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Abstract. Let G be a (p,q) graph. Let f be a map from V (G) to {1,2,...,p}. For each edge zy,
assign the label |f (z) — f (y)|. f is called a difference cordial labeling if f is a one to one map and
lef (0) —ef (1)] <1 where ey (1) and ef (0) denote the number of edges labeled with 1 and not labeled
with 1 respectively. A graph with a difference cordial labeling is called a difference cordial graph. In this
paper, we investigate the difference cordial labeling behavior of G ® P,,, G ®mK; (m =1,2,3) where G

is either a unicycle or a tree and G; ©® G5 where GG; and G are some more standard graphs.
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1. Introduction Throughout this paper we have considered only simple and undi-
rected graphs. Let G = (V| F) be a (p,q) graph. The number |V| is called the order
of Gand the number |E| is called the size of G. The concept of difference cordial la-
beling has been introduced by R. Ponraj, S. Sathish Narayanan and R. Kala in [3]. In
3, 4], difference cordial labeling behaviour of several graphs such as path, cycle, complete
graph, complete bipartite grpah, bistar, wheel, web and some more standard graphs have

been investigated. In this paper we investigate the difference cordial labeling behaviour
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of GO P,, GOmK; (m=1,2,3) where G is either a unicycle or a tree, crown C,, ® K7,
comb P,® Ky, P,©®C,,, C, ©C,,, W,, ®© Ky, W,, ©2K;, L, ® Ky, L, ®2K; and L, ® K.
Let = be any real number. Then |z] stands for the largest integer less than or equal to x
and [z] stands for smallest integer greater than or equal to x. Terms and definitions not

defined here are follow from Harary [2].

2. Difference Cordial Graph

Let G be a (p,q) graph. Let f : V (G) — {1,2,...,p} be a bijection. For each edge
wv, assign the label |f (u) — f (v)|. f is called a difference cordial labeling if f is 1 — 1
and |ef (0) — ey (1)| <1 where ey (1) and e (0) denote the number of edges labeled with
1 and not labeled with 1 respectively. A graph with a difference cordial labeling is called

a difference cordial graph.
3. Main results

Now we look into the corona of G with H. The corona of G with H, G ® H is the graph
obtained by taking one copy of G and p copies of H and joining the i vertex of G with
an edge to every vertex in the i*" copy of H. C, ® K is called the crown and P, ® K; is

called the comb. Now we have the following.

Theorem 3.1. Let G be a (p, q) graph. If G satisfies any one of the following then GO P,

is difference cordial.
(1) G is a tree.
(2) G is a unicycle.

(3) g=p+1.

Proof. Let V(G) = {u;: 1 <i<p} and P! : vivy... v} be the i’ copy of the path.
V(GO P) =V(G)UV (B and E(G® P) = E(@)U U {uvl: 1<) <n} UE(PY).
Clearly the order and size of G ® P, are (n + 1)p and 2an:1— p + q respectively. We now
define an injective map from the vertex set of G ® P, to the set {1,2...(n+ 1)p} as
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follows:

Case 1: G is a tree.

In this case, e (0) = np — 1 and ef (1) = np. Therefore, f is a difference cordial labeling.
Case 2: G is a unicycle.

Since ey (0) = np and ef (1) = np, f is a difference cordial labeling.

Case 3: ¢=p+ 1.

In this case, ef (0) =np+ 1 and ey (1) = np. Hence, f is a difference cordial labeling.

Theorem 3.2. Let G be a (p,q) graph. If G satisfies any one of the following then
G omK, (m=1,2,3) is difference cordial.

(1) G is a tree.
(2) G is a unicycle.

(3) g=p+1.

Proof. Let V (G) = {u; : 1 <i < p}.

Case 1: m = 1.

The proof follows from theorem 3.1.

Case 2: m = 2.

Let V(GoO2K;) = V(G) U {v,w;:1<i<p} and E(GO2K;) = FE(G) U
{uvi, uw; : 1 <14 < p}. Note that G ® 2K has 3p vertices and 2p + ¢ edges.

Subcase 1: G is a tree.

Define a one to one map from the vertex set of G ® 2K to the set {1,2,...3p} as follows:

Flu) = 3i—2 1<i< g
flo) = 3i—1 13@3_2_
flw) = 3 195_%9_
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Va . . p

p = - — < < il
f(“(a ) 3 5 +3i—-1 1<i< 5
[P e P

f Ug ) = 3 5 + 37— 2 1§z§_2_
_ o [P] » | P
f(wg ) = 32 + 37 1§z§_2_.

