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Abstract. In this paper we make explicit the equations of any projective PG Lo (C)-variety defined by

quadrics. We study their zero-locus and their relationship with the geometry of the Veronese curve.
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1. Introduction

Due to the progress of mathematical computer systems, like Maple, Macaulay2, Sin-
gular, Bertini and others, it is important to know explicitly the equations defining some
known varieties. In this paper, we address this task for projective varieties stable under
PGLy(C), the simplest of the simple Lie groups. In fact, we give all the quadratic equa-
tions of any projective variety stable under PG Ly(C). We restrict ourselves to varieties
inside PS"(C?), where r is a natural number.

Let r > 2 be a natural number. Recall from [1] that the sl;(C)-module S™(C?) is simple,
that S™(C?) = S7(C?)V and that the decomposition of S%(S"(C?)) into simple submodules
is given by

SQ(ST‘(C2)) _ @ SQT—4m(@2).

m>0
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In this article, we investigate varieties M, C P" = PS"(C?) generated in degree two by
S2r=Am(C2)V. Specifically, let f,, : S2(ST(C?)) — S?"~4m(C?) be the projection and let

M, = {x € PS"(C?)| fm(zz) = 0}.
If fro = (qo,---,q2r—am), then the generators of the ideal of M,, are given by
<QO7 cee 7q27’—4m> = 52T74m((c2)v.

In the first section we study the equations defining M,,. In the second section we give
a bound for the dimension of the variety M,,. It is unknown if it is irreducible. Any

PG Ly(C)-variety X defined by quadrics is of the form
X=MyN...0N My, I(X)y=8""*(CH@.. ¢S *m(C?H".

Then the knowledge of the quadratic equations of M, gives the explicit quadratic equa-
tions defining X. Also, the bound on the dimension of M,, gives a bound on the dimension

of X.
2. Quadrics defining M, C P".

Let us fix a natural number r and a projection f,, : S*(S"(C?)) — S*~*™(C?). For
simplicity, let us denote f = f,,. Let n = 2r — 4m be a fixed even number.

Consider the following basis in sly(C):
01 1
X = . H= . Y=

Let 7y € S"(C?) and wy € S"(C?) be maximal weight vectors. The action of Y € sly(C)
on these vectors, generates bases {z,...,x.} of S"(C?) and {wy,...,w,} of S"(C?).

Specifically,

Using these bases, f = > gswy, where {g}}_, are the quadratic equations of M,,.
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Given that f is sly(C)-linear, we have the following relations:

Y f(zixy) = f(Yaz;) <= qu(:vixj)ka = qu(Yximj)wk =
k=0 k=0

i
L

gi(wiy) (b + Dwggs = Y qp((i+ Dziaz; + (7 + Dagwj)wy <
=0 k=0
kap—1(zizy) = (i + Dap(vipazy) + (G + Dap(vizja), 0<k<n, 0<id,5 <

Eo

Note that all the forms depend recursively on ¢,. In particular, if ¢, = 0, the rest of the
forms ¢ are zero. Doing the same computation with X instead of Y, we get a similar

recursion:
(n—k)qer1(zixy) = (r—i+ D) gp(ximz) + (r—j+ Dge(zizj—g), 0<k<n,0<i4,j<r.

In these equations all the forms depend on ¢o. With H we get conditions on each quadratic

form,

Hf(xiz;) = f(Hao;) <= qu(xia:j)Hwk = qu(H:r;ixj) =
k=0 k=0

Z qe(zix)(n — 2k)wy, = qu r— 20z + (r —2j)xiz;)w, =
k=0
(n— 2k‘)¢1/~c($ﬂ7j) = (2r = 2(i + j))an(ziz;) =
(n — 2k —2r + 2i + 2j)qr(wiz;) =0, 0<k<n, 0<ij<r

Note that if n — 2r # 2k — 2i — 2j, then ¢i(x;z;) = 0. Saying this in a different way,
qr(xiz;) = 0 except maybe for j = 2m + k — .
Corollary 2.1.Let v, n, {zo,...,x.} and {wo,...,w,} be as before and let qo be an
arbitrary bilinear form on S"(C?) such that:
0=(i+1)q(®it1, ;) +(+1a(xi 1), (2r—20—2j—n)g(x;,z;) =0, 0<i,5<r
Then there exists a unique sly(C)-morphism f : S™(C?) @ S"(C?) — S"(C?) such that its

component over wy is qy. Even more, f is symmetric if and only if qo is symmetric.

