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0. Introduction

There are many concepts of universal algebras generalizing an associative ring
(R; +;.). Some of them in particular, nearrings and several kinds of semirings have
been prove very useful. Semirings (called also halfrings) are algebras
(R ; +;.) share the same properties as a ring except that ( R ; +) is assumed to be a
semigroup rather than a commutative group. Semirings appear in a natural manner in
some applications to the theory of automata and formal languages. An algebra (R ; +, .)
is said to be a semiring if (R ; +) and (R ; .) are semigroups satisfying a. ( b+c ) = a.
b+a. ¢ and (b+c) .a = b. a+c. a for all a, b and ¢ in R. A semiring R is said to be

additively commutative if a+b = b+a for all a, b and c in R. A semiring R may have
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an identity 1, defined by 1. a =a =a. 1 and a zero 0, defined by O+a = a = a+0 and
a.0=0=0.aforall ain R. Asemiring R is said to be a hemiring if it is an additively
commutative with zero. After the introduction of fuzzy sets by L.A.Zadeh[14], several
researchers explored on the generalization of the concept of fuzzy sets. The notion of
anti fuzzy left h- ideals in hemirings was introduced by Akram.M and K.H.Dar [1].
The notion of homomorphism and anti-homomorphism of fuzzy and anti-fuzzy ideal
of a ring was introduced by N.Palaniappan & K.Arjunan[7]. In this paper, we
introduce the some Theorems in anti S-fuzzy normal subhemiring and lower level

subset of a hemiring.

1. Preliminaries
1.1 Definition: A S-norm is a binary operation S: [0, 1]x[0, 1] — [0, 1] satisfying the
following requirements;
(1) 0 Sx=x,1Sx =1 (boundary condition)
(if) X Sy =y S x (commutativity)
(i) x S(y Sz)=(xSy) Sz (associativity)
(iv) if x<yand w <z, then x Sw <y S z ( monotonicity).
1.2 Definition: Let X be a non-empty set. A fuzzy subset A of X is a function
A: X —[0,1].
1.3 Definition: Let (R, +,.) beahemiring. A fuzzy subset A of R is said to be
an anti S-fuzzy subhemiring(anti fuzzy subhemiring with respect to S-norm) of R
if it satisfies the following conditions:
() pa(xty) <S(pa(X), nay) ),
(i) paxy) < S( pa(x), pa(y) ), forall xand y in R.
1.4 Definition: Let A and B be fuzzy subsets of sets G and H, respectively. Anti-
product of A and B, denoted by AxB, is defined as AxB = {{ (X, ¥ ), naxs(X,y) )/
forall x in Gandy in H }, where paxs(X, ¥) = max { pa(x), us(y) }.
1.5 Definition: Let A be a fuzzy subset in a set S, the anti-strongest fuzzy

relation on S, that is a fuzzy relation on Ais V given by pv(X, y) = max { pa(x),
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ua(y) }, forall xand y in S.
1.6 Definition: Let (R, +,.) and (R, +, .) be any two hemirings. Let f: R — R!
be any function and A be an anti S-fuzzy subhemiring in R, V be an anti

S-fuzzy subhemiring in f (R) = R, defined by py(y) = INf ma(x), forallxinR

xef(y)

and y in R". Then A is called a preimage of V under f and is denoted by f (V).
1.7 Definition: Let (R, +,.) be ahemiring. An anti S-fuzzy subhemiring A of
R is said to be an anti S-fuzzy normal subhemiring (ASFNSHR) of R if
ua(xy) = pa(yx), forall x and y in R.

1.8 Definition: Let A be a fuzzy subset of X. For a in [0, 1], the lower level subset

of Alisthe set Ay = {xeX: pa(x) < a}.

2. SOME PROPERTIES:

2.1 Theorem[11]: Union of any two(a family) of anti S-fuzzy subhemirings of a
hemiring R is an anti S-fuzzy subhemiring of R.

2.2 Theorem[11]: If A and B are any two anti S-fuzzy subhemirings of the
hemirings R; and R respectively, then anti-product AxB is an anti S-fuzzy
subhemiring of R;xR..

