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Abstract. In this paper, we show that join (resp. meet, meet join, join meet) preserving maps and upper
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1. Introduction

Pawlak [7,8] introduced rough set theory as a formal tool to deal with imprecision and
uncertainty in data analysis. Hdjek [4] introduced a complete residuated lattice which
is an algebraic structure for many valued logic. By using the concepts of lower and
upper approximation operators, information systems and decision rules are investigated
in complete residuated lattices [1-3, 9.10]. Bélohlavek [1,2] developed the notion of fuzzy
contexts using Galois connections with R € L**Y on a complete residuated lattice. Zhang

[11,12] introduced the fuzzy complete lattice which is defined by join and meet on fuzzy
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posets. It is an important mathematical tool for algebraic structure of fuzzy contexts
[1-3,5-7].

In this paper, we show that join (resp. meet, meet join, join meet) preserving maps and
upper (resp. lower, meet join, join meet) approximation maps are equivalent in complete

residuated lattices. We investigate relations between their maps and fuzzy connections.

Definition 1.1. [1,2,4] An algebra (L,A,V,®,—,0,1) is called a complete residuated
lattice if it satisfies the following conditions:

(Cl) L = (L,<,V,A,1,0) is a complete lattice with the greatest element 1 and the
least element 0;

(C2) (L,®,1) is a commutative monoid;

(C3)zoy<ziffz <y — zforz,y,z € L.

In this paper, we assume (L, A,V,®,—.,*0, 1) is a complete residuated lattice with the
law of double negation;i.e. z** = z. We denote 1, € L* as 1,(z) = 1,1,(y) = 0 for
otherwise.

Lemma 1.2.[1,4] For each z,y, z,z;,y; € L, we have the following properties.

DHHy<z (z0y) <(zez2),r—y<z—zand z >z <y — .

(/\zEF yz) - /\ieF(m — yl)
(\/'LEF ) =y = /\ier(xi —Y).
4 /\zEF y; = (\/ier yi)" and \/z‘eI‘ y; = (/\ieF Yi)"

(2)
(3)
(4)
B)(zoy)—wz=0—=(y—2)=y— (= 2).
(6)
(7)
(8)

3

6)zoy=(z—y)".
Nzxe(x—y) <y.

) (x—=y)o(y—2) <z— =z

Definition 1.3. [11,12] Let X be a set. A function ex : X x X — L is called:
(E1) reflexive if ex(z,z) =1 for all z € X,
(E2) transitive if ex(z,y) ® ex(y, z) < ex(x,2), for all x,y,z € X,
(E3) if ex(x,y) = ex(y,z) = 1, then x = y.
If e satisfies (E1) and (E2), (X, ex) is a fuzzy preorder set. If e satisfies (E1), (E2) and

(E3), (X, ex) is a fuzzy partially order set (simply, fuzzy poset).
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Example 1.4.(1) We define a function e, : Lx L — L as eg(x,y) =2 — y. Then (L,er)
is a fuzzy poset.

(2) We define a function egpx : LX x LX — L as exx (A, B) = \,cx(A(z) — B()).

Then (L, e;x) is a fuzzy poset from Lemma 1.2 (8).

Definition 1.5. [11,12] Let (X, ex) be a fuzzy poset and A € L¥.
(1) A point z is called a join of A, denoted by x¢y = UA, if it satisfies
(Jl) A(Jj’) < ex(x,l'o),
(J2) Asex(A(z) = ex(z,y)) < ex(zo,y).-
A point x; is called a meet of A, denoted by x; = MA, if it satisfies
(M1) A(z) < ex(a1,2),
(M2) A\,ex(Alx) = ex(y,2)) < ex(y, z1).

Remark 1.6.Let (X, ex) be a fuzzy poset and A € L¥.

(1) If xg is a join of A, then it is unique because ex(zo,y) = ex(yo,y) for all y € X,
put y = xy or y = yo, then ex(xo, %) = ex(yo, o) = T implies xp = yo. Similarly, if a
meet of A exist, then it is unique.