Proof. Let i, j, k be three integers such that 0 < k < n, 0 <i,j < r. Assume we have

defined ¢, and let us define g1 using the recursive formula,

(n—k)qe1 (i, 25) = (r —i+ 1)gr(wizr, ) + (r — j + Dar(zi, z-1).
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Note that gxy1 is symmetric if and only if gy is symmetric. Let f = qowo + . .. + grw,.

By construction it is a sly(C)-morphism and it is unique. U

Corollary 2.2.A quadratic form qo that extends to an sly(C)-map f : S?*(ST(C?)) —

S2r=Am(C2), f = qowo + . . . + guwy, is given by

—1)I(*MN if j=2m —i
(o) = (=D (%) J

0 otherwise

where X is a complex number. In particular, if X € Q, all the coefficients of qo are rational.

This implies that qi(x;z;) € Q for every 0 <k <n and 0 <i,j <r.

Proof. Let us analyze in more detail the hypothesis on the quadratic form ¢, given in

the previous corollary. The first condition,
0= (i + 1)qo(wis17;) + ( + 1)ao(wivjt1),

implies that ¢y depends only on the values go(zox;). This is because, given go(zz;) for
every 0 < j <r, we may define

J+1
2

%(55137]') = - QO(UCO%'H)-

Thus, if we have defined up to go(x;z;) for some 0 < i < r, we have

J+1
1+ 1

Qo(Tit17;) = Qo(TiTj41)-

Let us discuss now the second hypothesis of the previous corollary,
(2r — 2t — 2§ — n)qo(x;z;) = 0.
Given that n = 2r — 4m we have (2r — 2i — 2j —n) = 0 if and only if ¢ + 7 = 2m. Then
qo(xiz;) #0 =i+ j = 2m.

Let A = qo(zoz2y,) be arbitrary. Then applying the recursion we have

2m

Go(TiTom—i) = (—1)i< .

))\, 0<1<2m
i
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Corollary 2.3.4 sly(C)-linear map f : S*(S™(C?)) — S*~4™(C?) depends on one pa-

rameter, A\ € C. In other words,

dimslg(C) (32(57’(@2))’ SQT—4m(CQ>) =1.

Proof. This fact is well known but in this case we are emphasizing the fact that every
morphism depends just on one coefficient . 0
Now that we know exactly the coefficients of the quadratic form ¢, let us study the
other forms, {q1,...,qn}-
First, we investigate the forms {q1, .. ., qz }. Then we prove that g, and g, are related
0<k<3).
Theorem 2.4.Let A = qo(vo72m) and j = 2m +k —i. Then for 0 <k < 3,

(ueer = 3 (D))

s=max(0,i—k)

Proof. Recall these identities:
Xzjx;=(r—i+Daiqz;+ (r—j+ Dz

szi:(r—i—i-1)(r—i+2)...(r—i+8)$z’_sZS!<T_Z—fS)$z’—s-

rT—1

k

k
1=0

From the equation X f(z;x;) = f(Xz;x;), we get

Then

(n—k+1)(n—k+2)...(n)gp(ziz;) = (n—k+2)...(n)ge—1(Xziz;) =

=n—k+3)... (n)qk_g(X%ixj) =...= qo(kaixj).
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Without loss of generality we may assume r > 2m. When r = 2m (i.e. n = 0) we

obtain only ¢g that we already know (Corollary 2.2). Then

k

k! (Z) G (i) = qo(X P aiwy) =) <l;) qo(X'w; X ) =

=0

E P oo -

r—j

o2 e (s

Dividing by k!, the binomial (];) simplifies.
Finally, making the change of variable s =i — [, we get

(a2 X0 () (257

s=i—k
By convention, the binomials that do not make sense are zero. 0

Let us prove now the relationship between the forms ¢, and ¢, _.

Proposition 2.5. Let k and i be two integers such that 0 < k <r —2m and 0 <i <.

