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1. Introduction and prerequisites

Let (S,.,<) be an ordered semigroup (: an ordered set with a multiplication which is
compatible with the ordering). For a subset H of S, (H] denotes the subset of S defined
by (H] :={te€ S|t < hforsomeh € H}. For H = {a,b,c,.....} we write (a,b,c,.....]
instead of ({a,b,c,.....}|. Clearly S = (5], and for any subsets A, B of S, we have A C (4],
if A C B then (A] C (B], (A](B] C (AB], and ((A]] = (4]. A nonempty subset A of S
is called a left (resp. right) ideal of S if (1) SA C A (resp. AS C A) and (2) ifa € A
and S 5 b < a, then b € A, that is (A] = A. A is called an ideal of S if it is both
a left and a right ideal of S. A nonempty subset A of S is called a bi-ideal of S if (1)
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ASAC Aand 2)ifa€ Aand S 5b<a, then b € A. For an element a of S, L(a), R(a),
I(a), B(a) denote the left ideal, right ideal, the ideal and the bi-ideal of S, respectively,
generated by a, and we have L(a) = (aUSa], R(a) = (aUaS], I(a) = (aUaSUSaUaSal,
B(a) = (aUaSal. A left (resp. right) ideal A of S is clearly a subsemigroup of S i.e.
A% C A. A nonempty subset A of S is called an interior ideal of S if (1) SAS C A and
2)ifae Aand S>b<a,thenbe A If A an ideal of S, then A is an interior ideal of
S. Indeed, S(AS) C SAC A and (A] = A. If Ais a left (resp. right) ideal of S, then A
is a bi-ideal of S. An ordered semigroup (5, ., <) is called left regular if for every a € S
there exists x € S such that a < za?, that is a € (Sa?] for all a € S or A C (SA?] for all
A C S. Tt is called right regular if for every a € S there exists x € S such that a < a’z,
that is a € (a®S] for alla € S or A C (A%S] for all A C S. An ordered semigroup (S, ., <)
is called regular if for any a € S there exists € S such that a < aza i.e. a € (aSa for
every a € S or A C (ASA] for every A C S. Tt is called intra-regular if for each a € S
there exist z,y € S such that a < za?y, that is a € (Sa®5] for all a € S or A C (SA2%S]
for all A C S. An ordered semigroup (5, ., <) is called completely regular if it is at the
same time left regular, right regular and regular. In regular and in intra-regular ordered
semigroups the ideals and the interior ideals are the same. A subset T of S is called
semiprime if for any a € S such that a? € T, we have a € T, equivalently, if A C S such
that A2 C T implies A C T.

If S is an ordered semigroup, a fuzzy subset of S (or fuzzy set in S) is a mapping f of
S into the real closed interval [0, 1] of real numbers. For a subset A of S, denote by fa

the characteristic function on A, that is the fuzzy subset of S defined by

1 if reA
0 if z¢ A.

fa: S = [0,1]] fa(x) =

A fuzzy subset f of S is called a fuzzy subsemigroup of S if
(1) f(xy) > min{f(z), f(y)} for every 7,y € § and
(2) if x <y, then f(x) > f(y).
A fuzzy subset f of S is called a fuzzy left ideal (vesp. fuzzy right ideal) of S if

(1) Fley) > f(y) (resp. f(wy) > f(x)) for every 2,y € S and



INTRA-REGULAR AND COMPLETELY REGULAR FUZZY ORDERED SEMIGROUPS 947

(2) if x <y, then f(x) > f(y).
For a fuzzy subset f of S, we say that f is a fuzzy ideal of S if it is both a fuzzy left and
a fuzzy right ideal of S. A fuzzy subset f of S is called a fuzzy bi-ideal of S if

(1) f(xyz) > min{f(x), f(2)} for all z,y,z € S and

(2) if z <y, then f(z) > f(y).
It is called a fuzzy interior ideal of S if

(1) f(zay) > f(a) for all z,a,y € S and

(2) if z <y, then f(z) > f(y).

If f a fuzzy ideal of S, then f is a fuzzy interior ideal of S. If f is a fuzzy left (resp. fuzzy
right) ideal of S, then f is a fuzzy bi-ideal of S. In regular and in intra-regular ordered
semigroups the concepts of fuzzy ideals and fuzzy interior ideals coincide [9].