Here e; (0) =p— 1+ [2] and e; (1) =p+ |Z]. Hence, f is a difference cordial labeling.
Subcase 2: G is a unicycle.

Label the vertices of G ® 2K as in case 1. In this case, ef (0) = p+ [2]. e (1) =p+ | E].
It follows that f is a difference cordial labeling.

Subcase 3: ¢ =p+ 1.

Label the vertices u;, v; and w; (1 < < [gw (ﬂ +1<:< p) as in case 1. Now
assign the labels 3 [gw -1,3 (%W —2and 3 (%W to the vertices Ufe]s V2] and wrp) te-
spectively. Here ey (0) =p+ [E] and ey (1) =p+ [2] + 1.

Case 3: m = 3.

Let V(GO3K;) = V(G) U{v,w,z:1<i<p} and E(G®3K;) = FE(G) U
{uvi, wsw;, wiz; 1 < i < p}. The order and size of G ® 3K are 4p and 4p+ g respectively.
Define amap f:V (G ©3K;) — {1,2,...4p} by

flw) = 4i—-2 1<i<p
fv) = 4—-3 1<i<p
flw) = 4i—1 1<i<p

flz) = 4i 1<i<p.

Subcase 1: G is a tree.

Now ef (0) = 2p—1 and ef (1) = 2p. Therefore, f satisfies the edge condition of difference
cordial labeling.

Subcase 2: G is a unicycle.

In this case, ef (0) = 2p and ey (1) = 2p. Hence f is a difference cordial labeling.
Subcase 3: ¢=p+ 1.

Here e (0) = 2p+ 1 and e; (1) = 2p. This implies, f is a difference cordial labeling.
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Corollary 3.3. The crown C, ® Ky s difference cordial.

Corollary 3.4. The comb P, ® K is difference cordial.
Next we look into the graph P, ® C,,.

Theorem 3.5. P, ® C,, is difference cordial.

Proof. Let P, be the path ujuy ... u, and let C¢, : vivi...vivi be the i copy of the

cycle C,,. Therefore V (P, ® C,,) = V(P,)U JV (C!) and E(P, ®C,,) = E(P,) U
i=1

U E(C},)uU {uw! : 1 < j <m}. Clearly, P,0Cy, has n (m + 1) vertices and 2mn+n—1

i=1 i=1

edges. Define f: V (P, ® Cy,) — {1,2,3...n(m+ 1)} by f (u1) =m=+1, f (ug) = m+2,

f)=4, 1<j<m, f(v])=m+2+j, 1<j<m,

fugisr) = fugim) +2m+2 1<i<22% if n=1(mod 2)
1§i§"7_2 if n=0(mod 2)
[ (ugir2) = f (ug) +2m+ 2 1<i<22 if n=1(mod 2)
1§i§"7_2 if n=0(mod 2)
f(vjz-”l) :f(vjz-i_l) +2m+2 1<:< ”T_l if n=1(mod 2)
1§i§"7_2 if n=0(mod 2)
f(vjz-”z) :f(vjzi) +2m+2 1<i< ”T_l if n=1(mod2)
1§i§"7_2 if n=0(mod 2).

The table 1 shows that f is a difference cordial labeling.

Nature of n er (0) er (1)

n=>0 (mod 2) 2mn+n—2 2mn+n

2 2
_ 2mn+n—1 2mn+n—1
n =1 (mod 2) 5 5
TABLE 1

Example 3.6. The difference cordial labeling of Py ® Cs is given in figure 1.

Figure 1
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Theorem 3.7. C, ® C,, s difference cordial.

Proof. The graph C, ® C,, is obtained from P, ® C,, by adding the edge uju,. Assign
the labels to the vertices of C,, ® C,, as in theorem 3.5. In this graph, when n is odd,
er (0) = 2mdntl and ep (1) = 222l When n is even, e (0) = ey (1) = 22242,

Therefore f is a difference cordial labeling.

Now we investigate the difference cordiality of corona of W,, with K, and 2Kj;.
Theorem 3.8. W,, ® K is difference cordial.
Proof. Let W, = C, + K; where C, is the cycle uwjus...uu; and V (Ky) = {u}.
Let VW, 0 Ky) = VW, U{vj,w; :1<i<n+1} and E(W,, © Ky) = E(W,) U
{w;vi, ww;, UWop 11, YW1, VWs, VpriWney - 1 <4< n}. Note that W,, ® Ky has 3n + 3
vertices and 5n + 3 edges. Define a one-one function f from V (W,, ® K5) to the set

{1,2...3n + 3} as follows:

Case 1: n is even.

flugia) = 6i—3 1§Z’§g
fluw) = 6i-2 1<i<?
fvaia) = 6i—5 1§¢§g
fvy) = 6i—1 1§Z’§g
f(wy—1) = 6i—4 1§Z’§g
flwy) = 6i lﬁiﬁg

fu)=3n+1, f(vp41) =3n+2and f (wye1) = 3n+ 3.