Let j =2m + k — 1 and let n = 2r — 4m. Then
Qk(CEiSCj) = ank(xrfixrfj)-

Proof. Recall the three conditions obtained from the fact that f is sly(C)-linear,

(1) kar—1(vir;) = (i + D) gr(riars) + (5 + Dar(zivja).
(2) (n — k)qr1(zizy) = (r—i+ Dgp(wimaz;) + (r — 7+ Dap(zixj—q).
(3) (n — 2k)qr(zizy) = (2r — 2(i + J))qr(wiz;).

Let us make the following change of variables in the second recursion, (Equation 2),
K=n—ki=r—ij =r—j
Note that 0 < k" <n/2 and 0 <7, 5 <r. Then

(27) Kaqw_1(zpxy) = (0" + Dge(zpszy) + (5 + D (zpxj).
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Let a(i, j) = qu(z;x;) and by (i, j") = qi (zyxj). Then

(1) kap_1(i,7) = (0 + Dax(t +1,7) + (7 + Dax(i, 5 + 1).

(27) kbe—1(2,7) = (0 + 1)bp(i +1,7) + (j + 1)by (4,5 + 1).

Then the recursions are the same. If the initial data of these are equal, az = bz, then

Qk(xil‘j) = Qn—k(xr—ﬂr—j)-

. n .
an(i,2m + - — 1) = qu(TiTomyn i) = qn (TiTomir—2m—i) = qo(Ti0,—;) =

2

%
qg(@r—izi) = by (i,r — i) = ba (i, 2m + o —1).
Corollary 2.6.For every 0 < k < n/2 we have rk(qx) = rk(¢n_x) < 2m +k + 1.

Proof. The matrix assigned to the quadratic form ¢, has at least 2m + k£ + 1 nonzero
coordinates. They appear in some anti-diagonal (i + j = 2m + k) making nonzero rows
linearly independent. ]

In general, the equality does not hold. For example, if r = 6 and n = 4 (that is, m = 2),
then ¢o(x125) = go(x521) = 0 making the rank less than or equal to 2 + 4 + 1. In this
case, rk(qo) = rk(qs) = 5, rtk(¢q1) = rk(gs) = 6 and rk(gs) =5 < 7.

Finally, let us give a lemma that we are going to use in the next section.
Lemma 2.7. Let A = qo(zox2m,) # 0 and let k be such that 0 < k < n/2. Then
Qk($0x2m+k) = ank(mrxerm) 7& 0.

Even more, if m =0,
Qe(TiTp—i) = Qi (Tr—iTr_pyi) 70, 00 <

Proof. From Theorem 2.4 we have the formula

r—2m

(")
()

And from Proposition 2.5, ¢, (2T —om) = qr(ToTomar) 7# 0.

£ 0.

Qe (ToTomik) = A
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Similarly if m = 0,

(7))
(i)

(T i) = Qe(@iTp—i) = A #0, 0<i<nr.

3. Geometric properties of M, C [P'.

In the previous section we computed the equations for M,,. Recall that M,, C PS"(C?)

is a projective PG Ly(C)-variety generated in degree two by
(4o - - -+ Gor—am) C S*(S"(C?)Y).

In this section we use these equations to compute a bound for the dimension of M,,.

Let us introduce some new notation. Let

n
k k. —
bi(m) = b := qu(TiTamsk—i) = Gi(Tr—iTr_om—pti), 0 <k < 5 0<:<r
Given that g, is symmetric, we have bf =05 ..
If v = apxg + ...+ a,z,, then
2m+k 2m-+k
— . Nas — bEa. .
Qk(CLOa e ,CL,,«) - dk (xzx2m+k—z)aza2m+k—z - Z'aza2m+k—z~
=0 1=0
2m—+k 2m-+k
— , A A e ba. . ,
Qn—k(aOa s 7a7’) - Qn—k(Ir—zﬁr—Qm—kz-H)ar—zar—Qm—k‘-H - i Qr—iQr —2m—Fk4i-
=0 1=0

With this notation, let us write the derivatives of ¢, with respect to aj,

an(CLOa s 7a1“)
8ai

k k k
= b7 Qomii—i + Vo p—i@2mtk—i = 205 Qoo

Proposition 3.1. The variety M,, € P" has dimension dim(M,,) < 2m. If m = 0,
M, = 0.