(2) 2o is a join of A iff A\ ¢ (A(x) = ex(z,y)) = ex(20,¥)-

(3) 1 is a meet of A iff A (A(z) = ex(y,2)) = ex(y, z1).

Remark 1.7.Let (L, er) be a fuzzy poset and A € LL.

(1) Since o is a join of A iff A, (A() = ex(®p)) = Aver(A(2) = (& = 1) =
Vier(@ ® A(z)) =y = ep(wo,y) = vo =y, then xp = UA =/ ., (x © A(x)).

(2) Since x is a join of A iff A\ ., (A(z) = er(z,y) = Nyer(Al®) = (y = 7)) =
Naer(y = (A(z) = @) =y = Ao (Al2) = @) =y = NA, then 1A = A, (A7) —
Remark 1.8.Let (LX, e;x) be a fuzzy poset and ® € L.

(1) Since A yepx (®(A) = epx (A, B)) = epx (V415 (P(A)©A), B) = epx (UP, B), then
0 = \/ 4o (D(A) © A).

(2) Since A 4o x (P(A
A)), then M® = A, x

— epx (B, A) = A yepx eox (B, (B(A) = A)) = epx (B, A e px (D(A) —

)
(®(A) = A).
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Definition 1.9. [1,3,5,10] Let X and Y be two sets. Let H,K;, M; : LX — LY and
T, Ko, My : LY — L¥ be operators.

(1) (epx,H,T,ery) is called a residuated connection if for A € LX and B € LY,
euy (M(A), B) = e,x(A, T (B)).

(2) (erx,K1,Ks,epx) is called a Galois connection if for A € L* and B € LY,
erv (B, K1(A)) = erx (A, Ko(B)).

(3) (epx, My, My, erv) is called a dual Galois connection if for A € LX and B € LY,
ery (Mi(A), B) = epx(Ma(B), A).

Definition 1.10. [11,12] Let (L*,e;x) and (LY, e;v) be fuzzy posets and F : LX — LY
a map. For each ® € LY we define F~(®)(B) = Vra)=p ®(A).

(1) F is a join preserving map if F(U®P) = UF (D).

(2) F is a meet preserving map if F(M®) = NF(P) for all & € LL".

(3) F is a meet-join preserving map if F(N®) = UF(®) for all € L™

(4) F is a join-meet preserving map if F(LU®) = MF () for all for all d € L.

2. L-approximation and join preserving operators

Definition 2.1.[8,9] (1) A map H : L* — LY is called an L-upper approximation operator
iff it satisfies the following conditions

(H1) Hla® A) = a ©® H(A),

(H2) H(Vies Ai) = Vier HA).

(2) Amap J : L* — LY is called an L-lower approzimation operator iff it satisfies the
following conditions

J1) J(a—= A) =a— J(A),

(J2) j(/\z’e[ A;) = /\z‘e[ T (As).

(3) Amap K : L* — LY is called an L-join meet approzimation operator iff it satisfies
the following conditions

(K1) K(a® A) = a — K(A),

(K2) K(Vies Ai) = Nier K(A4).
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(4) A map M : L — LY is called an L-meet join approximation operator iff it satisfies
the following conditions

(M1) M(aa — A) = a © M(A),

(M2) M(/\ie[ Aj) = Viel M(A).
Theorem 2.2.Let X and Y be two sets. Let H : LX — LY be an operator. Then the
following statements are equivalent:

(1) H is a join preserving map.

(2) H is an L-upper approximation operator.

(3) There exists R € LX*Y such that

H(A)(y) = \/ (Al) © R(x,y)).

rzeX

Proof. (1) = (2) Since H is a join preserving map, we have H(U®P) = UH 7 (P) for all
®e P
(H1) Define ®, : LX — L as ®;(A) = a and ®,(B) = 0, otherwise. By Remark 1.8(1),

(UP1)(2) = \/ (€1(4) © A(z)) = a © A(2).