2.3 Theorem[11]: Let A be a fuzzy subset of a hemiring R and V be the
anti-strongest fuzzy relation of R. Then A is an anti S-fuzzy subhemiring of R if
and only if V is an anti S-fuzzy subhemiring of RxR.

2.4 Theorem[11]: Let R and R'be any two hemirings. The homomorphic image
(preimage) of an anti S-fuzzy subhemiring of R is an anti S-fuzzy subhemiring of
R'.

2.5 Theorem[11]: Let R and R' be any two hemirings. The anti-homomorphic
image (preimage) of an anti S-fuzzy subhemiring of R is an anti S-fuzzy
subhemiring of R'.

2.6 Theorem: Let ( R, +, . ) be a hemiring. If any two anti S-fuzzy normal
subhemirings of R, then their union is an anti S-fuzzy normal subhemiring of R.

Proof: Let x and yeR. Let A ={ { X, ua(X) Y xeR }and B = { { X, ug(X) ) /
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xeR } be anti S-fuzzy normal subhemirings of a hemiring R. Let C=A UB
and C = { { X, uc(x)) /xeR }, where pc(x) = max {pa(x), us(x) }. Then, Clearly
C is an anti S-fuzzy subhemiring of a hemiring R, since A and B are two anti
S-fuzzy subhemirings of the hemiring R. Then

pe(xy) = max { pa(xy), pa(xy) } = max{pa(yx), ps(yx) } = pc(yx), for all x and
y in R. Hence A U B is an anti S-fuzzy normal subhemiring of the hemiring R.
2.7 Theorem: Let (R, +, .) be a hemiring. The union of a family of anti
S-fuzzy normal subhemirings of R is an anti S-fuzzy normal subhemiring of R.
Proof: It is trivial.

2.8 Theorem: Let A and B be anti S-fuzzy subhemirings of the hemirings G and H,
respectively. If A and B are anti S-fuzzy normal subhemirings, then AxB is an anti
S-fuzzy normal subhemiring of GxH.

Proof: Let A and B be anti S-fuzzy normal subhemirings of the hemirings G and H
respectively. Clearly AxB is an anti S-fuzzy subhemiring of GxH. Let x; and x; be
in G, y; and y, be in H. Then (Xi,y1) and (Xy,) are in GxH. Now,
rasal (X1, Y1)(X2, ¥2) 1 = max {pa(xiXz), pa(yiy2) 3= max {pa(x2xa), pua( y2y1) }=
taxe (XoX1, Y2Y1) = paxs[(X2, Y2)(X1, Y1)]. Hence AxB is an anti S-fuzzy normal
subhemiring of GxH.

2.9 Theorem: Let A be a fuzzy subset in a hemiring R and V be the
anti-strongest fuzzy relation on R. Then A is an anti S-fuzzy normal subhemiring
of R if and only if V is an anti S-fuzzy normal subhemiring of RxR.

Proof: Itis trivial.

2.10 Theorem: Let ( R, +, . ) and ( R', +, . ) be any two hemirings. The
homomorphic image of an anti S-fuzzy normal subhemiring of R is an anti
S-fuzzy normal subhemiring of R'.

Proof: Let f : R — R' be a homomorphism. Then, f(x+y)= f(x)+f(y), f(xy) =
f(x)f(y), for all x and y in R. Let V = f(A), where A is an anti S-fuzzy normal
subhemiring of a hemiring R. Now, for f(x), f(y) in R', clearly V is an anti

