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Abstract. In this paper, we investigate a fully discrete H'-Galerkin mixed finite element approximation
of a class of heat transport equations. The Crank-Nicloson scheme is used for time discretization. Optimal
error estimates in L?-norm for the unknown function and its gradient function are obtained. A numerical

example is presented to illustrate the theoretical findings.
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1. Introduction

The primary interest of this paper is to investigate a Crank-Nicloson H'-Galerkin mixed

finite element scheme for the following heat transport problems

(a) %ut + Uy = QUgy + bUgy + f(2,t),  (x,t) € I x (0,7,
(b) u(0,t) = 0,u(L,t) =0, 0<t<T, (1)
(¢) u(x,0) = up(z), u(x,0) = us(x), xel.
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where I = [0, L], u denotes temperature, f is a heat source, d,a and b are positive
constants.

The above equations are widely used to describe the thermal behavior of thin films and
other microstructures, see, for example, [1], [2], etc..

In recent years, a variety of numerical methods are proposed to resolve this problem,
such as finite difference methods, finite element methods and mixed finite element meth-
ods. One can refer to [3], [5], [6], [7], [8], etc.. Recently, an H' Galerkin mixed finite
element method was discussed for problem (1) in [15]. Comparing to standard mixed
finite element methods the finite element spaces are free of the LBB stability condition in
this formulation, which makes the choice of finite element spaces more flexible.

To improve the convergence order for time discretization a Crank-Nicloson H' mixed
finite element scheme is proposed in this paper. An optimal a priori error estimates for
the scalar unknown u and its flux ¢ in L?-norm are achieved. Moreover, a numerical
example is presented to illustrate our theoretical analysis.

Throughout the paper, we use the standard notation W"?(Q2) for Sobolev space on {2
with a norm || - |, and a semi-norm | - |,, 4. For ¢ = 2, we denote H™(Q) = W™2(Q),
| - |m=|l - l;mz2 and for m = 0, we denote || - [|=|| - ||o. Moreover, the inner products in

L*(Q)) are indicated by (-,-). Let X be a Banach space and ¢(t) : [0,T] — X, we set

T
Ilelizm:/ le(s)Ixds,  llgllie(x) = ess sup [lollx.
0 0<t<T

In addition, C denotes a generic constant independent of the spatial mesh parameter A
and time discretization parameter 7, and € denotes an arbitrarily small positive constant.
The outline of this article is organized as follows: In Section 2 a Crank-Nicloson H*
mixed finite element scheme is described. Optimal a priori error bounds are derived for

in Section 3. A numerical example is given to verify the theoretical results in Section 4.

2. The Fully discrete Scheme

2.1 Weak Formulation
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For the H'-Galerkin mixed finite element procedure, we split (1a) into a system of two

equations. Let p = au, + bu,y, then (1a) can be rewritten as follows:

(a) aug + bug = p, @
(D) jue +uw — gz = f(x,1).
To consider the H'-Galerkin mixed finite element approximation scheme for (2a), (2b),
we first derive the weak formulation.

Let H& = {v € HY(I),v(0) = v(L) = 0}. Multiplying (2a) by v,, v € H&, and

integrating on interval I we obtain
(atg, v3) + (bugr, v.) = (q,v,), v € Hy. (3)
Multiplying (2b) by w,, w € H', and integrating on interval I yields

1
(Sut +utt>waz) - (QIawcL‘) = (f: wx)a w e Hl-

Since u(0,t) = u(L,t) = 0, uu(0,t) = un(L,t) = 0, then integrating on interval I we

derive that
1

(gumt + Uty W) + (Qoy o) + (f,w,) =0, we H. (4)

For ¢ = au, + bu,, then

1 a
Ugt = Eq - Zum (5)
1 a? a
Uyt = th + b—QUz - ﬁq' (6)

a2

Setting o = %,5 =0 Y= % — 15, it is easy to see that o > 0. Using (5) and (6),

(4) can be rewritten as follows:
(agi, w) +7(q, w) + (qa, ws) + (Buia, w) + (f,w:) =0, w € H. (7)

Therefore, the weak formulation of (2a), (2b) is to find {u,q} : [0,T] — Hi x H' such

that
(a) (aty,ve) + (bug, vi) = (q,v,), v € H,

(8)
(b) (ag,w) 4+ v(q, w) + (gz we) + (Bug, w) + (fw,) =0, we H.