Proof. Let us compute the rank of the Jacobian matrix of

(ag,...,a;) = (qolag,...,a.),...,qn(ao,...,a.)).
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Itisa (n+ 1) x (r + 1)-matrix.

bgagm b?agm,1 PN bgmao 0 0 0 [N 0
1 1
b0a2m+1 b2m+1a0 0 0 0
2 2
b0a2m+2 NN I RN e b2m+26LQ 0 0
-2 -2 —
by "Mar b1 Mar—1 br=2may
r—2m—1 r—2m—1 r—2m—1
0 bO (479 bl Q1 brfl aq
0 0 by 2, BT 20, e e c s bTEm T2,
0 0 0
0 0 - - 0 bya, blar—1 ... by, 0r_2m

Let Z be the hyperplane given by {a, = 0}. From Lemma 2.7, we know that b% # 0 for
0 <k <r—2m. Then for every point not in Z, the last r — 2m + 1 rows of the previous
matrix are linearly independent making the rank greater that or equal to r — 2m + 1. If
m = 0, the rank is r + 1.

Take X an irreducible component of M,,. It is also a PG Ly(C)-variety. Recall that the
closure of an orbit must contain orbits of lesser dimension. In particular, X must contain
a closed orbit. The unique closed orbit of PG Ly(C) in PS”(C?) is the orbit of the maximal
weight vector, g, [1, Claim 23.52]. Using the equivariant isomorphism S"(C?) & S"(C?)Y,
the vector z, corresponds to the maximal weight vector of PS™(C?)Y. Then its orbit is
closed in PS"(C?)V. Applying the isomorphism again, we obtain a closed orbit in P.S"(C?),
hence the orbit of z, is equal to the orbit of xy. This implies that the point corresponding
tox,, (0:...:0:1)isin X, hence X \ Z is non-empty. Then a generic smooth point of

X has dimension less than 2m. [l

Notation 3.2. Our intention now is to relate the geometry of the Veronese curve with
the geometry of M,,. This analysis gives a lower bound for the dimension of M,,.
Recall briefly the definition of the Veronese curve ¢, C P" and its osculating varieties

T?c,. The Veronese curve may be given parametrically (over an open affine subset) by

et — (Lt 1%, .., 1").
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Its tangential variety, denoted Tc,, may be given by
(t, /\1) — Cr + )\10;.

It depends on two parameters. One indicates the point in the curve and the other, the
tangent vector on that point.

In general, its p-osculating variety, T?c, is given by
(AL, A) = 6 M A,

In each point of the curve, stands a p-dimensional plane.
We consider the curve ¢, and its osculating varieties TPc, inside P". The dimensions of
¢ and of TP¢, are the expected, p+ 1.

In the article [3], the author computed the Hilbert polynomials of the varieties T%¢,.,

HTPCT(d):(dr—de)(p;d) _(dr—dp+d—1)<p+;l_1).

This implies that dim(7"¢c,) = p + 1, deg(c,) = r and deg(T"¢c,) = 2(r — 1).
Proposition 3.3. The variety M,, contains 7™ !¢, but does not contain 7™c,. In
particular, dim(M,,) > m.

Proof. This proposition follows from [1, Exercise 11.32]. It says that

I(TPe,), = €D S *(C?).

a>p+1

Given that S?"=1m(C?) C I(T™ ¢, )y we get 1(M,,) C I(T™ 'c,).
Similarly, if 1(M,,)2 C I(T™c, ), then S =4 (C?) C I(T™c, ). A contradiction. O

Example 3.4. Suppose that r is even and that m = /2. Then we have exactly one
equation qo. It is a quadratic form whose matrix (diagonal of rank r + 1) has coefficients

A(=1)'(}). In fact this is the only quadric in P" invariant under PGLy(C). For r = 4 this

quadric is well known, [2, 10.12].
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The variety M,, = P{q = 0} C P" is a quadric of maximal rank, hence irreducible.

Being a hypersurface, it has dim(M,,) = r — 1. Then, by Proposition 3.3, we obtain

T: e, C M, ifr>2.

=

cy = M, ifr=2.

With this example we deduce that the dimension of M,, may be strictly greater than m.
Theorem 3.5.1f r > 3 is odd and m = (r —1)/2, then M, has codimension 3 and degree
8.

