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Abstract. In this article, we develop some important results relating to the concepts of generalized
triple derivation and Jordan generalized triple derivation of gamma rings. Through every generalized
triple derivation of a gamma ring M is obviously a Jordan genaralized triple derivation of M, but the
converse statement is in general not true. Here we prove that every Jordan generalized triple derivation

of a 2-torsion free prime gamma ring is a generalized derivation.
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1. INTRODUCTION

Let M and I' be additive abelian groups. M is said to be a I'-ring if there exists a
mapping M X I' x M — M (sending (x, v, y) into zay) such that
(a)(z +y)az = zaz + yaz,
z(a+ By = zay + 2Py,
za(y + z) = zay + zaz,
(b)(zay)Bz = za(yBz),
forall z,y,2 € M and o, € T.
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A subset A of a I'-ring M is a left(right) ideal of M if A is an additive subgroup of M
and MT'A = {maa:m € M,a €T and a € A}, (AI'M) is contained in A. An ideal P of
a I'-ring M is prime if P # M and for any ideals A and B of M, AI'B C P, then A C P
orB C P. M is prime if al' MTb = 0 with a,b € M, then a = 0 or b = 0. M is 2-torsion

free if 2m = 0, for m € M implies m = 0.

N. Nobusawa [5] was first introduced the notion of a gamma ring. The gamma ring
due to N. Nobusawa is now denoted by I'y-ring. Next Barnes [1] generalized it and gave
the above defination. Now a day we mean the gamma ring which is given by Barnes. It

is clear that every ring is a gamma ring.

M. Bresar [3] worked on Jordan triple derivations of semiprime rings and he proved that

R is a two torsion free semiprime ring, then every Jordan derivation is a derivation.

Wu Jing and Shijie [6] defined generalized Jordan triple derivation. They showed that

every generalized Jordan triple derivation is a generalized derivation.

M. Sapanci and A. Nakajima [4] worked on Jordan derivation on completely prime gamma
rings. They proved that every Jordan derivation on a two torsion free completely prime

gamma rings is a derivation.

In this paper, we define generalized triple derivation and Jordan generalized triple deriva-
tion of a gamma ring. We give an example of a generalized triple derivation and an
example of a Jordan generalized triple derivation for gamma rings. We also prove that
every Jordan generalized triple derivation is a generalized derivation if it is a two torsion

free prime I'-ring.
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2. JORDAN GENERALIZED TRIPLE DERIVATION.

Let R be an associative ring. An additive mapping d : R — R is called a Triple
derivation if
d(abc)=d(a)bc+ad(b)c+abd(c).
and a Jordan Triple derivation if
d(aba)=d(a)ba+ad(b)atabd(a).
Let M be I'-ring. An additive mapping f : M — M is called a generalized Triple derivation
if
f(aabBc) = f(a)abfe + aad(b)Be + aabBd(c). For all a,b,c € M and o, f € T’
and a Jordan generalized Triple derivation if
f(aabBa) = f(a)abBa + aad(b)Sa + aabfd(a). For all a,b,c € M and a, f € T
It is clear that every generalized triple derivation is a Jordan generalized triple derivation

but the converse is not ingeneral true.
Now we give the following examples:
2.1 Example

Let R be an associative ring with unity element 1. Let M = M; o(R) and ' = ne”zZ
0

Then M is a I'-ring. Let f : R — R be a generalized triple derivation with associated
derivation d : R — R. Now define
F((x,y))=(f(x),f(y)) and D((x,y))=(d(x),d(y)). Then F is a generalized triple derivation

associated to the derivation d.

. . n1.1 n2.1
To show it consider a = (z1,41), b = (%2, 92), ¢ = (x3,y3) @ = , B = ,

0 0
then aabfc = (r1n1w9nexs3, T1N1T2N2Y3)

And finally we get F(aabfBc) = F(a)abfc + aaD(b)Sc + aabBD(c). F is a generalized
triple derivation associated to the derivation D.

2.2 Example

Let M be a I'-ring defined as in example 2.1. Let N = {(z,z) : x € M }.