AeLX

Since H*(®1)(B) =V p_sya) P1(A) and H(UD,) = UH7(Py) for all &; € LE™, we have

UH7(@1)(y) = Vperr (H7(21)(B) © B(y))
=01 (A) O H(A)(y) = a ©H(A)(y)
=H(UP1)(y) = H(a © A)(y).

Hence H(a ® A) = a ©® H(A).
(H2) Let {A; € L* | i € T'} be given. Define ® : LX — L as ®(A4;) =1 for i € ' and
®(B) = 0, otherwise. By Remark 1.8(1),

L)) =\ (©(4) © Ax)) = \/ Ai(2).

AeLX el
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Since H*(®)(B) =\ p_gya) P(A) and H(UD) = UH(®) for all & € L™, we have

H(UR)(y) = H(Vier A)(Y),
UH7(®)(y) = Vperr (H7(P)(B) © B(y))

= Viperr (Vpona) 2(4)) © B(y))
= Vaerx (2(4) © H(A)(y))
= Vier H(4:)(y)-

Hence H(V,cr Ai) = V,er H(A;). Thus, H is an L-upper approximation operator.
(2) = (3) Define R(x,y) = H(1,)(y). Since A =\/, ¢ (A(z) ® 1,), we have

H(A) () =H(V,ex Al2) © 1) (y)
= Vaex (Az) © H(1:)(y))
= Viex(Al2) © R(z,y)).

(3) = (1) Put By = UH7(P). Then

ery (Bo, B) = Acery (H7(2)(C) = ey (C, B))
= Neery (Vigay—c ®(A) = ery (H(A), B))
= Naerx(®(A) = err (H(A), B))
= ANscrx e (®(A) © H(A), B)
= e (Vaerx ®(A) ©H(A), B).

Hence H(U®) = UH 7 (D) from:

(
(

U (@)(y) = Bo(y) = Vaepx B(A) © H(A)(y)
= Vaerx (2(4) © Ve x (A(2) © R(z,9)))

= Vaex(Vacrx (®(A) © A(x)) © R(z,y))

= Vaoex (U2(2) © R(z,y)) = H(LP)(y).

Theorem 2.3.Let X be a set. Let H : LX — L*X be an operator. Then the following
statements are equivalent:

(1) H is a join preserving map with 1, < H(1,) and H(H (1)) < H(1,) for all x € X.
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(2) H is an L-upper approzimation operator with A < H(A) and H(H(A)) < H(A) for
all A e L~.
(3) There exists a preorder ex € LX*X such that

H(A) () =\ (Al2) © ex(z,y))-

zeX

Proof. (1) = (2) Since A =V, (A(z) © 1), H(A)(y) = H(V,ex(A(z) © 12))(y) =
Vaex (A(@) © H(1:)(y)) 2 V,ex (Alz) © 1) (y) = Aly) and

HH(A) () = HH(V,ex Al2) © 12))(y)
= Vaex (Az) © H(H(1:))(y))
< Veex (Al2) © H(12)(y)) = H(A)(y)-
(2) = (1) Put A =1,. It is trivial.
(2) = (3) Define ex(z,y) = H(1,)(y). Since A =\, (A(z) ® 1,), we have

H(A)(y) = H(Vaex Al2) ©12)(y)
= Vaex(A(z) © H(1:)(y))
= Vaex (A(2) © ex(z,y)).

Since 1 = 1,(r) < H(1,)(z) = ex(w, v), then ex is reflexive. Since H(1,) =V x(H(1.)(y)©
1,), then
HH(1L))(2) = \ (H(1L)(y) © H(L,)(2)) < H(L)(2).
yeX
Hence ex(z,y) ® ex(y,2) < ex(z, z);i.e. ex is transitive. Thus ey is a preorder.

(3) = (1) Since H(1,)(y) = ex(x,y) > 1.(y), then 1, < H(1,). Since

H(H(12))(2)

Vyex(H(1:)(y) © H(1,)(2))
= V,ex(ex(@,y) ©@ex(y, 2)) < ex(z,2) = H(1.)(2).

