Available online at http://scik.org
J. Math. Comput. Sci. 2 (2012), No. 3, 593-603
ISSN: 1927-5307

STABILITY OF WAVELET FRAMES AND RIESZ BASIS, WITH
RESPECT TO TRANSLATIONS IN LP(R"),1 <p<
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Abstract. We consider the perturbation problem of wavelet frame (Riesz basis) {©; k,a0,b0 } = {ap? / 2<p(a%a:—
kbo)} about translation parameter by in LP(R™)—norm. If ¢ € S(R™) ( Schwartz space ), we can estimate
the frame bounds about the perturbation of translation parameter by. Our results generalize the Balan’s

[1] results. Our method and approach are different from Balan’s [1].
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1. INTRODUCTION

A set of vectors {f;};en in a separable Hilbert space H is called a frame if there

are constants A and B such that for every f € H

AlFIP <Y 1< £ fi > P < BIfI®
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The constants A and B are called frame bounds. If only the right hand side inequality
is satisfied for all f € H, then {f;} is called a Bessel sequence with bound B. Many peo-
ple considered the stability of frames. The concept of frames was introduced in 1952
in the paper [5]. Favier and Zalik [6] and Zhang [9] considered the wavelet frames
{a™?p(a’x — kb)}je.pen and Gabor frames {€U%®)p(z — ka)};pe.n, which are useful
in many areas of mathematics, engineering, quantum mechanics, signal and image pro-
cessing etc. Balan [1] studied the perturbation of translation parameter b. This problem
was first considered by Daubechies and and Tehamichian for Meyer orthogonal wavelet

basis in 1990 [4].

Now we mention the Balan’s result as follows.
Theorem A [1]. Let {¢jka00,} be a wavelet Riesz basis on L*(R) with frame bounds
A and B. Furthermore suppose that @, the Fourier transform of ¢, satisfies the following

requirements :

@ is in the class C* on R and both @ and ¢’ are bounded by

€1°
(1 +[€[)

for some C' > 0,7 > 14+ a > 1. Then there exists on € > 0 such that for any b with

2 1@ <C

b —bo| < &, the set {Q; r.aopo} i @ Riesz basis, where @, .q4(7) = a//*p(a’z — kb).

Various authors [2],[3],[8] studied the stability of frames in Hilbert space. Feichtinger
and Grdochenig studied the stability theory for atoms in Banach spaces [7]. In this pa-
per we study the stability problem, that is, the perturbation of translation parameter b

in LP(R™). Our methods and approach is different from those of authors mentioned above.

The text has been divided in three sections. Section 1, i.e., introduction incorporate
the introductory exposition of the topic. Section 2 deals with some preliminary results.

Finally in Section 3, we have proved our main theorem.
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2. PRELIMINARY RESULTS

In this paper we use an abbreviation for the scaler product in the following way.

For z,s € R",x = (&, ,&n), s = (01, -+ ,0,) we define

n n 1/2
s =< 1,8 >= Zfiai, =< r,r>= Zf |z| = (Z f?)
i=1

=1

Let f € L'(R2),22 C R" be an open set and

1 —ixS n

(%f)(S) = W - f(x)e d.T, S € R".
The function If : R* — (' is called the Fourier transform of f and the mapping
S @ f — Sf is called Fourier transformation. Obviously, the functional & f is well-defined,

measurable and linear.

We define

C*(R") = [ C™(R")

meN
where C™(R") is the set of all m—times continuously differentiable functions defined on
R".
Definition 2.1. Let f: R* — C and z® = 27", --- ,2%". The function f is said to be

quickly decreasing if and only if

lim z“f(z) =0 for all «a€ Nj.

|z| =00

The space S(R") = {f € C>=(R")|D?f is quickly decreasing for all 3 € NJ'} is called

Schwartz space. The elements of the Schwartz space are called Schwartz functions.