Then N is a I'-ring containd in M. Let d be a triple derivation given in example 2.1. Define
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D : N — N is a Jordan triple derivation. Define

() =(1(),(x)).

Then F is a Jordan generalized triple derivation.

n1.1 TLQ.]_
To show it consider a = (z,z), b = (y,y) and o = , B = then

0 0
aabfa = (xniynsx, xniyngex), Faabfa) = F(a)abfa+ aaD(b)fa+ aabBD(a). So F is a

Jordan generalized triple derivation associated to the derivation D.

Note that it is not a generalized Jordan triple derivation.

Lemma 2.1. Let M be a T' ring and d be a Jordan triple derivation of a I" ring M. Then
for all a,b,c € M, we have
d(aabfc+ cabfa) = d(a)abfc+ d(c)abfa + aad(b)Bc + cad(b)Ba + cabfd(a) 4+ aabfd(c).

proof: Computing d((a + ¢)abB(a + ¢)) and cancelling the like terms from both sides,

we prove the lemma.

Lemma 2.2. Let M be a I" ring and d be a Jordan generalized triple derivation on a I’
ring M. Then for all a,b,c € M, we have
flaabBc+ cabfa) = f(a)abfc+ f(c)abBa+ aad(b)Bc+ cad(b)Ba+ cabfd(a) + aabfd(c).

proof: Computing f((a + ¢)abfB(a + ¢)) and cancelling the like terms from both sides,

we prove the lemma.

Definition 1. Let M be a I'-ring. Then for all a,b,c € M and o, B € T we define

la,b, o,z = aabfc — cabfa.

Lemma 2.3. If M is a I'-ring, then for all a,b,c € M and o, € T’
(1) la, b, clap + [c,b,alap =0

(2) la+c¢,b,dlas=[a,b,dlas+ [c,b,d|as

(3) [a,b,c+ dlap = [a,b,clap + [a,b,d]as

(4)la, b+ d, clap = [a,b,clas + a,d, |ags

(5) la,b, clatpy = [a,b, clay + [a, 0, ],

(6) [a,b, clapiy = 0,6, clas + [0, 0, oy
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proof: Obvious

Definition 2. Let d be a Jordan triple derivation of a U'-ring M. Then for all a,b,c € M
and o, f € T we define
Gapla,b,c) = d(aabfc) — d(a)abfc — aad(b)Bec — aabfd(c).

Lemma 2.4. Let d be a Jordan triple derivation of a I'-ring M. Then for all a,b,c € M
and o, B € T' we have
(1) Gopla,b,c) + Gapl(c,b,a) =0

(2) Gopla+c,be) =Gapla,be)+ Gyplc,b,e)
(3) Gapla,b,c+e) = Gapla,b,c)+Gapla,b,e)
(4) Gapla,b+c,e) = Gapla,b,e)+ Gypla,ce)

(5) Ga-ﬁ-%ﬁ(a? b, C) =
(6) Gapiy(a,b,c) =

a,b,c)+ Gy g(a,b,c)
a,b,c) + Gqor(a,b, c).

0575
)

Gl
Ga s

proof: Obvious

Lemma 2.5. If M is a I'-ring , then
Gapla, b, c)yxdla,b, clap + [a,b, clasyr0Gas(a,b,c) =0
for all x € M and ~,0 € T.

proof: First , we compute d(aa(bfcyrdcab)Ba+ca(bBayrdaad)fc) by using the definition

of Jordan triple derivation we get d(a)abfcyrdcabfa+aad(b)BeyrdcabBa+aabfBd(c)yrdcabfa+
aabfcyd(x)ocabfa+aabfeyxdd(c)abfataabBeyrdcad(b) fataabBeyrdcabfd(a)+d(c)abfayrdaabfc+
cad(b) Bayrdaabfc+cabfd(a)yrdaabfctcabfayd(x)daabfc+cabfayrdd(a)abfe+cabfayrdaad(b) e+

cabfayzrdaabfd(c). On the other hand, we d((aabfc)yzd(cabBfa) + (cabfa)yzd(aabSc))

and using lemma 2.1, then we get d(aabfc)yrdcabfa+d(cabBfa)yrdaabfctaabfeyd(x)dcabfa+

cabfayd(x)daabfc + aabBeyrdd(cabfa) + cabBayrdd(aabfc) Since these two are equal,
cancelling the like terms from both sides of this equality and then rearranging them, we
get