Case 2: nis odd.

Assign the labels to the vertices u;, v; and w; (1 <i<n—1), u, v,41 and w,; as in case
1. Then, label the vertices u,, v, and w, by 3n — 2, 3n — 1 and 3n respectively. The

following table 2 proves that f is a difference cordial labeling.

Nature of n | e (0) | e (1)

n=>0 (mod 2) 5n+2 Sn+4

2 2
n=1(mod 2)| 22 | i3

TABLE 2
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Theorem 3.9. W, ® 2K, is difference cordial.

Proof. Let W,, = C, + K; where C, is the cycle ujusy...uu; and V (K;) = {u}.
Let V(W,©2K,) = V(W,) U{v,w;: 1 <i<n+1} and E(W, ©2K,) = E(W,) U
{uvi, uyw; : 1 <i < n}pU{uv,yq,uw,11}. Define f: V (W, ©2K;) — {1,2...3n+ 3} by

flu) = 3i—1 1<i<n
f(v) = 3i—2 1<i<n

fuw)=3n+1, f(vp41) =3n+2 and f(w,41) = 3n+ 3. Since ef (0) = ef (1) = 2n + 1,
f is a difference cordial labeling of W,, ® 2Kj.

The gear graph G,, is obtained from the wheel W,, by adding a vertex between every
pair of adjacent vertices of the cycle C),. Let V (G,) =V (W,,) U{v; : 1 <7 <n} and
E(Gy) = EW,) U{uw;,vjujy 1 <i<n, 1<j<n}—E(C,).

Theorem 3.10. G,, ® K, is difference cordial.

Proof. Let V(G,0 K;) = V(G,) U{w;,x;:1<i<n}U{w} and E (G, ®© K;) =
E (Gp) U{ww;,viz; » 1 <i<n}U{uw}. The order and size of G, ©® K are 4n + 2 and
5n + 1 respectively. Define a one-one map f: V (G, ® K1) — {1,2,...4n + 2} as follows:

flo) = 4i—1 1<i<n
flz) = 4 1<i<n
Flu) = 4i—2 1<i< g
Flw) = 4i—3 1<i< g
Foggpn) = 4l3)+4i-3 1=i<[3
N T S

f(u) =4n+ 1 and f(w) = 4n + 2. The following table 3 proves that f is a difference
cordial labeling of G,, ® Kj;.
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Nature of n | e (0) | ef (1)

n=0(mod2)| 2 | =&t
n=1(mod 2)| 2 | 2t
TABLE 3

Theorem 3.11. G, ® 2K is difference cordial.

Proof. Let V(G,®2K;) = V(G,) U {w,w;,z;,z;:1<i<n} U {w,w'} and
E (G, ®2K,)=E(G,)U {uiwi,uiw;, Vs, vty 0 1 <0 < n} U {uw, uw/}. The order and
size of G,, ® 2K, are 6n + 3 and 7n + 2 respectively. Define a map f: V (G, ©2K;) —
{1,2,...6n + 3} as follows:

flu) = 6Gi—4 1<i< ‘%”
Flw) = 6i—5 1<i< ‘%"
f(w;> — 6i—3 1<i< %”
f( ) —6_3—n_+6'—5 1<i< |
Ulel+i) = 1 ! ='=17]
f( )—6_3—n_+6—4 1<i< |
Yrel+i) = 1 ! ='=17]
f(' )—6_3—n_+6—3 1<i<|m
REAE/ R PN == 14l

f(v)=6i—1 1<i<[2] if n=0,23(mod 4)
Sl if  p=1(mod 4).

f () =6i—2 1<i<[2] if n=0,23(mod 4)
i n=1(mod 4).

f(z;) = 6i 1<i< |2 if n=0,23(mod 4)
L if n=1(mod4).
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in) - ofBfen asiepz]

Case 2: n =1 (mod 4).

In —1 . o n—1

f('UBnIl_,’_Z-) = 5 + 67 1< < 1
9 1 ) ) —1

f<[K3n4+1+i) = n;— + 61 1< < n4
/ In+3 . on—1

f<$3n4+1+i) = 9 +6Z 1§Z S 1

fu)y=6n+1, f(w)=6n+2 and f (w/) = 6n + 3. The following table 4 shows that f
is a difference cordial labeling of GG,, ® 2Kj.