Proof. We know that I(M,,) = (qo, ¢1, ¢2) where

0 0 0
qo(ag, ..., ar) = byapa,—1 + bjara,—o + ...+ b;,_ja,_1a0,
_ bl bl bl
qi(ao, - . ., ay) = byaoa, +byara,_1 + ... + b.a,a,
0 0 0
q@(ag, . .., a.) = byara; + bia,_1as + ... +b,_ja1a,.

The coefficients of the quadratic forms satisfy the following relations

0_ 310 0_ 10 0 __ 10
bO - br—l’ bl - b'r’—27 et bm—l - bm—l—l’
1 _ 11 1 _ 11 1 _ 11 1 _ 31
bO - br’ bl - br—17 et bm—l - bm+2’ bm - bm+1‘

To see that the dimension is r — 3 let us compute the rank of the Jacobian matrix at a

specific point p € M,,,. The Jacobian matrix is given by

bgar_l b?ar_g e bgilao 0
b(l)ar b%CLT,1 R b}blal brl,(l()
0 Wa, ... W ay By
Let p=(po:...:pr) €P" be a point such that

1 ifi=0ori=m-—1,
pi =
0 otherwise.
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Then qo(p) = ¢1(p) = g2(p) = 0, hence p € M,,. The Jacobian matrix at p is equal to

0...0 B0 0 0 0...0 b, 0
0.0 0 b .,., 0 0.0 0 b
0...0 0 0 b, 0.0 0 0

Given that b # 0 for all 0 < i < r (see Corollary 2.2) and that b} = b} # 0 (see Lemma
2.7) the previous matrix has maximal rank, hence the codimension of M,, at p is equal
to 3. This implies that the codimension of M, is 3 and the degree is 8.

Note that the point p is in 7™ !¢, and that the points on the curve ¢, are singular. [J
Theorem 3.6.1f r > 8 is even and m = r/2 — 1, then M, has codimension 5 and degree
32.

Proof. Let us argue as in the proof of Theorem 3.5. We know that I(M,,) = (qo,- - -, qa),

q0a07'--7 § baaerv q1a07---7 E baarlza

2
¢@(ag, ..., a E b;a;a,—_;,

r—1

C]3(CL0, sy @ E b Ap—i i1, C]4 agy---,@ E b Ay 4-2-

=0
Let p=(po:...:p.) € P be a point such that
1 ifi=0ort=m—1,
bi =

0 otherwise.

Then p € M,,. The Jacobian matrix at p is equal to

0..0 ¥, 0 0 0 0 0..00M, 0 0
0...0 0 b 0 0 0 0..0 0 b, 0
0...0 0 0 b,.,, 0 0 0..0 0 0 &
0...0 0 0 0o ®.,, 0 0.0 0 0 0
0...0 0 0 0 0 ..., 0.0 0 0 0
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From Corollary 2.2 and Lemma 2.7, we know that b3, bj, b2_, and 89_, ., are non-zero
numbers. But given that 2 = b3 and b._; = b}, they are also non-zero. We need to prove

that b}_,,.; is non-zero for r > 8. Recall that b,_,, ., = b, _,.

n
bin—2 7£ 0 ( )QI<$m—2xm+3) 7é 0 —

1

2 s[2m r—s r—2m-+s
3(_1) (3)(r—m+2)(r—m—3> 70 =

3

S

( 2m3)(r—m+3)—( 2m )(r—m—2)7é0 — mo2 romo2

m — m— 2 m+3" r—m+3

I
3

(m—=2)r—m+3)—(r—m-=2)(m+3)#0 < 10m—5r#0 < 2m #r.
Given that 2m = r — 2, we obtain b, _,,,, # 0. O

Example 3.7. We computed the dimension and the degree of M,, for several values of r

and m:
m\r|2|3[4[5|/6[7[89|10[11]12]13
Loj1p1j1rp1y1j1y1j1p171}71]1
2 312321222 ]2]3]2
3 5141335333
4 7165|444
5 918|716
6 1110

Table: Dimension of M, C P".

m\r|2|3]4]5 71891011 [12] 13
I |2/3/4/5/6|7|8(9 10} 11 |12 13
2 2(8(5/12|14|16|18| 20 |22 24
3 2|8 (322112 27 |30 33
4 2 | 8 (32]12836]| 40
5 2| 8 |32]128
6 2| 8

Table: Degree of M, C P".
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The numbers underlined are known in general (see Example 3.2, Theorem 3.5, Theorem

3.6). Recall also that m < dim M,,, < 2m.