2.2 The Fully Discrete Scheme
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In this Section, we briefly describe a fully discrete scheme for (8a),(8b). For the temporal
discretization, we consider the Crank-Nicolson method, which is second-order in time.
Let Vj,, W), be finite dimensional subspaces of Hj and H', respectively, with the follow-

ing approximation properties:
inf (o= vhllop + b0 —vilh} € R ullnye v e HE AW,
Vh h

and

inf {[lw —whllop + hllw —wnllip} < CHTHwllpsry we W),
wp €W

where 1 < p < o0, k, r are integers.

Let 0 = t° < ¢ < .- < ¥ = T be a given partition of the time interval [0, 7]

with step length 7 = %, for some positive integer N. Define t" = nr, M= = ¢ — %T,

" = ¢(t"), 09" = (¢" — ¢" 1)/ for a smooth function ¢. Let U™ and Q™ be the

n

approximation of u and ¢ at t = t" which are defined through the following explicit

scheme.

n—1
(a) <aU£L+TUw’ Uhx)

#) (e L= )

Ur—yr—1 nyQn-1
<b%7 Uh:c) - (%a Uhx) y Up € Vh)
n n—1 n n—1
(v ) + (L w) (9)
Un4un—?! 1
(U2 ) + (7% ) = 0

+ + 4+

) thWha

with U? and Q° to be defined latter.

3. Convergence Analysis

3.1 Preliminaries
We begin by reviewing some preliminary knowledge that will be used in the following
convergence analysis. From [12] we define the Ritz-Volterra projection uy(t) € V;,, which

satisfies:

(/0 a(u(s) — up(s))zds + b(u(t) — ap(t))e, vpz) = 0,05 € Vj,.
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It is easy to see that @y (t) is reduced to Ritz projection of u(0) when ¢t = 0 and y(t) also
satisfies the following equation:
(a(u — ap(t))s + b(uy — Upe(t))z, Vpz) = 0,05 € V. (10)
Following [13], we define an elliptic projection ¢, € W), such that:
A(q — Gn,wp) =0, Ywy, € Wy, (11)

where A(u,v) = (ug, v.)+A(u,v). Here X is chosen appropriately so that A is H'-coercive,

ie.,
Av,v) Z a0 [l v |3,
where g is a positive constant. Moreover, it is easy to see that A(-,-) is bounded.

Let n = u — @y, p = q¢ — Gp, then n and p satisfy the following estimates from [12] and
[13]:

In() ;< CR 1 [[lksn0, 5 = 0,1, (12)
() 15< O 1 [, 5 = 0,1, (13)
() 15< CR | [l 255 = 0,1, (14)
[ 1 (t) ;< CREY [l ,3,5 = 0,1, (15)
and
o) 5 + 1 pe(®) ;< CR™ (1 gl + Il @t llrsn), 5 = 0,1, (16)
where

"L d t O
"= : + — ds}.
1] [ lxsa, ;_OZ{H 57 541 /0 | o0 k41 ds}

3.2 Error Analysis

For the fully discrete error estimates, we split the errors into
ult") = U = u(t") — i (") + i (1) — U" =" + ¢,

Since the estimates of n™ and p" can be found out easily from (12) and (16) at t = t™, it

is enough to estimate (™ and £".
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Setting ¢ = t"~2 in (8a), (8b) and combining (9a), (9b) with auxiliary projections we

obtain the error equations in (" and &£"