Theorem 2.4.Let X and Y be two sets. Let J : LX — LY be an operator. Then the
following statements are equivalent:
(1) J is a meet preserving map.

(2) J is an L-lower approximation operator.
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3) There exists R € LX*Y such that
(3)

TA)y) = N\ (Blz,y) = Alx)).

zeX

Proof. (1) = (2) Since J is a meet preserving map, then J(M®) = NJ 7 (P) for all
®e Ll
(J1) Define ®; : LY — L as ®;(A) = « and ®;(B) = 0, otherwise. By Remark 1.8(2),
(NPy)(z) = J\ (21(A) = A(z)) = a — A(z).
AeLX

Since T~ (®1)(B) =\ p_ 74 ®1(A) and J(M®y) = NJ 7 (P,) for all &, € L, we have

NT 7 (@1)(y) = /\BeLX J7(®1)(B) = B(y))

Hence J(a — A) = a — J(A).
(J2) Let {A; € L* | i € T} be given. Define ® : LX — L as ®(4;) =1 for i € T and
®(B) = 0 otherwise. By Remark 1.8(2),
ner) = [\ (2(4) = A@x) = A\ Ai)
AeLX iel

Since J7(®)(B) = V p_s(4) 2(A) and J(NP) =1J () for all ¢ € L™ we have

NI (@)(y) = Apery (T 7(2)B) = B(y)) = Apery (V=g 2(A) = B(y))
= Nacrx(®(A) = T(A)(Y)) = Nier T (Ai)(y)
= J(2)(y) = T (Nier Ai)(y)-
Hence J(A;cr Ai) = Njer J (Ai). Thus J is an L-lower approximation operator.
(2) = (3) Define R(z,y) = J(13)*(y). Since A = A\, cx(A*(x) = 17), we have

TJA)(Y) =T (Neex(A(2) = 13))(y)
= Naex(A"(x) = T (13)(y))
= Naex (T (1)"(y) = A(2))
= Noex(R(z,y) = A(z)).

)
)

i
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(3) = (1) Put By =nJ7(®). Then

epy (B, Bi) = Noepy (T (®)(C) = e (B, C))
= Noerr (Vga)=c 2(A) = erv (B, C)))
= Nacox (®(A) = v (B, T (A))
= Nacpx ery (B, ®(A) = J(A))
= epv (B, Ayerx (A) = J(4)).
Hence J(M®) =NJ 7 (®) from:

NI (@)(y) = Bi(y) = Naepx (2(A) = T(A)(y))
= Nacrx (®(A) = Apex (R(z,y) = A(2)))

= Nacrx Noex(®(A) = (R(z,y) — Ax)))

= Nacrx Noex(®(A) © R(z,y) — A(z))

= Noex (B2, ) = Nyepx (2(A) = A(2)))

= Naex(R(z,y) = M®(z)) (by Remark 1.8(2))
= J(N®)(y).

Theorem 2.5.Let X be a set. Let J : LX — LX be an operator. Then the following
statements are equivalent:

(1) J is a meet preserving map with J (1) < 13 and J(J(1})) > J(1;) for allz € X.

(2) J is an L-lower approxzimation operator with J(A) < A and J(J(A)) > J(A) for
all A e LX.

(3) There exists a preorder ex € LX** such that

T (M) (y) = \/ (ex(z,y) = Alx)).

rzeX

Proof. (1) & (2) Since A = A . (A" (z) = 13), T(A)(y) = T (Nex (A% (x) = 1)) (y) =
Naex (A" (@) = T(15)(y)) < Npex (A"(2) = 15)(y) = A(y) and
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(2) = (3) Define ex(z,y) = J(1;)*(y). Since A = A .y (A*(x) — 13), we have

TJ(A)Y) =T (Neex(A(2) = 13))(y)
= Naex(A7(x) = T (15)(y))
= Naex (T (13)"(y) = A(2))
= Naex(ex(,y) = A(z)).