S-fuzzy subhemiring of a hemiring R, since A is an anti S-fuzzy subhemiring of

a hemiring R. Now, p(f(x)f(y)) < pa(xy) = pa(yx) = p(f(yx) ) = w(f(y)f(x)),
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which implies that p,(f(X)f(y)) = p(f(y) f(x)), for all f(x) and f(y) in R'. Hence V
is an anti S-fuzzy normal subhemiring of a hemiring R'.
2.11 Theorem: Let ( R, +, . ) and ( R', +, . ) be any two hemirings. The
homomorphic preimage of an anti S-fuzzy normal subhemiring of R' is an anti
S-fuzzy normal subhemiring of R.
Proof: Let V = f(A), where V is an anti S-fuzzy normal subhemiring of a
hemiring R'. Let x and y in R. Then, clearly A is an anti S-fuzzy subhemiring of a
hemiring R, since V is an anti S-fuzzy subhemiring of a hemiring R'. Now,
pa(xy) = m(feOf(y)) = m(fYF(X) = pu(f(yx)) = palyx), which implies that
ua(xy) = ua(yx), for all x and y in R. Hence A is an anti S-fuzzy normal
subhemiring of a hemiring R.
2.12 Theorem: Let ( R, +, . ) and ( R', +, . ) be any two hemirings. The
anti-homomorphic image of an anti S-fuzzy normal subhemiring of R is an anti
S-fuzzy normal subhemiring of R'.
Proof: Let f : R — R' be an anti-homomorphism. Then, f(x+y) = f(y)+f(x),
f(xy) = f(y)f(x), for all x and y in R. Let V = f(A), where A is an anti S-fuzzy
normal subhemiring of a hemiring R. Now, for f(x) and f(y) in R', clearly V is an
anti S-fuzzy subhemiring of a hemiring R', since A is an anti S-fuzzy
subhemiring of a hemiring R. Now, p(f(x)f(y)) < pa(yX) = pa(xy) > w(f(xy)) =
w(f(y)f(x)), which implies that p,(f(x)f(y)) = u(f(y)f(x)), for all f(x) and f(y) in
R'. Hence V is an anti S-fuzzy normal subhemiring of a hemiring R'.
2.13 Theorem: Let (R, +, . ) and (R', +, . ) be any two hemirings. The
anti-homomorphic preimage of an anti S-fuzzy normal subhemiring of R' is an
anti S-fuzzy normal subhemiring of R.
Proof: Let V = f(A), where V is an anti S-fuzzy normal subhemiring of a
hemiring R'. Let x and y in R, then, clearly A is an anti S-fuzzy subhemiring of a
hemiring R, since V is an anti S-fuzzy subhemiring of a hemiring R'. Now,

pa(xy) = m(fY)f(x)) = m(fEF(Y)) = m(f(yx)) = na(yx), which implies that
ua(xy) = pa(yx), for all x and y in R. Hence A is an anti S-fuzzy normal

subhemiring of a hemiring R.

1147



1148 K.UMADEVI, C. ELANGO, AND P.THANGAVELU

In the following Theorem - is the composition operation of functions:

2.14 Theorem: Let A be an anti S-fuzzy subhemiring of a hemiring H and f is an
isomorphism from a hemiring R onto H. If A is an anti S-fuzzy normal
subhemiring of the hemiring H, then A°f is an anti S-fuzzy normal subhemiring
of the hemiring R.
Proof: Let x and y in R. Then we have, clearly A-f is an anti S-fuzzy
subhemiring of a hemiring R. Now, (pa°f)(xy) = pa(fX)f(y)) = pa(f(y)f(x)) =
ua(f(yx))=(uacf )(yx), which implies that (ua°f)(xy) = (uacf)(yx), for all x and y in R.
Hence A-f is an anti S-fuzzy normal subhemiring of a hemiring R.
2.15 Theorem: Let A be an anti S-fuzzy subhemiring of a hemiring H and f is an
anti-isomorphism from a hemiring R onto H. If A is an anti S-fuzzy normal
subhemiring of the hemiring H, then A°f is an anti S-fuzzy normal subhemiring
of the hemiring R.
Proof: Let x and y in R. Then we have, clearly A-f is an anti S-fuzzy
subhemiring of the hemiring R. Now, (pacf)(xy) = pa(f(y)f(x)) = pa(f()f(y)) =
ua(f(yx)) =(uacf) (yx), which implies that (ua°f)(xy) = (uaf)(yx), for all x and y
in R. Hence A-f is an anti S-fuzzy normal subhemiring of the hemiring R.
2.16 Theorem: Let A be an anti S-fuzzy subhemiring of a hemiring R. Then for
o in [0, 1] such that ua(0) < a, A is a lower level subhemiring of R.
Proof: For all x and y in A,. Now, pa(x+y) < S(ua(X), pa(y) ) < o, which implies
that pa(xty) < a. And, pa(xy) < S(pa(X), pa(y) ) < a, which implies that