By a fuzzy ordered semigroup we mean an ordered semigroup having a fuzzy set. Fuzzy
ordered semigroups have been first considered by Kehayopulu and Tsingelis in [6]. Fuzzy
interior ideals in ordered semigroups have been studied in [9]. For fuzzy bi-ideals of
ordered semigroups we refer to [8]. Intra-regular ordered semigroups play an important
role is studying the structure of ordered semigroups. An ordered semigroup S is intra-
regular if and only if it is a semilattice of simple semigroups, equivalently, if S is a union
of simple subsemigroups of S [2], which means that intra-regular ordered semigroups are
decomposable into simple components. Moreover, an ordered semigroup S is both regular
and intra-regular if and only if it is a semilattice of simple and regular semigroups [10].
Recall that every completely regular ordered semigroup is, by definition, left (resp. right)
regular. Every left (resp. right) regular ordered semigroup is intra-regular. It is known,
by the same author, that the intra-regular, left regular, and completely regular ordered
semigroups can be also defined as the ordered semigroups in which the ideals, the left
ideals, and the bi-ideals, respectively, are semiprime (cf., for example [4,5,7]). The present
paper adds some additional information on the same type of ordered semigroups using
fuzzy sets as well. Fuzzy semigroups (without order) have been systematically studied
by N. Kuroki. Characterizations of intra-regular semigroups (without order) in terms of

fuzzy sets (of semigroups) have been given by N. Kuroki in [11].
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2. Main results

Lemma 1. (cf. also [6; Proposition 2]) Let S be an ordered semigroup. If A is a left (resp.
right) ideal of S, then the characteristic function fa is a fuzzy left (resp. fuzzy right) ideal
of S. ”Conversely”, if A is a nonempty subset of S and fa a fuzzy left (resp. fuzzy right)
ideal of S, then A is a left (resp. right) ideal of S.

Lemma 2. (cf. also [8; Theorem 1]) Let S be an ordered semigroup. If A is a bi-ideal
of S, then the characteristic function fa is a fuzzy bi-ideal of S. ”Conversely”, if A is a

nonempty subset of S and fa a fuzzy bi-ideal of S, then A is a bi-ideal of S.

Lemma 3. Let S be an ordered semigroup. If A is a subsemigroup of S, then the charac-
teristic function fa is a fuzzy subsemigroup of S. ”Conversely”, if A is a nonempty subset

of S and fa a fuzzy subsemigroup of S, then A is subsemigroup of S.

Lemma 4. (cf. also [9; Proposition 2.3]) Let S is an ordered semigroup. If A is an interior
ideal of S, then the characteristic function fa is a fuzzy interior ideal of S. ”Conversely”,
if A is a nonempty subset of S and fa a fuzzy interior ideal of S, then A is an interior

ideal of S.

Definition 5. Let S be an ordered semigroup. A fuzzy subset f of S is called fuzzy

semiprime if
f(a) > f(a?®) for every a € S.

Theorem 6. Let S be an ordered semigroup. The following are equivalent:

1) S is intra-reqular.

2) Every interior ideal of S is semiprime.

(1)

(2)

(3) Every fuzzy interior ideal of S is fuzzy semiprime.

(4) If fis a fuzzy interior ideal and at the same time a fuzzy subsemigroup of S, then
f(a) = f(a®) for everya € S.

(5) a € I(a®) for every a € S.

(6) I(a) = I(a®) for every a € S.

(7) Every ideal of S is semiprime.
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(8) Ewvery fuzzy ideal of S is fuzzy semiprime.

Proof. (1) = (2). Let A be an interior ideal of S and a € S, a®* € A. Since S is
intra-regular, we have a € (Sa*S] C (SAS] C (A] = A, and A is semiprime.
(2) = (3). Let f be a fuzzy interior ideal of S and a € S. The set (Sa*9] is an interior

ideal of S. This is because it is a nonempty subset of S,
S(Sa*S]S = (S](Sa*S)(S] C (S(Sa*S)S] C (Sa*9],

and ((Sa®S)] = (Sa?S]. Then, by (2), (Sa*S] is semiprime. Since a* € (Sa*5], we have
a’ € (Sa*S], and a € (Sa?S]. Then a < xa?y for some z,y € S. Since f is a fuzzy interior
ideal of S, we have f(a) > f(xa*y) > f(a®), so f is fuzzy semiprime.