Gopla,b, c)yxdla,b, clap + [a,b, clasyr0Gas(a,b,c) =0
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Lemma 2.6. Let M be a 2-torsion free semi prime I'-ring and suppose that a,b € M. If
al'mI'b 4+ bI'ml’a = 0 for all m € M, then aI'mI'b = bI'mI’'a = 0

proof: Let m and m’ be two arbitrary elements of M. Then by hypothesis, we have
(aI'mIb)I'm/T (alI'mI'b) = —(bI'mI'a)I'm/T' (alI'mI'b) = —(bI'(mI'a)I'm/)T'a)I'mI'b) = (al'(mI'aI'm/)I'b)I'mI
al'mI(al'm/'To)I'mI'b) = —al'mI(bI'm/'T'a)I'mI'b) = —(al'mI'b)I'm/T'(aI'mI'b). This im-
plies , 2(aI'mI'b)'m/T'(al'mI'b) = 0. Since M is a 2-torsion free, (al'mI'0)I'm/T' (al'mI'b) =
0
By the semiprimeness of M, al'mI’b = 0 for all m € M. Hence we get ,al'mI'b = aI'mI'b =
0 for all m € M.

Lemma 2.7. Let M is a 2-torsion free prime I'-ring. Then for all a,b,x € M and
a,B,7,0 €T, then Gop(a,b, c)yxdla, b, clas = [a,b,clapgyr0Ga5(a,b,c) = 0.

proof: The lemma is semiler to the proof of [7] corollary 3.11

Definition 3. Let f be a Jordan generalized teiple derivation of a I'-ring M . Then for
all a,b,c € M and o, 8 € T we define

F,5(a,b,c) = f(aabBc) — f(a)abyc — aad(b)Bc — aabfd(c).

Lemma 2.8. Let f be a Jordan generalized teiple derivation of a I'-ring M . Then for all
a,b,ce M and o, €T

(1) Fop(a,b,c)+ Fop(c,b,a) =0

(2) Fopla+c,be)=F,p(a,be)+ F,pg(cb,e)

(3) Fopla,b,c+e)=F,z(a,b,c)+ Fypg(a,b,e)

(4)Fuap(a,b+c,e) = F,pg(a,be) + Fyz(a,ce)

(5) Furso(a,b,) = Fap(a,,) + Fy, (a,b,0)

(6) Frpin(@,5,¢) = Fis(a,b,¢) + Fur (a,b.)

proof: Obvious
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Lemma 2.9. If M is a Prime I'-ring , then
F,p(a,b,c)yzdla,b, clas + [a,b, clasgyrdGap(a,b,c) =0
for all x € M and ~,0 € T.

proof: First , we compute f(aa(bfcyxdcadb)pa + ca(bfayxdaad)Bc) by using the defini-

tion of Jordan generalized triple derivation we get f(a)abBcyrdcabfa+aad(b)Beyrdcabfa+
aabfd(c)yrocabBa+taabfcyd(x)dcabfataabfeyrdd(c)abfa+aabfeyrdcad(b) Bataabfeyxdcabfd(a)+
f(e)abBayxdaabfc+cad(b)Bayrdaabfc+cabfd(a)yrdaabfctcabBayd(x)dacbfctcabBfayrdd(a)abfct
cabfayrdaad(b)fec + cabfayrdaabBd(c).

On the other hand, we compute f((aabfc)yzd(cabBa)+ f(cabfa)yxd(aabfc)+(aabfc)yd(x)d(aabfc)+
(cabBa)vyd(z)d(aabfc)+(aabfc)yrod(cabfa)+(cabfa)yrdd(aabfc) we get d(aabfc)yrdcabBa+
d(cabpa)yrdaabfctaabfeyd(x)dcabfatcabfayd(x)daabfc+aabfeyxdd(cabfa)+cabfayrdd(aabpc)
Since these two are equal, cancelling the like terms from both sides of this equality and

then rearranging them, we get

F, 5(a,b,c)yzdla,b, clap + [a,b, c|apyrdGypa, b, c) = 0.