Since 1 = 1,(x) < J(11)*(z) = ex(z,x), then ey is reflexive.

)
)

T(TEN(=) =T (Nyex(TA7)"(y) = 1))(2)
= Naex (T (1) (y) = T(15)(2)) =2 T(13)(2)
& J(13)"(y) © T (13)(2) < T (1})(=)
< J 1) (y) = T(13)"(2) =2 T(1})"(2)
< J (1) (y) © T(13)"(2)) < T(13)*(=)
< ex(z,y) ®ex(y,2) < ex(x,2).

Hence ex(z,y) ® ex(y, 2) < ex(z, z);i.e. ex is transitive. Thus ey is a preorder.

(3) = (1) Since J(1%)*(y) = ex(x,y) > 1.(y), then J(1%) < 1%, Since ex(z,y) ®
ex(y,z) < ex(x, 2), then J(J(13))(2) = T (17)(2).

Theorem 2.6.Let X and Y be two sets. Let K : L*X — LY be an operator. Then the
following statements are equivalent:

(1) KC is an L-join meet preserving map.

(2) K is an L-join meet approximation operator.

(3) There exists R € LX*Y such that

KA () = N\ (Ax) = R(z,y)).
zeX
Proof. (1) = (2) Since K is an L-join meet preserving map, then K(U®P) = M7 (P) for
all @ € L7
(K1) Define @, : L* — L as ®(A) = a and ®(B) = 0, otherwise. Then

(We)(@) =\ (2:(4) © A(x)) = a © A(x)

AeLX
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Since K= (®1)(B) =V p_x(a) P1(A) and K(Ld,) = UK (®,) for all &, € LX™, we have

K (@0)(5) = Apers (K7 (@0)(B) = Bly) = @1(4) - K(A)(y)
= o K(A)(y)
= KC(UB1)(y) = Kla © A)(y).

Hence L(a ® A) = a — K(A).
(K2) Let {A; € LX | i € T'} be given. Define ® : LX — L as ®(A4;) =1 for i € " and
®(B) = 0 otherwise. Then

(L)) = \/ (2(4) © A(x)) = \/Ai(x)'

AeLX

Since K= (®)(B) =V p_x(a) P(A) and K(UP) = MK (@) for all & € L, we have

NE7(@)(y) = Apery (K7(2)(B) = B(y)) = Npery (Vi) 2(A) = B(y))
= Nacrx(®(A) = K(A)(y)) = Njer K(Ai)(y)
= K(U®)(y) = ’C(Vier Ai)(y).

Hence K(Vep Ai) = Aier £(A0).
(2) = (3) Define R(z,y) = K(1,)(y). Since A =\, . (A(z) ® 1,), we have

© 1.))(y)
K(1.)(y))
R(z,y)).

K(A)y) =

K(V,ex (Al2)
= A
A

Ax
Ax

xGX( )_>
x€X( )_>

(3) = (1) Put By =NK7(®). Then

epy (B, B1) = Ncery (K7 (®)(C) = err (B, 0))
= /\ceLY((\/zc(A):c ®(A) = epv(B,K(A)))
= Aacrx (D(A) > ev (B,K(4))
— Aucsx eov (B.®(4) = K(A)) (by Lemma 1.2(5))
=erv(B, A jcpx ®(A) = K(A)).
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Hence (L) = NK7(P) from

ME7(®)(y) = Bi(y) = Naerx(P(A) = K(A)(y))

= Nacrx(2(A) = Asex (Alz) = R(z,9)))

= Nacrx Noex(®(A) = (A(z) = R(z,y)))

= Naerx Noex(®(A) © A(z) = R(z,y)) (by Lemma 1.2(5))
= Naex(Vaepx (®(A) © A(z)) = R(z,y))

= Naex(U0(z) = R(z,y))

= K(U2)(y).

Theorem 2.7.Let X and Y be two sets. Let M : LX — LY be an operator. Then the
following statements are equivalent:

(1) M is an L-meet join preserving map.

(2) M is an L-meet join approximation operator.