pa(xy) < a. Hence A, is a lower level subhemiring of a hemiring R.
2.17 Theorem: Let A be an anti S-fuzzy subhemiring of a hemiring R. Then two
lower level subhemiring A1, Aqz and oy, o in [0, 1] such that pa(0) < oy,

ua(0) < ap with o< o, of A are equal if and only if there is no x in R such that
a2 > pa(x) > oy.
Proof: Assumethat A, = Az Suppose there exists x in R such that
o2 > pa(x) > ag. Then Agi < Agzimplies x belongs to Az, but not in Agys. This is
contradiction to Ay = Age. Therefore there is no X € R such that o, > pa(X) > as.

Conversely if there is no X € R such that o, > pa(X) > ay. Then Agr = Aqo.
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2.18 Theorem: Let R be a hemiring and A be a fuzzy subset of R such that A, be
a subhemiring of R. If a in [0, 1], then Ais an anti S-fuzzy subhemiring of R.
Proof: Let x and y in R and pa(X) =0y and pa(y)=op. If oy < ap, then X,y € Aqgo,
pa(xty) < oz = max { pa(x), pa(y) < S(pa(x), pa(y) ), which implies that
Ha(xty) S (na(X), pa(y) ), for all x and y in R and pa(xy) < oz = max {pa(x),
na(y) } < S(pa(X), na(y) ), which implies that pa(xy) < S(pa(x), pa(y) ), for all x
and y in R. If ou> o then x and y in Ag1, pa(x+y) < o = max {pa(y), pa(X) } <
S(ua(y), pa(x) ), which implies that pa(x+y) < S(ua(x), pa(y) ), for all x and y in R and
Ha(xy) < oz = max{ua(y), Ha(X) }< S(ua(y), pa(x) ), which implies that pa(xy) < S(pa(x),
ua(y) ), for all x and y in R. Hence A is an anti S-fuzzy subhemiring of the hemiring R.

2.19 Theorem: Let A be an anti S-fuzzy subhemiring of a hemiring R. If any two
lower level subhemirings of A belongs to R, then their intersection is also lower
level subhemiring of Ain R.

Proof: Letay, ap € [0, 1]. If oy < pa(X) < ap then Ay < Ago. Therefore,

Aur NA2 = Ay, but Ay is a lower level subhemiring of A. If o> pa(X) > oy,
then Az < Agr. Therefore, Aqr N Agz = Agz but Ay is a lower level subhemiring
of A. If ay = ap, then A, = Age Hence intersection of any two lower level
subhemirings is also a lower level subhemiring of A.

2.20 Theorem: Let A be an anti S-fuzzy subhemiring of a hemiring R. If ;i €[0, 1]
and A, i€l is a collection of lower level subhemirings of A, then their
intersection is also a lower level subhemiring of A.

Proof: Itis trivial.

2.21 Theorem: Let A be an anti S-fuzzy subhemiring of a hemiring R. If any two

lower level subhemirings of A belongs to R, then their union is also a lower level

subhemiring of Ain R.

Proof: Itis trivial.

2.22 Theorem: Let A be an anti S-fuzzy subhemiring of a hemiring R. If aj€[0, 1]
and A, iel is a collection of lower level subhemirings of A, then their union

is also a lower level subhemiring of A.

Proof: Itis trivial.