Lemma 2.10. If M is a Prime I'-ring , then
F, s(a,b,c)yzdla,b,clops =0
forallz € M and v,0 € T.

proof: From lemma 2.9 we get F, g(a,b,c)yzd[a,b, clas + [a,b, clapsyrdGapg(a,b,c) =0
and using lemma 2.5 we get

F, s(a,b,c)yzdla,b, clop = 0.

Lemma 2.11. If M is a semi Prime U'-ring , then
[a,b, ¢|apyxdFy p(a,b,c) =0
forallx € M and ~,0 €T

proof: Since [a,b, c|o 720 Fy g(a, b, c)yzola,b, o gyrdFy 5(a, b, ¢)=0, then by semiprime-
ness of I' ring M we get [a, b, c|o gy2dF o 5(a,b,c) =0

Lemma 2.12. Let M is a 2-torsion free semi prime I'-ring. Then for all a,b, c,u,v,w,x €

M and o, B,7v,6 € T, then F, g(a,b, c)yzo[u, v, w]as = 0.
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Proof: Replacing a by a+-u in the lemma 2.10 we get F,, g(a, b, ¢)yzo[u, b, cla g+ Fu p(u, b, c)yzdla,b, clas =
0. Now F, g(a,b, c)yzd[u,b,clopsyrdFy 5(a,b, c)yxd|u, b, c|q s=

—F, s(a,b, c)yxd[u, b, c|o gyxd Fo 5(a, b, c)yxdlu, b, c]nz = 0 by using lemma 2.6. Since M is

a 2-torsion free semiprime I'-ring , then F, g(a, b, ¢)yzd[u, b, c|o s = 0. Similarly, replacing

b by b+v and ¢ by c+w we get F, g(a, b, ¢)yzd[u, v, w]as =0

Lemma 2.13. Let M is a 2-torsion free prime I'-ring. Then for all a,b,c,x € M and
a,B,7,0 €. Then F, g(a,b,c) =0 or [u,v,w]aps =0

proof:From lemma 2.12 we get F, 3(a,b, c)yxzdu, v, w|ap = 0.

Since M is a prime I-ring, then either F, g(a,b,c¢) =0 or [u,v,w]a s =0

Theorem 2.1. Let M is prime I'-ring, then every generalized Jordan triple derivation is

a generalized triple derivation.

proof: By lemma 2.13, we have F, g(a,b,c¢) = 0 or [u,v,w], s = 0.
case 1: Suppose [u, v, w|, s = 0, then uavfw = wavfu .Therefore, we have from lemma
2.2, f(uavfw) = f(u)ovpw +uad(v)fw + uavfd(w) i.e Jordan generalized triple deriva-
tion is a generalized triple derivation.
case 2: Suppose I, 3(a,b,c) = 0 then f(aabfc) = f(a)abfc+aad(b)Bc+aabfd(c). Hence

Jordan generalized triple derivation is a generalized triple derivation.

Theorem 2.2. Any Jordan triple derivation of a 2-torsion free prime I'-ring is a deriva-

tion.

proof: Consider w = f(aa(byzda)ab)
= f(a)abyxdaadb + aad(byxda)ab + aabyxdaad(b)
= f(a)abyxdaadb + aad(b)yrdaadb + aabyd(x)daab + aabyxrdd(a)ab + aabyrdacd(b)
Again,W = f((aab)yzd(aab)) = flaab)yzdaad + acbyd(z)dacb + acbyzdd(aab)
Comparing the two exprations so obtained for W we obtain ( f(aab)— f(a)ab—aad(b))yxdacab+
aabyzé(d(aab) — d(a)ab — aad(b)) =0
Since d is a derivation , so (f(aab) — f(a)ab — aad(b))yxdaab = 0, Again by primeness
of M, f(aab) — f(a)ab — aad(b) = 0, i.e. fis generalized derivation.
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