Nature of n | ef(0) | ef (1)

n =0 (mod 2) | 2 | Tt2

2 2
n=1(mod 2) | Tkl | T3
TABLE 4

Theorem 3.12. G,, ® K s difference cordial.

Proof. Let V (G, ® Ky) =V (G,)U{w;, wy, x5, 2; 1 1 < i < n}Uuf{w,w'} and E (G, © K>)
= F(G,)U {u,-wi, uiw;,wiw;,vix,-, v,w;, x,x; 1< < n} U {uw, uw/,ww/}. The order and
size of G, ® K5 are 6n + 3 and 9n + 3 respectively. Define a map f : V (G, ® K3) —
{1,2,...6n + 3} as follows:

flu) = 6i—3 1<i< g
flw) = 6i—4 1<i< g
f<w;) — 6i—5 1<i< g
f(uL%JH.) - 6_g_+6z‘—5 1§z’§_g_
f(wL%JH.) - 6_g_+6z‘—4 1§z’§'g_
f(wmﬂ.) - 6_g_+6z’—3 195'%_

S~
<
~—
I
D
~.
I
[\
—_
AN
~
AN
N
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f@g = 6i—1 1<i<n

f(u)=6n+1, f(w)=6n+2 and f (w') = 6n + 3. The following table 5 shows that f
is a difference cordial labeling of G,, ® Kj.

Nature of n | e (0) | ef (1)

n=0(mod 2)| 2= |

n=1(mod 2) | 23 | 9nt3

TABLE 5

C,, x Py is called a prism. Let V (C,, X Py) = {u;,v; : 1 <i<n} and E(C, x P,) =

{uitivr, vivigr 0 1 <i<n—1} U{uw; 0 1 <i <n}U{ujuy,, vio,}.
Theorem 3.13. (C,, X P,) ® K is difference cordial.

Proof. Let V ((C, x P,) © K1) =V (Cy, X P)U{x;,y;: 1 <1 <n}, E((C, x P,) ® K;)
= FE(C, x Py)U{ux;,viy; - 1 <i <n}. Define f:V ((C,, X Py) ® K1) = {1,2...4n} by

Flusit) = 4i—2 1<i< g
fwai1) = 4i—3 1<i< 3]
Fluy) = 4i—1 1§i§_g
Flre) = 4i 1§i§{g

fv,)) = 2n+2i—1 1<i<n
fly;) = 2n+2i 1<i<n.

The following table 6 shows that f is a difference cordial labeling of (C,, x P;) ® Kj.

Nature of n | e (0) | e (1)

n=0(mod?2)| 22 on

2 2
_ 5n+1 Sn—1
TABLE 6

Theorem 3.14. (C, x P,) ® 2K, is difference cordial.
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Proof. Let V((C,x P)®2K;) = V(CyxP) U {x,2;,y:,y,:1<i<n} and
E((Cpx P)®2K,) = E(C, x P,) U {uizi,uix;,viyi,viy; 1<i< n} Define a map
f:V((ChxP)®2K,) —{1,2...6n} by

flu) = 3i—1 1<i<n
flz) = 3i—2 1<i<n
f@g — 3 1<i<

fv) = 3n+3i—1 1<i<

Fly) = 3n+3i—2 1<i<

-1 3
NS oS
[ —

= 3n+ 3 1<i <

3 +3n+ 31— 2

N3 o3 o3

= 3

~
/N
4
-
n[3
—
. T
N~ ~— ~—
Il
1
]
—_
IN
-~
IN

+3n+3i—1 1< <

3|=| +3n+3i 1<i<

NS SIS oS

~
/N
Qd ~
I
©f3
JR—
S
—
|
1

The following table 7 shows that f is a difference cordial labeling of (C,, x P,) ® 2Kj.

Nature of n | e (0) | e (1)

n=0(mod2)| X T
n =1 (mod 2) 7"2_1 %
TABLE 7

Theorem 3.15. (C,, X P,) ® K3 is difference cordial.

Proof. Let V((C,xP)OK,) = V(CyxP) U {z,z;,y5,y,:1<i<n} and
E(C,x P)® Ks) = E(C, x P,))U {uixi,uix;,xix;,viyi,viy;,yiy; 1< < n} The or-
der and size of (C, x P,) ® Ky are 6n and 9n respectively. Define a map f :
V((Ch x P) ® Ky) = {1,2...6n} by
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fluzy) = 6i—3 1<i< g
f(xai1) = 6i—4 1<i< 3]
f(xgz_l) — 6i—5 193_%—
flu) = 6i—2 1<i< |3
[ (z) = 6i 1< < g
f(:c;i) = 6i—1 1<i< g

fv;)) = 3n+3i—2 1<i<n
fly) = 3n+3i—1 1<i<n

f(yé) — 3n+3i 1<i<n.