[ (@) (S5 v) + (002 vns) = a (B 7 )
b (D, — o) + (072 = L o)
+ (pn+§n71,vhx> + (%,w&) . Up € Vi,
(b) (adig",wn) + A (£45 ) = —(adyp”, wy) (17)
(O = ) )+ (T )
+5< 7L+u§} ' u:ié,wh> Yy <qn+gn—1 B qn_%7wh>

n—1 _1 — _1 n n—1
L _'_(%_q;l 27whm)+05(atqn_qy 27wh>_ﬁ<%7wh)v whEWh~

Theorem 3.1. Assume that U° = 0;,(0),Q° = ¢,(0) and 0 < m < N. Then there exists

a positive constant C independent of h and T such that for sufficiently small T

lum =0 |+ g™ - @ |
< O (| |y + [ 0 llowgrrsny + 1 e ooeqarony)+

2w 2y + 11 we llz2cay 4 11w ez + 1w 2y + 11 gu ez + 1 que le2@e))-

Proof. Choose v, = +<n in (17a) to obtain for n =0,1,--- /N

n n—1 n n—1 n n—1

~n ~n—1 nol (M n—1 n n—1
=a <Uhx —ZUhx - ahx 2? C:E +2Cm ) + b (atuh,x hxt ) C +2C )

B R K e o Y (e oA e WY S S e
2 ’ 2 2 ’ 2 2 ’ 2

Note that a and b are positive constants. Using Cauchy inequality we conclude that

1p 2=l )2
sbT
~n ~n—1 _1 _
<o) BBl g ) B, — P (19
1 n n—1 i n—1 n n—1
e e R e e e e L
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Multiplying (17) by 27 and summing from n = 1 to m, we can get the following estimate
easily by choosing U" = a).

m (|2 - I P Mt TP %y b RIP
bll e IP< 7 3 (I St — a7 |2 + | Qg — ipr” |

= 1 1 1 <19>
_1 n n— n n— n n—
e e R R e e e )
By the Taylor formula with integral reminder we have that
U ; + ,&nml " " B
| et PO [ e | ds
tn—1
Similarly, we have
_ " "
| By, P O [ e | s
tn—
and
R A 3 " 2
e o A P
tn—1
Thus
I 1P< OO Sy N nan P ds+ 5 | Gnare 17 ds+ fo || qu || ds
0 0 0 20)

n n—1 n n—1
+072(||%||2+||%n2).

n=1

Setting wy, = &5 — gn s in (17b) yields
=~ n n—1 n n—1 n n—1
(adigr, €50 ) + a4 (a5t gt
n n— n n—1 n n—1 n n—1
= (a0 i) (= (gt g gy s
48 (n e ) +5< ! u;—%7sn+sn ) (21)
n n_ ¢n— n—1 n—4i n—1
oy (q +g A I £ 1) 4 (qz-i‘gz _grr sl )
= n—l n n—1 n n—1 n n—1
+a <atqn — 4 27%) _/8 (CergT )5 +§ )

Using ¢ inequality and the coercive property of A(-,-) we derive that

o " . é‘n gn 1
(I P =17 P + (a0 =) || ==—— I
= n pn_|_pn—1 £n+§n—1 77”+77n_1
<( 10" 1P+ 1 = 2 e e B
2 2 2
un_i_unfl ol qn_i_qnfl 1 qn_i_qnfl 1l
P R S et e B g

Cn Cn 1
1 g — g P ),
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Since
tn

_ 1
H@MWSO—/
.

tn—

16 P OO ([ w2 s+
0 0

m pn _|_pn—1 gn +€n—1
ror S (1 S ),

) H Pt ||2 dS,

tm tm tm

lna P ds+ [ 1 | ds)

0

n=1
and
gn + gn— 1
2

I RS RS s
2 Y

u” + ut ! _1 &
| P e [ | s

HQS ’

tn—1

qn + qnfl 1 tm
| <oy [

tn—

t’rb

. ” Qe H2 dS,

) ” qit H2 ds,

n n—1 "
Qx +2ql‘ — e 2 H2§ C(T)B/

tn

T

H&f—ﬂ”nkchﬁ/

|| qete ||2 ds,
tn—l

then, multiplying by 27 and summing from 1 to m we conclude that

- m n+€n—1 )
(0= Cr) | € 7 +2(a0 — 2)r > | S5 s
n=1
tm m
<o Anascer (10 B+l P)