(3) = (4). Let f be a fuzzy interior ideal at the same time a fuzzy subsemigroup of S

and a € S. By (3), f is a fuzzy semiprime fuzzy subsemigroup of S, so we have
f(a) = f(a*) = min{f(a), f(a)} = f(a),
then f(a) = f(a?).

(4) = (5). Let a € S. Since I(a?) is an ideal of S, I(a?) is an interior ideal at the
same time a subsemigroup of S. By Lemmas 3 and 4, the characteristic function fy,2) is
a fuzzy interior ideal and at the same time a fuzzy subsemigroup of S. By (4), we have
f1a)(a) = fia2)(a*) = 1. Then a € I(a?).

(5) = (6). If a € S then, since a € I(a?), we have

I(a) C I(a®) = (a® U Sa®> Ua®S U Sa*S] C (SaUaS U SaS| C I(a),

thus we have I(a) = I(a?).

(6) = (7). If Ais an ideal of S and a € S such that a®> € A then, by (6), we have
a € I(a) = I(a*) C A, so A is semiprime.

(7) = (8). Let f be a fuzzy ideal of S and a € S. As we have already seen the set (Sa*9]
is a nonempty subset of S and ((Sa?S]] = (Sa?S], moreover S(Sa®S] = (S](Sa?S] C
(52a*S] C (SasS], so (Sa*9] is a left ideal of S, similarly it is a right ideal, and so an ideal

of S. By hypothesis, (Sa?5] is semiprime. Since a* € (Sa?S], we have a® € (Sa?S], and
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a € (Sa*S]. Then a < za’y for some x,y € S. Then we get f(a) > f(za*y) > f(a?), so
f is fuzzy semiprime.
(8) => (7). Let A be an ideal of S and a € S, a® € A. Since f4 is a fuzzy ideal of S, by
hypothesis, f4 is fuzzy semiprime, so we have fa(a) > fa(a?) = 1. On the other hand,
since fy4 is a fuzzy subset of S, we have f4(a) < 1. Thus we have f4(a) =1, and a € A,
so A is semiprime.
(7) = (1). Let a € S. Since (Sa®S] is an ideal of S, by hypothesis, it is semiprime.
Since a* € (Sa*S], we have a € (Sa®S], so S is intra-regular.

One can also prove directly the implication (8) = (1). In this case the proof is more

technical. 0

Theorem 7. Let S be an ordered semigroup. The following are equivalent:

1) S s left regular.

2) The left ideals of S are semiprime.

3) The fuzzy left ideals of S are fuzzy semiprime.

(1)

(2)

(3)

(4) If f is a fuzzy left ideal and at the same time a fuzzy subsemigroup of S, then
f(a) = f(a®) for everya € S.

(5) a € L(a?) for every a € S.

(6) L(a) = L(a®) for every a € S.

Proof. (1) = (2). Let A be a left ideal of S and a € S such that a*> € A. Then
a € (Sa® C (SA] C (A] = A, so A is semiprime.

(2) = (3). Let f be a fuzzy left ideal of S and a € S. The set (Sa?] is a left ideal of
S. Indeed, 0 # (Sa?] C S, S(Sa*] = (5](Sa?] C (S(Sa?)] C (Sa?], and ((Sa?]] = (Sa?.
By (2), (Sa?] is semiprime. Since a* € (Sa?], we have a? € (Sa?], and a € (Sa?|. Then
a < xa? for some x € S from which f(a) > f(za®) > f(a?), and f is fuzzy semiprime.
(3) = (4). Let f be a fuzzy left ideal at the same time a fuzzy subsemigroup of S and
a € S. Since f is a fuzzy left ideal of S, by (3), f is fuzzy semiprime which means f(a) >
f(a*). Since f is a fuzzy subsemigroup of S, we have f(a?) > min{f(a), f(a)} = f(a).
Then we obtain f(a) = f(a?).
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(4) = (5). Let a € S. As L(a?) is a left ideal and a subsemigroup of S, by Lemmas
1 and 3, fr(2) is a fuzzy left ideal and a fuzzy subsemigroup of S. By (4), we have
fr@2) (@) = fr@2)(a®) = 1. Then a € L(a?) and condition (5) is satisfied.
(5) = (6). If a € S, then a € L(a®) = (a® U Sa?] C (Sa] C L(a). Then we have
L(a) C L(a®) C L(a), and L(a) = L(a?).

