = pI” + 20 (2n — pll) + 20 — T"20]|* + 2€5)
+ (1= Ba)llwn = plI* = Ba(l = Bu)IT" w0 — wa|*

< Bullen = plI* + 28upn M |20 — pll + Bullzn — T"2ul1* + 2Bnén (3.5)
+ (L= Bu)llen = plI* = Ba(l = Bu)IT"ws — @ |?

< Ballzn = plI* + 2Bupn M* (diam C) + |2y — T"wul|* + 28560
+ (1= Ba)llwn = plI* = Ba(l = Bu)IT" w0 — wa|*

= ||z, — p||2 + 5721Hxn - Tnan2 + 2Bt M* (diam C') + 26,6,
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and
120 = T"zall* = |1 = Bu) (@0 — T"20) + Ba(T" 20 — T"2) |
= (1= Bu)llwn = T"zall* + Bal T" 20 — T"20||* = Bu(1 = Ba) IT" 20 — wa®
< (1= Ba)llen = Tzl + BaL? |20 — 20l|* = Bull = Ba) I T" 20 — za®
= (1= Bo)llwn — Tzl + BaL®[|lwn — T2 ||* = Ba(l = B)IT" 20 — za®

= (1= Bn)llzn — TnZn”2 + ﬁn(ﬁng + Bn = Dllzn — TnanQ-
(3.6)

Substituting (3.5) and (3.6) into (3.4), we obtain
lyn = pII* < anlllzn = plI* + Billzn — T"all* + 2B,pun M (diam C) + 28,84
+an[(1 = Ba)llen = T"2al* + Ba(BaL® + By — Dllzn — T2y ’]
+ (1= an)llzn = plI* = (1 — @) 1T 20 — 20 ®
+ 20, i, M (diam C') 4 20,6,
< New = pIP — nBull — 26, — B2L2)Jn — Tl + 00,

where 6, = 2a,(1+ 3,)[&n + pnM*(diam C)] for each n > 1. This follows p € C,, for each
n > 1; that is F(T") C C,, for each n > 1.

Next, we show that F(T') C @, for each n > 1. By inductions, it is obvious that
F(T) C @, = C. Suppose that F(T) C Qy for some k > 1. Since xy,; is the projection

of x1 onto C} N Qk, we see from Lemma 2.2 that
(T1 — Tpg1, Tpr — 1) >0, VaelC,NQy.

By the induction assumption, we know that F(T) C Cy N Q. In particular, for any
q € F(T) C C, we also have

(1 — Thy1, Thp1 — q) > 0,

which implies that y € Qg.1; that is, F(T') C Q1. This follows that F(T) C @, for
each n > 1. Hence, F(T') C C, N Q,, for each n > 1.

Step 4. Show that lim,, . ||z, — x1] exists.
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In view of the algorithm (3.1), we have z,, = Py, 1 and 2,41 € @, which imply that
21 = @l < llzy — 2]
This shows that the sequence {||z,, — z1||} is nondecreasing. Since the set C' is bounded,
one has lim,, . ||z, — x1|| exists.

Step 5. Show that x,,; —x, — 0 as n — oo.
Since x, = Py, z1 and 2,41 = P, 21 € Q. This implies that
(Tpa1 — Tpy 1 — ) <0, (3.7)
From (3.7), we have
12041 = @all* = [(Zn41 — 21) + (21 — 20)[I”
= |lns — l* + o1 = 2]l + 2{@ni1 — 21,20 — 20)
= |21 = 1l* + llor = 2all® + 2{zars — 20 + 20 — 21,21 — @)
= |21 — 2ul* = llor — 2all* + 22041 — 20, 21 — 70)
< Nznsr = 2ul* = llon — .
From Step 3, we have x,,.1 — x,, — 00 as n — 0.

Step 6. Show that 7"z, — x, — 0 as n — oo.

In view of x,, .1 € C,,, we see that
Hyn - xn-i-l“? < ”xn - ﬂUn-l-1||2 - O‘nﬂn(l - 28, — 551—/2)”3% - TnanQ + 0. (3.8)

On the other hand, we have

Hyn - $n+1”2 = “yn — Tp + Ty, — $n+1l|2
(3.9)

= [[ygn = zall® + |20 — Zasa |* + 20y — T0, T — Tns)-

Since y, = (1 — ay)x, + T2, from (3.8) and (3.9), we have

On
| T" 20— 2|2+ 2(T" 20 — Ty Ty — T 1) < —= = Bu(1 =28 — BEL?) ||z — T, ||*. (3.10)
a

n



TOTAL ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS 797

From the assumption, we have

VI+L2 V1412
SR E

1—-28,—BL*>1—-2b—bL* > 1 2L* = 0.

It follows from (3.10) that

On
a(l —2b— VL) Tz, — 2, |> < -2 4+ 2||T" 20 — 2ol |20 — Tnail|-
a

n

Since p,, &, — 0, as n — oo, It follows

lim bn _ lim 2(1 + 6,)[&n + M ™ (diam C)] = 0.

oo (v,  n—oo
And using Step 4, we obtain
nh—>I£10 | T"x, — || = 0.
Step 7. Show that Tz, — x, — 0 as n — oc.
Noticing that
2 = Taall = 0 — Tpga | + loner = T ||
+ 1T 2y — Ty || + | T 2y, — Ty ||
< (14 D)0 = sl + [nss = T s | + LT — 2]l
From Step 4 and Step 5, lim,, o ||z, — Tz,|| = 0. That is, Tx,, — x, — 0 as n — oc.
Step 8. Show that x,, — p, where p = P71 as n — oo.

Let x,, be a subsequence of xz, such that z,, = 2 € C as k — oo, then by Lemma
2.4, we have x € F(T); that is wy(x,) C F(T). Let p = Ppryz1, from x, = Py, 21 and
F(T) C Qp, we see that ||z, — z1]| < ||[p — x1]|. From Lemma 2.3, we can obtain z,, — D,

where p = Pg(ryxy as n — oo. This completes the proof.
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