(3) There exists R € LX*Y such that

M(A)y) =\ (47(2) © R, y)).

zeX

Proof. (1) = (2) Since M is an L-meet join operator, then M(M®) = UM (P) for all
®e P
(M1) Define ®; : L* — L as ®;(A) = a and ®;(B) = 0 otherwise. Then

(N®y)(z) = J\ (1(A) = A(x)) = @ — A(z).

AeLX

Since M~ (®1)(B) =V p_ ) 1(A) and M(NP;) = UM(®y) for all @, € L™, we have

UM™(D1)(y) = VBELX(MH((IH)(B) © B(y))
=P (4) © M(A)(y) = a © M(A)(y)
= M(NPy)(y) = M(a = A)(y).

Hence M(aw — A) = a © M(A).
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(M2) Let {A; € LX | i € T'} be given. Define ® : LX — L as ®(A4;) = 1 for i € " and
®(B) = 0 otherwise. Then
(Me)(2) = /\ (2(4) = Ax)) = /\ Ai(2).
AeLX i€l

Since M7 (®)(B) =V p_pq(a) 2(A) and M(MP) = UM (®) for all ¢ € L, we have

UMT(@)(y) = Vaerx(M7(®)(B) © B(y))
= Vo) (2(4) © M(A)(Y)) = Vier M(Ai)(y)
= M(MP)(y) = M(Njer Ai)(v)-
Hence M(A,cr Ai) = Vier M(A;). Thus M is an L-meet join approximation operator.
(2) = (3) Define R(z,y) = M(1%)(y). Since A = A (A*(x) = 1}), we have

MA)(Y) = M(Apex (Al)" = 1))
= Vaex (Az)" © M(13)(y))

= Vaex (A2)" © R(z,y)).

(3) = (1) Put By = UM (®). Then
ery(Bo, B) = Ncery MT(P)(C) = ey (C, B))
= /\C’eLY((VM(A):C ®(A) = err(M(A), B))
= Nacrx(®(A) = ey (M(A), B))
= err (Vaepx (2(4) © M(A)), B).
Hence M(M®) = UM (P) from:

UM (@) (y) = Bo(y) = V sepx (2(A) © M(A)(y))

= Vaerx (2(A) OV, ex(A7(z) © R(z,9)))

= Viex(Vaerx (2(A4) © A*(2)) © R(z,y))

= Viex ((Auerx (2(A) = A(2)))" © R(z,y)) (by Lemma 1.2(6))
= V,ex((M®)*(z) © R(z,y))

= M(N®)(y).

Theorem 2.8.Let H : LX — LY and J : LY — LX be maps. Then the following
statements are equivalent:

(1) (epx,H,T,ery) is a residuated connection.
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(2) H(U®) = UHT(P) and J(MP) = NJT 7(®) with H(1.)(y) = T(1;)"(x) for all
e Ll

(3) H is an L-upper approzimation operator and J is an L-lower approximation oper-
ator with H(1.)(y) = J(1;)*(x)

(4) There exists R € L**Y such that

Proof. (1)= (2). Put By = UH7(®). Then

epy (Bo, B) = Ngery 7 (®)(C) = err (€ B))
= /\CGLY<<\/H( ®(A) = erv(C, B))
= Nacrx(®(A) = eLY( (4), B))

= Naerx (2(4) = erx (A, J(B)))
=erx (VAeLX<(I)<A) 9(A)),
= ex(U®, J(B)) = ey (H

Hence H(UP) = UH (D).
Put By =NJ7(®). Then

ex(B, B1) = Neepx (T 7(P)(C) = erx(B, C))
= Acerx(V 7(a)=c ®(A) = erx(B,C))
= Nacry (P(A) = erx(B, T (A)))

= Naerx(®(A) = ey (H(B), A))

= ery (H(B), Aaerx(B(A) = (4)))

= ey (H(B),Nd))

= erx (B, J(N9)).