(6) = (1). Let a € S. We have a € L(a) = L(a®) = (a® U Sa?*]. Then
a® € (a® U Sa*](a] C (a® U Sa®] C (Sa?).

Thus we have a € ((Sa?] U Sa?] = ((Sa?]] = (Sa?], and S is left regular. O

The right analogue of Theorem 7 also holds and we have the following theorem.

Theorem 8. Let S be an ordered semigroup. The following are equivalent:

1) S is right regqular.

2) The right ideals of S are semiprime.

3) The fuzzy right ideals of S are fuzzy semiprime.

(1)
(2)
(3)
(4)

4) If f1s a fuzzy right ideal and at the same time a fuzzy subsemigroup of S, then
f(a) = f(a®) for everya € S.

(5) a € R(a®) for everya € S.
(6) R(a) = R(a®) for every a € S.

Lemma 9. (cf. also [4]) An ordered semigroup S is completely reqular if and only if, for
every a € S, we have a € (a*Sa?].

Proof. =. Since S is completely regular, we have
a € (aSa] C ((a*S]S(Sa’]] = ((a*S)(S](Sa’]] € ((a*S)S(Sa)] € (a*Sa?],

thus a € (a*Sa?].

<. Let a € S. Since a € (a*Sa?] C (aSa], (Sa?], (a*S], S is regular, left regular and
right regular. U
Theorem 10. Let S be an ordered semigroup. The following are equivalent:

(1) S is completely regular.
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(2) Every bi-ideal of S is semiprime.

(3) Every fuzzy bi-ideal of S is fuzzy semiprime.

(4) a € B(a?) for everya € S.

(5) B(a) = B(a?) for everya € S.

Proof. (1) = (2). Let A be a bi-ideal of S and a € S such that a* € A. Since S is
completely regular, by Lemma 9, we have a € (a?Sa?] C (ASA] C (A] = A, and a € A.
(2) = (3). Let f be a fuzzy bi-ideal of S and a € S. The set (a?Sa?] is a bi-ideal of S.

This is because (a®Sa?] is a nonempty subset of S,
(a*Sa?)S(a*Sa?] = (a®Sa®](S)(a*Sa®] C ((a*Sa*)S(a*Sa?)] C (a*Sa?],

and ((a?Sa?]] = (a®*Sa?]. By (2), (a*Sa?] is semiprime. Since (a?)? = a® € (a®Sa?], we
have (a?)? = a* € (a®>Sa?], a® € (a*Sa?], and a € (a®>Sa?]. Then a < a’ra® for some

x € S. Since f is a fuzzy bi-ideal of .S, we have

fla) > f(a*za®) > min{f(a®), f(a®)} = f(a®),

and f is fuzzy semiprime.

(3) = (4). Let a € S. We consider the bi-ideal B(a?) of S generated by a. This is the
set (a® Ua?Sa?). Since B(a?) is a bi-ideal of S, by Lemma 2, fp(,2) is a fuzzy bi-ideal of
S. By (3), we have fp2)(a) > fp@2)(a®) = 1. Since fp(z2) is a fuzzy set in S, we have
[B(a2)(a) < 1. Then fp2)(a) =1, and a € B(a?).

(4) =0

). Let a € S. Since B(a) is the bi-ideal of S generated by a, by (4), we have
a € B(a) C B(a?) = (a®* Ua%Sa?). Then

a’ € (a®>Ua®Sa’)(a)] € ((a®*Ua*Sa*)a) = (a® Ua*Sa®] C (aSd]
C (aUaSal = B(a),

and B(a?) C B(a). Thus we obtain B(a) = B(a?).
(5) = (1). Let a € S. By (5), we have a € B(a) = B(a?) = (a? UaQSa] Then a < a?
2 a2

or a < a’ya? for some y € S. If a < a?, then a < a%a® = aaa® < a*aa®. For z := a, we

get a < a’za?, and the proof is complete. 0
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A left (or right) regular ordered semigroup S is intra-regular. Indeed, if S is left regular,

then for each a € S, we have
a € (Sa?] C (S(Sala] C ((S)(Sa?](a]] C (S(Sa®)a] C (Sa2S],

so S is intra-regular. The converse does not hold in general.