Remark 3.8. To end this section, let us make a little remark and some more compu-
tations. Suppose now that we want to study the variety X defined by the quadrics that
contain TP¢,. In other words, X is generated in degree two and I(X)s = I(T%c¢,)s.
Given that ¢, is generated in degree two, when p = 0, we have the equality, X = ¢,. In
the general case, T?c, C X.
From Proposition 3.1 and the fact that X = M, ., N...N M, |, we get

p+1<dim(X)<2p+1.

We computed the dimension of the variety X in the case [(X )y = I(T7¢;)s:

]P>4 ]PJS IP)G ]P>7 IP)S IF)Q ]P>10 PH ]P)12 ]1)13
I(T%)s | 3222222 ]2]2]2
I(T?¢,)s 5/4(3[3|/3[3|3]3
I(T3¢,)s 7164 4)|4]4
I(T*.), 9865
I(TP¢,), 11| 10

The dimensions underlined are those in which I(7%¢,)y = I(M,,)s for some m, so it is
information from a previous table.

In the variety 4-osculating of ¢;5 C P'? the pattern breaks. The dimension is 6 instead
of 5. We deduce that this variety is not generated in degree two.

Assume now that 5 < r < 8. Let X, be the variety generated in degree two by I(T"c,)s.
We computed that X, is irreducible, dim(X,) = 2 and deg(X,) = 2(r—1). Then we know

explicitly the equations defining Tcs, T'cg, T er and Ty (set-theoretically).

I(X5) = <I’5I0 - 3564131 + 2583172, T4y — 41731’1 + 31’22, 51 — 41341’2 + 3:1732>.

I(X6) = <l‘4.130 —4x3r1 + 3.1322, TeTo — Yr470 + 8.2?32, Telo — 4x5T3 + 31‘42,

T5To — 3$4IL‘1 + 2(1331’2, Tel1 — 3I5IE2 + 2$4$3, Tl — 6$5IL'1 + 15$4I2 — 105632>.
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I(X7) = (wrxg — dagas + 33:%, 2x7T3 + TeTa — 3m§, T7To + 3x6x3 — 4T5T4, T3To — TaX1,
T4ro — 4r3xy + 3323, T5xg + 3x4T1 — 4T3X2, T7X4 — TeXs, 2T4X0 + T3, — 33:%,
T5x0 — 3x4T1 + 2T3%2, Tgxg — 6521 + 15T420 — 10x§, TgTo — T5T1 — DXLy + 5x§,
Texo + 8T511 + X420 — 10:103, T7xg + Drgr1 — 21520 + 152423, 720 + 232621 + DlasTe — THT 423,
r7x1 + 8x6To + x5T3 — leZ, T7T1 — TexLo — DT5T3 + 51;3, r7x1 — 66T + 1bT503 — lei,

2 2
T7x2 — 3T + 2x5X4, T7xo — DTeT1 + IT5T2 — DX4X3, T2To — TT, T7T5 — Tf)-

I(Xg) = (x4 — 4x31 + 303, 2809 — 62723 + 152604 — 10x§, r8T4 — 4775 + 33@%,
r8x1 + 20719 — 120623 + Y2524, x8T3 — 3T724 + 22675, 3x6To — dx501 — 11lag20 + 12:v§,
T5T0 — 3x4x1 + 2T3T2, T7xo + 22621 — 122529 + 92423, Tr 20 — DTex1 + 9T5T2 — DT 4T3,

rgx1 — dr7xe + 9xer3 — DT, Texg — 6511 + 1DT 420 — 10x§,
r3xg + 122721 — 2220629 — 362523 + 45:1@217 3xgre — dx7as — 1lwgry + 12m§,

T8To — 2x7x1 — 8TeTo + 34x523 — 25353, r3To — 8x7x1 + 28T6T2 — H6X5T3 + 35xi>.
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