Example 2.1. The function v : R" — X defined by ~v(z) = e x € R", is a Schwartz

function because
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: . (22
Lim ;Ea’)/(x) = im 2%.... 2% e (x3+-+z2)
|z|—o00 |z|—o00 ! "
a1 iy
. ‘1: x‘ n
= lim Z.-- .22 =0 for all a e Ny.
x x
|| =00 e*1 e’n

Lemma 2.1. Let f € C*°(R™). Then the function f is a Schwartz function if and only
if

(2.1) sup (14 |z|™)|DPf(x)| < 0o for all m € Ny, 3 € N

TER™

Proof. Let f be a Schwartz function. Then by definition we have

lim |2["DPf(x) =0 for all m & Ny,j3 € Ny,

|z|—o00

i.e.,

Il‘im lz|™|DP f(x)] =0 for all m € Ny, B € N
T|—00

Since all the functions are continuous it follows

sup |z|™|DPf(z)| < oo for all m € Ny, B € N§.
TERM

For m = 0 we get

sup |z|™|DPf(z)| < 0o for all B € N§.

zER™

Together we get

sup (1 + [«|™)[D? f ()| < sup [D?f ()| + sup |«|™| D" f(x)| < oo
TER™ TER™ TER™

for all m € Ny, for all 5 € N§ i.e., (2.1) holds.
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Now let (2.1) be true. Then there are constants C; and Cy such that

20z[™ D7 f(x)] < 2(1 + |2 DP f ()| < Criif x| =1

(|x|m + |:L,|m+1) ‘Dﬁf(m)‘ < |
2|2|™| D f ()] < 2(1 + [x[™)|DP f(x)| < Coyif |a| < 1.

Choosing ¢ = max{Cy, Cy} we get

(Je|™ + 2™ DD f(x)] . C

z|™DP f(z)| =

—0 as |z| = occ.

Hence the proof is completed.

Lemma 2.2. S(R") is dense in LP(R") for all p > 1.

Proof. Let f be a Schwartz function, i.e., f € S(R"). Then by (2.1) (setting 5 = 0)

there is a bound C' such that

(14 |z|™)|f(z)| < C  for all z € R",

or

C

@) < T

for all x € R".

Now first we will prove S(R") C LP(R"™) for all p > 1. We can choose m € N sufficiently

great such that mp — (n — 1) > 1. Now we use polar coordinates
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r1 = T.coSPy
To = 71.8INQ1.COSPo
T3 = T.SING1.SiNG2.COSP3
Tpo1 = T.8INQ1.SIN.QP2.8INP3. « -+ .SINNP,_2.C0SO, 1,
Tpn = T.SINQG1.SING.SING3. - -+ .SINP,_2.SINDy_1,
where 0 < ¢ <7 fori={1,--- ,n—2} and 0 < ¢,,_1 < 2.

Then the corresponding Wronski-determinant is given by

Do(¢1, -+, pp_1) = sin™ 2¢.5in" 3. - - - 51N> Pp_3.51NPp_3.

Then

/n |f(z)[Pdx < /Rn <ﬁ)pdm‘

o [ [ (ke
- o (1—}—7“””‘) d// /D¢d¢1 A0

_ pr”/o (lem) P ldr, / / /Dq>d¢1 N

oo pn—l rh
= C’w, [ ————dr =C"w, —d,
v / (Tt rmp? =Y / re 1 P(r)"

n
= prn_2F1< ,p,1+—,—Tm>’80<OO fOT £<p7
m m

271/2
rs

where 2F is the hypergeometric function and w,, = is the surface area of unit sphere

in R". This follows that f € LP(R"). Set
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D(R™) = {p € C™(R")|sup(y) is compact } = C(R").

Obviously, S(R™) is a vector space and D(R™) C S(R™). So we have

(2.2) D(R™) C S(R™) C L’(R"),1 < p < .

Now we shall prove that D(R") is dense in LP(R"). For this set ¢.(x) = Z-p(x/e). Let
2 C R™ be an arbitrary open set and f € LP(§2). We consider the set

K, ={z € Q|||z|| <m,d(z,00) > 2/m},m € N.

The sets K,, are compact and UmeN K,, = Q. Hence

/ |f(x)|de%/Q|f(x>|de as m — oo,

m

Now we set

fm(z) = ; fW)erm(z —y)dy

then f,, € D(Q) and it is ||f — fn|lz, = 0 as m — oco. Obviously this construction is a
simultaneous approximation in all spaces L, i.e., if f € LP(Q2) () L), }D + % =1, then it
follows simultaneously both || f — fiullr — 0 as m — oo and || f — fi ||z« = 0 as m — oo.

Now from (2.2), we get S(R") is dense in LP(R"). Hence the proof is completed.