As an application of Theorems 6 and 8, we give the following example which is at the

same time an example of an intra-regular ordered semigroup which is not left regular.

Example 10. (cf. also [3]) We consider the ordered semigroup S = {a, b, ¢, d, e} with the

multiplication and the order below:

a | b | c | d| e
a | a | b | al| al a
b | a | b|al| a|a
cla|b|lal|ala
d| a | b| al] al]a
e la|b|al|alece

<:={(a,a),(a;b), (a,e), (b,0),(c,b), (¢, ), (¢, ), (d, 1), (d, d), (d, ), (¢, €) }.

We give the covering relation and the figure of S.

< = {(a,b), (a,e), <C> b)a (Ca 6)7 (d7 b)? (d7 6)}

c a d

For an easy way to check that this is an ordered semigroup we refer to [1]. This is intra-
regular, not left regular (: ¢ and a are incomparable), and right regular ordered semigroup.

The right ideals of S are the sets: {a,b,¢,d} and S.
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The left ideal of S are the sets: {a}, {a,c}, {a,d}, {a,c,d}, {a,b,c,d}, {a,b,c, e}, S.
The ideals of S are the sets: {a,b,c,d} and S.

According to Theorem 6 (or Theorem 8), the set {a, b, ¢, d} is semiprime, the characteristic

function

1 if z€{a,b,c,d}
0 if ©¢{a,b,cd}

f{a,b,c,d} 0 S = [07 1] ’ x — f{a,b,c,d} (Q?) =

is a fuzzy semiprime fuzzy ideal of S and x € I(2?) for every x € S.

Independently, for the characteristic function f{q a3, by easy calculation, we have

f{a,b,c,d} (xy) > f{a,b,c,d} (IE) and f{a,b,c,d} (y) > f{a,b,c,d} (y>

for every x,y € S which means that f{,cq is a fuzzy ideal of S. The set A := {a,b, ¢, d}
is semiprime since a> € Aanda € A; V¥® €c Aandbc A; 2 c Aandcc A; &> € A
and d € A (recall that e ¢ A). The fuzzy set ftapeay is fuzzy semiprime. Indeed,
we have frapeay(@) = flapear (D) = flaped(€) = frapeay(d) = 1, frapea(e) = 0, so
frapea(T) > frapea(2?) for every x € S. Moreover we observe that a € I(a) = I(a?),
be I(b)=1(b?), ce{a,b,c,d} =1(c*),d € {a,b,c,d} = I(d*) and e € I(e?).

As an application of Theorem 10, we give the following example.

Example 11. (cf. also [2]) We consider the ordered semigroup S = {a, b, ¢, d, e} with the

multiplication and the order below:

b | a | b | b | b | Db
cla | b | b | b]|Db
d | al| b | b | d|d
el al| b|c|d|e

<:={(a,a), (0,0), (¢, b), (¢, ¢), (d,d), (e, d), (e, €)}.
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We give the covering relation and the figure of S.

< ={(e,b), (e,d)}.

o

o

C (&

This is regular, left regular and right regular, that is a completely regular ordered semi-
group. The sets {a,b,c} and S are the only bi-ideals of S. According to Theorem 10,
the set {a,b, c} is semiprime, the characteristic function fi, s is a fuzzy semiprime fuzzy
bi-ideal of S and x € B(z?) for every x € S.

Independently, one can check that for the characteristic function fi43, we have

f{a7b7c} (xyz) Z min{f{a,b,c} ({L’) ) f{a,b,c} (Z)}

for every x,y,z € S which means that f{,;. is a fuzzy bi-ideal of S. The set A =
{a,b,c} is semiprime since a> € Aanda € A; V> € Aandbe A; > € Aandce A
(recall that d* ¢ A and e ¢ A). We have frpa(a) = flape(b) = flaper(c) = 1,
Jiaper(d) = fraper(e) =0, 50 frape(z) > f{aybyc}(ﬁ) for every x € S which means that
the fuzzy bi-ideal fr,p is fuzzy semiprime. Finally we have a € {a,b,c¢} = B(a?),
be{a,b,ct =B, ce{ab,c} = B(c?),de B(d*), e € B(e?).

For the examples of the paper we used computer programs.
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