Nature of n | e (0) | ef (1)

n=0(mod2)| 2 on

2 2
n=1(mod 2) | 2 | -l
TABLE 8

L, = P, x P, is called a ladder. We now investigate the difference cordial labeling

behavior of the corona of L, with K,,, 2K; and Ks.

Theorem 3.16. L, ® K; is difference cordial.

Proof. Let V (L, = {u,v;:1<i<n} and E(L,) = {wv;:1<i<n} U
{uwiis1,vivi 1 <i<n—-1}. V(L,0K;) = V(L,) UA{w;,z;:1<i<n} and
E(L,®K,) = E(L,) U {ww;,vx;: 1 <i<n}. Define a map f : V(L,® K;) —
{1,2...4n} as follows:
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Case 1: n is odd.

f (Ugi_l) = 44— 2

f(UQZ) = 41—1

f (wgi_l) = 4Z — 3

flwy) = 4i

fvi) = 2n+2+1

—_
IN

—_
IN

—_
IN

1

IN

IN

IN

IN

?

IN
N

n—1
2

1<i<n—-1

1<i:<n-1.

f(u,) =2n, f(w,) =2n—-1, f(v,) =2n+ 1 and f(x,) =2n+ 2.

Case 2: n is even.

1249

Label the vertices u; and w; (1 <i<n —1)asincase 1. Define f (u,) =2n—1, f (w,) =

2”7 f (Un> = 372,, f (xn) = 472,, f (Uz> = 2n+i7

The following table 9 shows that f is a difference cordial labeling of L,, ® Kj.

1 <i<n-1, f(z;) = 3n+i,

Nature of n | e (0) | ef (1)
n =0 (mod 2) % 5"2—_2
n =1 (mod 2) 5"2_3 5"2—_1

TABLE 9

Theorem 3.17. L, ® 2K, is difference cordial.

1<i<n-1.

Proof. V (L, ®2K;) =V (L,)U{w;,w;, z;,2; : 1 <i <n} and E (L, ®2K;) = E (L,)U

{uiwi,uiw;,vixi,vix; 1< < n} Define a map f : V (L, ®2K;) — {1,2...6n} as

follows:

= 3i—1
= Ji—2
= 3
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—2
Flv) = 3n+3i—1 195{”2
n—2 . n-+2
= —= — <i<
f(v[Tﬂﬂ) 3n+3{ 5 —‘—1-31 2 1_1_{ 7|
-2
Fz) = 3n+3i—2 1§zg[”2
n—2 n+2
ne = _ ) — <1 <
I (o) 3n+3[ —‘—1-31 1 1_1_{ . J
’ n—2
. = } <1 <
f(xl> 3n + 31 1_@_[ 5 -‘
n—2 n+2

f(Trazyys) = 3n+3[ > W+3z 195{ . J

The following table 10 shows that f is a difference cordial labeling of L, ® 2Kj.

Nature of n | e (0) | e (1)

n =0 (mod 2) # %

n =1 (mod 2) 7"2_3 —7"2_1

TABLE 10

Theorem 3.18. L, ® K is difference cordial.

Proof. V (L, ® K») =V (L,) U {w;, w;,z;,2;: 1 <i<n} and E(L, ® K5) = E (L,) U
{uiwi, uiw;, wiw;, VT, UZ'LL’;, xlx; 1< < n} Define an injective map from the vertices of
L, ® K5 to the set {1,2...6n} as follows:

Case 1: n is even.

flug ) = 6i—3 1§¢§{%J
flus) = 6i—2 1325{%
f(wyiny) = 6i—4 1<i< |7
fwy) = 6i 1<i< |
() - s rsis
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f(w;i) — 6i—1 195{%

fv) = 3n+i 1<i<n
flz;)) = 4n+2i—1 1<i<n
f(x;) — An+2 1<i<n.
Case 2: n is odd.
Label the vertices u;, w; and w; (1 <i<mn—1)and v;, z; and ; (1 <i<n) as in case

1. Define f(u,) = 3n —2, f(w,) = 3n and f (w,) = 3n — 1. The following table 11
shows that f is a difference cordial labeling of L,, ® K.

Nature of n | e (0) | ef (1)

n=0(mod 2) | 22 | 9n=2

2 2
_ In—1 In—3
n = 1 (mod 2) B G
TABLE 11
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