);
);

Hence J(M®) =NJ 7 (P).
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J()(x) = epx (L, T(1)) = ery (H(1a), 17)
= epr (1y, H(1)") = H(1.)"(y).
(2)= (3) and (3)= (4) are follows from Theorems 2.2 and 2.4.
(4)= (1). For each A € L*X B e LY,

ey (H(A), B) = Aoy (H(A)(y) > B(y))
= Aoy (Vaex(A(2) © Rz, y)) = B(y)
= Ao Nuex (Al@) = (B(z,y) = B(y)))
= Nvex (A@) > Ay (R(z.y) = B(y)
= Auex (A2) = T(B)(@)) = e1x(4, T (B)).

Theorem 2.9.Let Ky : LX — LY and Ky : LY — LX be maps. Then the following
statements are equivalent:

(1) (erx, K1, Ko, erv) is a Galois connection.

(2) K (Ud) = MK (D) with K1 (1,)(y) = Ka(1,) () for all i € {1,2},® € L.

(3) For all i € {1,2}, K; is an L-join meet approximation operator with ICi(1,)(y) =
ICo(1,)(z) forx e X,y €Y.

(4) There exists R € LX*Y such that

Ki(A)(y) = \ (A@x) = R(z,y)),

zeX

Ka(B)(x) = \/ (B(y) = R(z,y)).

yey

Proof. (1)= (2). Put B; =Nk (®). Then

ey (B, Br) = Acery (K7 (®)(C) = err (B, C))
= Neerr Vi, (a)=c ®(A) = e1r (B, C))
= /\AGLX((I)(A) - GLY(B Ki(A)))
= Naerx(®(A) = erx (A, Ka(B))

= erx(Vaepx (®(4) © A), Ko(B))

= ey (B, Ki(V 4epx (2(4) © A)))

= ey (B, K1 (LUD)).
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Hence ICy (UP) = MK (P). Similarly, Ko(LUP) = ML (P). Moreover,

Ki(Le)(y) = epr (1y, Ka(12)) = epx (1o, Ks(1y)) = Ky(1)(2).

(2)= (3) and (3)= (4) are follows from Theorem 2.6.
(4)= (1) For each A € LX B e LY,

erx (A, Ko(B)) =

=
g
M
>
=
<
m
~

Theorem 2.10.Let M, : LX — LY and My : LY — LX be maps. Then the following
statements are equivalent:

(1) (epx, My, My, erv) is a dual Galois connection.

(2) M;(N®) = UM (@) with My (15)(y) = Ma(13)(x) for alli € {1,2},® € L.

(3) For alli € {1,2}, M; is an L-meet join operator with M (1})(y) = Ma(1})(z) for
reX,yeY.

(4) There exists R € L**Y such that

Mi(A)(y) =\ (A" (x) © R(z.,y)),

zeX

My(B)(z) = \/ (B*(y) © R(z,y)).

yey
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Proof. (1)= (2). Put By = UM’ (®). Then

M (®)(C) = err (C, B))
(\/Ml(A):C ®(A) = ey (C, B))
— err (Mi(4), B))

— epx(My(B), A))

= NaexMa2(B)2(A) = A 4 x (2(A4), A))
= epx(Ma(B), Agepx (®(A) = A))

= ey (My(NP), B).

Hence My (M®) = UM (®). Similarly, My(MP) = UM (P). Moreover,

Mi(15)"(y) = err (Mi(13), 1) = epx (Mo(15),15) = Ma(13)"(y).

T

(2)= (3) and (3)= (4) are follows from Theorem 2.7.
(4)= (1). For each A € L*X B e LY,

erx(Ma(B), A) = Njex(Ma(B)(z) = A(z))
= Noex (Ver B*(y) ® R(x,y) — A(x))

Nuex Aoy (B*(@) = (R(z,5) > A(x))
Awex Moy ((Bz,y) = @) = (B)")’)
Aver (Vaex (Blz,y) = A()" = B(y))
= Aver (Veex(A@)" © R(z, ) > B(y)
= ey (Mi(A), B).
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