Definition 2.2. A bounded function W : [0,00) — R" is aradial decreasing L' —majorant
of g if |g(x)| < W (|z|) and W satisfying the following conditions :
(1) W e LY([0, 00)),
(ii) W is decreasing
(i) W(0) < oo.
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Remark 2.1. If W € S(R"). Then W is also a radial decreasing L'—majorant of g.

Proof. Since S(R") is dense in LP(R™),1 < p < oo and W satisfying (i),(ii) and (iii)

easily. The proof follows.

Now we observe that

If fe Lm(Rn),gj7k7a,b € Ll(Rn) then

Z Z ’< f>gj,k,a,b >’ = Z Z

JjE€z kezn JjEz kezm

/ SN @PW (|afk — kbl) f(y)dy

j€z kezn

< ClfllelWl L0

[ =

IN

and if f € LY(R"), gjx.ap € L'(R™) then

/ZZ|<fgzkab>|d:E < /

JEZ kezn

SN avPW(lalz — kb)) f(y >|dy] dx

Jj€z kezn

< Ol fllr @y lIWlzro,00)-

Hence by the application of Riesz Theorin Theorem, we get

ZZ|<ngkab>’

JjEz kezm

< Clf oW llzrpeey for f € LP(R"), g € LY(R).

Lp(R")

Lemma 2.3. Let {f;} be a frame (Riesz basis) in Banach space M with frame bounds A
and B. Assume {g;} C M and {f;—g,} is a Bessel sequence with bound < A. Then {g,}
is a frame (Riesz basis) with frame bounds A [1 — (n/A)"?]” and B [1 + (n/B)/?]",1 <

p < o0o.

Proof. The proof follows after a simple manipulation in ([3],[6]).
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3. MAIN RESULTS

Theorem 3.1. If {p; ka0, } IS @ frame (Riesz basis) on LP(R™) with frame bound-
s A, B and ;a0 € S(R"). Then there exists a 6 > 0 such that for any b with
|b—bo| < 0,{®jk.aob} 15 a frame (Riesz basis) on LP(R").

Proof. Using Balan’s idea to define a unitary operator we obtain

Ui: SR = S(R). (Wi)(a) = b/u)" () = oto).

We observe that

Ubjik,aob = Pjkaobo-

Therefore, {¢;kap} is a frame if and only if {¢;raep,} 1 a frame. If W is the
L'—majorant of p and ¢ then ¢ and ¢ € LP(R"). For all f € LP?(R"), ¢ and ¢ € L'(R"),

we have

Z Z H < f7 ((P - ¢)j,k,ao,b0’p

JjE€z kEz™
p
= S| [ etate — ko) - 0 o(aha k)] )y
JjEz kezm
- - p
< i plajr — kbo) — ay?*dlabe — kbo) | £(y)| dy
JEz kezm

We know that if u be a finite positive Borel measure, then there is a sequence p,, of

atomic measure that converges to u weakly or if ¢ and ¢ have compact support then

/n dn (p(a)x — kby) — ¢(afx — kbo)) — [ (p(a)z — kbo) — ¢(ahx — kbo))dpu

Rn

or p, — i weakly.
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If o —¢ € LYR"),du = ‘gp(aéx — kbo) — p(a)x — k:bo)‘ dz is a finite Borel measure, so

we can find

N
LN = ZC’iNé/\iv — u weakly.
i=1

Consider

i’ [plae — kbo) — olahe — kbo)] £(3)] dy

>y [

JEz kezn
nj p
< S5 [ o i) dy
JjE€z kezm Rr
N p
< SN lag> N )
jez kezn i=1 »
' N
SZZMSFW@
JjEz kezn =1
D Y / dyin(@) | 12
jcz kezn R

_ Z Z ap?’? /R |p(ajz — kbo) — d(adz — kbo)| dz| .

JjEz kezn

Since ¢ and ¢ are in S(R") it follows that

C
sup Z Z |0 kaobe] < =0 as |z| — oo,

0<z|<00 2 hean 1+ |z™
C
sup Z Z | kaobe] < 1 —— 0 as [z] — oo,
0<z|<co 2 hean + ||
Hence we get
P
Z Z </, (90 - ¢)j,k7a0,bo > = €HfH§
JjEz kezn

p

which shows that {¢; ka0 } 15 @ frame (Riesz basis) in LP(R™) for b sufficiently close to

by by Lemma 2.3. Hence the proof is completed.
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