n=0

t™m t™m

| Gt ||2 ds +/ | Guse ||2 ds
0

J—1 tm
wery e P ac@ ([ ol ds+ [
n=0 0 0

tm
+ / || Ugtt ||2 ds +/
0 0

Taking 71, let 0 < 7 < 7q, such that a« — C't > 0, then by discrete Gronwall’s lemma we

tm tm

lna |2 ds [ o | ds).
0

obtain that

m n n—1
1€/ 17 +aor 32 || S5 I}

n=1

< Cfot | ot H2 ds +CT z—:o ( | p" H2 g H2> -

+ C(T)4<f0t lae 1P ds+ [ | @ P ds+ [y || qone |I* ds
) Wt 12 ds - fy N nate |2 ds + ;7 1| Gnar |1 ds)
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Note that
| gt ||| Qnaete — ware || + || wate ||| 722 ]2+ | wer |1 -

Therefore

€™ 112 < CUlm Georzey + 1 2 [Fozzy + I 2o 17222))
+ O qu Hi2(H1) + || @t H%z(Lz) (23)
+ T e (2o gny + I e 172y + 1w T2y + 1w 17200m)-

Then, (20) and (23) imply that

G 1P < CUMn ooz + 1 2 Moy + 1 £ l122(22)
+ CT(|| qu H%z(m) + || Geee H%?(LQ) (24)
+ T 0w oy + s W2y + e 2oy + 1w 1 ))-
Combining (23), (24) and the estimates of 1™, p", by the triangle inequality we can

complete the proof.

Remark 3.2. In this paper, we only discuss the H!-Galerkin mixed finite element schemes
for the one-dimensional problem. In fact these schemes can be extended to several dimen-
sional problem without introducing rot operator which was used in [4]. We use standard
finite element space to approximate the unknown function u, while the gradient func-
tion ¢ is approximated by the vector function space of the standard mixed finite element

spaces(e.g., Raviart-Thomas spaces). The more details one can see [14].

4. Numerical Example

In this section a numerical example is given to verify the theorems presented in this
paper.

Example 4.1. Let us consider the following initial and boundary problem:

U+ Uy = QUgy + DUy + (2, 1), (x,t) € [0,1] x (0,1],
w(0,t) = u(1,t) =0, t e (0,1], (25)
u(z,0) = ugp(x), ur(z,0) = uy (), z €[0,1],t =0,

6

52, and the exact solution is chosen as u(v,t) = e”'sin(mz).

_ 1 _ 1 _
where a = 3,0 = 3,0 =

This example is taken from [15]
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We solve this problem by H!-Galerkin mixed finite element method. Piecewise linear

finite element spaces are used to approximate the unknown function u and its flux ¢,
respectively.

The errors of u — up and ¢ — ¢ in L? norm for different time are shown in Table 4.1

and 4.2, respectively. The order of convergence for u and ¢ in L? norm are displayed in

Table 4.3. We observe that the rate of convergence is approximately equal to 2, which

are in agreement with our theoretical results proposed in Section 3.

Table 4.1. The errors of || u — uy, || at different time.

Time t=0.2 t=0.4 t=0.8 t=1.0

h=r Error Order Error Order Error Order Error Order

1/20  2.7559e-004  \  4.6745¢-004  \  6.5543e-004  \  6.8058¢-004  \
1/40  6.8872¢-005 1.9131 1.1682¢-004 1.9850 1.6383¢-004 1.9809 1.7015¢-004 2.0000

1/80 1.7216e-005 1.9913 2.9203e-005 1.9899 4.0957e-005 2.0082 4.2537e-005 1.9069

Table 4.2. The errors of || g — g || at different time.

Time t=0.2 t=0.4 t=0.8 t=1.0

h=r Error Order Error Order Error Order Error Order

L 21945e-004  \  3.4766e-004  \  4.4515¢-004  \  4.4834e-004  \
L 5.3504e-005 2.0362 8.4796e-005 2.0356 1.0865¢-004 2.0346 1.0946e-004 2.0342

= 1.3210e-005 2.0180 2.0938e-005 2.0179 2.6833e-005 2.0176 2.7035e-005 2.0175
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