1150 K.UMADEVI, C. ELANGO, AND P.THANGAVELU

2.23 Theorem: The homomorphic image of a lower level subhemiring of an anti
S-fuzzy subhemiring of a hemiring R is a lower level subhemiring of an anti
S-fuzzy subhemiring of a hemiring R'.
Proof: Let f: R — R' be a homomorphism. Then f(x+y)=f(x)+f(y), f(xy)=f(x)f(y),
for all x and y in R. Let V = f(A), where A is an anti S-fuzzy subhemiring of a
hemiring R. Clearly V is an anti S-fuzzy subhemiring of a hemiring R'. Let x and y
in R, implies f(x) and f(y) in R'. Let A, is a lower level subhemiring of A. Now,
uy(f(X)) < pa(x) < a, which implies that puv(f(x)) < o and py(fly)) < pa(y) < a,
which implies that py( f(y) ) < o and pv(f(x)+H(y)) < pa(xt+y) < o, which implies
that uv(f(x)+(y)) < a. Also, uv( f(x)f(y)) < paxy) < a, which implies that
uv(FOOf(Y) ) < a. Hence f(A,) is a lower level subhemiring of an anti S-fuzzy
subhemiring V of a hemiring R'.
2.24 Theorem: The homomorphic pre-image of a lower level subhemiring of an
anti S-fuzzy subhemiring of a hemiring R' is a lower level subhemiring of an anti
S-fuzzy subhemiring of a hemiring R.
Proof: Let V = f(A), where V is an anti S-fuzzy subhemiring of a hemiring R'.
Clearly A is an anti S-fuzzy subhemiring of a hemiring R. Let f(x) and f(y) in R,
implies x and y in R. Let f(A,) is a lower level subhemiring of V. Now,

ua(X) = puv(f(x)) < a, implies that pa(x) < a; pa(y) = pv(f(y)) < a, implies that
ua(y) < aand pa(x+y) = uv(f(x)+(y)) < o, which implies that pa(x+y) < a.. Also,
na(xy) = uw(fx)f(y)) < a, which implies that pa(xy) < a. Hence, A, is a lower
level subhemiring of an anti S-fuzzy subhemiring A of R.
2.25 Theorem: The anti-homomorphic image of a lower level subhemiring of an
anti S-fuzzy subhemiring of a hemiring R is a lower level subhemiring of an anti
S-fuzzy subhemiring of a hemiring R'.
Proof: Let f : R—R' be an anti-homomorphism. Then f( x +y) = f(y) + f(X),
f(xy) = f(y)f(x), for all x and y in R. Let V = f(A), where A is an anti S-fuzzy
subhemiring of R. Clearly V is an anti S-fuzzy subhemiring of R". Let xandy in R,

implies f(x) and f(y) in R'. Let A, is a lower level subhemiring of A. Now,
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uv(f(x) ) < pa(x) < a, which implies that pyv( fi(x) ) < a; pv(f(y)) < pa(y) < o,
which implies that py(f(y)) < a. Now, py(f(X)+f(y) ) < pa(y+x) < a, which implies
that, pv( f(X)+f(y)) < a. Also, uv( fFX)f(y)) < pa(yx) < a, which implies that
uv(f(x)f(y) ) < a.. Hence f(A,) is a lower level subhemiring of an anti S-fuzzy
subhemiring V of R,

2.26 Theorem: The anti-homomaorphic pre-image of a lower level subhemiring of
an anti S-fuzzy subhemiring of a hemiring R' is a lower level subhemiring of an
anti  S-fuzzy subhemiring of a hemiring R.

Proof: Let V = f(A), where V is an anti S-fuzzy subhemiring of a hemiring R'.
Clearly A is an anti S-fuzzy subhemiring of a hemiring R. Let f(x) and f(y) in R',
implies x and y in R. Let f(A,) is a lower level subhemiring of V. Now,

ua(X) = pv(f(x) ) < a, which implies that pa(x) < o; pa(y)= uv(f(y)) < a, which
implies that pa(y) < a. Now, pa(X+y) =puv(f(y)+(x)) < a, which implies that

pa(x +y) < a. Also, pa(xy) = pv( f(y)f(x) ) < a, which implies that pa(xy) < a.

Hence A, is a lower level subhemiring of an anti S-fuzzy subhemiring A of R.
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