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1. Introduction

Bedregal and Takahashi [4] introduced interval fuzzy connectives as an extension for fuzzy
connectives. This concept provides tools for approximate reasoning and decision making with
a frame work to deal with uncertainty and incompleteness of information [1-3]. Georgescu
and Popescue [5-7] introduced pseudo t-norms and generalized residuated lattices in a sense
as non-commutative property. Kim [11] introduced pairs of (interval) negations and (interval)
implications. which are induced by non-commutative property. Let (L,A,V,®,—,=,T,1)
be a complete generalized residuated lattice with the law of double negation defined as a =

ni(ny(a)) = na(ny(a)) where nj(a) =a = L and np(a) = a — L (ref. [5-7,11]). We consider
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a pair of two implications defined by a = b =\/{c|a®c <b}anda — b= \/{c|cOa < b}.
Moreover, we consider a pair of two negations defined by a = 1 anda — L.

In this paper, we construct pairs of interval negations and interval implications from pairs of

negations and implications. Moreover, we investigate their properties and give examples.
2. Preliminaries

In this paper, we assume that (L, V, A, L, T) is a bounded lattice with a bottom element L and
a top element T. Moreover, we define the following definitions in a sense as non-commutative
[5-7] and interval property [1-4].
Definition 2.1.[11] A pair (n,n;) with maps n; : L — L is called a pair of negations if it satisfies
the following conditions:

(ND) n;(T)=L,n;(L)=T foralli € {1,2}.

(N2) n;(x) > n;(y) forx <yandie€{1,2}.

(N3) nj(na(x)) = na(ny(x)) = x for all x € X.
Definition 2.2.[11] A pair (I},1;) with maps I},I : L x L — L is called a pair of implications if
it satisfies the following conditions:

M) LT, T)=L(LT)=LL1,1)=T,(T,L)= 1 foralli e {1,2}.

(I2) If x <y, then I;(x,z) > Ii(y,z) for all i € {1,2}.

(I3) I(T,x) =xforallxe Land i € {1,2}.

14) I, (x,1(y,2)) = L(y,I1(x,z)) for all x,y,z € X.

15) L (I(x, L), L) =hL(L(x,L1),L)=x.

Let L) = {[x;,x2] | x1 < x2,x1,X%2 € L} where [x],x;] = {x € L | x; <x <x,}. We define
[x1,x2] < [y1,x2], iffx; <yi, 20 <y
[x1,22]) C [y1,¥2], iff y1 <xp <xp <y

I([x1,x2]) = x1, r([x1,x2]) = x2.

Definition 2.3.[11] A pair (N;,N,) with maps N; : L2 — L is called a pair of interval nega-

tions if it satisfies the following conditions:
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(IND N;([T, T]) = [L, L], Ni([L, L]) = |
(IN2) If [x1,x2] < [y1,¥2], then Ni([y1,y2]) < Ni([x1,x2]) foralli € {1,2}.
(IN3) If [x1,x2] C [y1,¥2], then Ni([x1,x2]) C Ni([y1,y2]) foralli € {1,2}.
(IN4) Ny (N2 ([x1,x2])) = No(Ni ([x1, x2])) =

T,T]forallie {1,2}.

[x1,x2] for all [x;,x;] € L.

Definition 2.4.[11] A pair (I}, I,) with maps I}, 1, : LI x L2 — L2l is called a pair of interval
implications if it satisfies the following conditions:

M) LT, TLIT, T]) = (L, LLIT, T = L(L, L [L, L)) = [T, TL LT, T] [, L) =
[L, L] forallie {1,2}.

(I12) If [x1,x2] < [y1,y2], then L;([x1,x2], [z1,22]) > Li([y1,¥2], [z1,22]) forall i € {1,2}.

(I13) If [x1,x2] C [y1,y2], then Li([x1,x2], [z1,22]) C Li([y1,¥2], [z1,22]) forall i € {1,2}.

(114) L;([T, T], [x1,x2]) = [x1,x2] forall i € {1,2}.

M5) L (fr1sx2], L2y, y2ls [21,22])) = Ta (v, vl L ([, x2), [21,22])) for all [x1, x2], [y, 2], [21,22] €
L2,

116) I (Ta([x1,x2], [L, L)), [L, L]) = T (L (1, 2, [L, L)), [L, L]) = [xr,x2).

Theorem 2.5.[11] LetN; : L2 — L pe a pair of interval negations. Then we have the following
propetrties.

(1) Define maps &,E :L—Las

Then N;([x1,x2]) = [&(xz),ﬁi(xl)].

(2) (N1,N2) is a pair of negations such that
N =N N =N
(3) We define maps 1; : L2 s L — L2 g
L (1, x2], [y1,32]) = Nu(xn, x2]) V [y, v,
L ([x1,x2], [y1,y2]) = Na([xr, x2]) V [y1, 32

Then (1,,1,) is a pair of interval implications.
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Theorem 2.6.[11] Let (I;,1,) be a pair of interval implications on L2, e define

Li(x,y) = 1(Ti(fe,x], [yy]), Lixy) = r(T(fx,d, [y,3]))-

Then we have the following properties:

(1) If [y1,¥2] < [21,22], then
L ([x1,x2], [y1,32]) < Li([xr,x2], [21,22]).
(2) If [y1,y2] C [21,22), then

11([)61,)62], [y17y2]) - Il([xlvxz]a [21,22])~

(3) Li([x1,x2], [y1,¥2]) = [Li(x2, 1), Li(x1,y2)]-

(4) If , for each x,y € L, there exists z € L such that I;([x,x], [y,y]) = [z,2], i = 1,2, then (I, 1)
is a pair of implications such that
L-T,L-L.
(5) Define maps N; : L2 — 12 g
Ni(brersx2]) = L (fer, %2, [, L)),
No([x1,22]) = B ([x1, %2, [, L]).
Then (N1,N3) is a pair of interval negations.
(6)

L (N2([y1,32]), No([x1,x2])) = Lo ([x1,x2], [y1,32]),

L (N1 ([y1,y2]),Ni([x1,x2])) = Li([x1,x2], [y1,32])-

3. Properties of interval implications

Theorem 3.1. Let (ny,ny) be a pair of negations on L. Then we have the following properties.

(1) Define maps I; : Lx L — L as

I (x,y) =n1(x) Vy, L(x,y) =na(x)Vy.
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Then (I1,1,) is a pair of implications.

(2) Define maps N; : L2 — 2] g

Ny ([x1,%2]) = [11(x2),m1 (x1)], No([x1,x2]) = [12(x2),m2(x1)]

Then (N1,N3) is a pair of interval negations such that

N;(x) = N;(x) = n;(x),

N;([x1,x2]) = [Ni(x2),Ni(x1)].

(3) For maps I; in (1), we define maps 1; : L2 s LRl — 2] g
i ([x1,x2], [y1,32]) = [n1(x2) Vy1,m1(x1) V y2],

L([x1,x2], [y1,¥2]) = [n2(x2) Vy1,m2(x1) V 2.

Then (11,1y) is a pair of interval implications such that 1;(x,y) = n;(x) Vy = Li(x,y) and

L([x1,x2], [1,y2]) = Li(x2,31), Li(x1,32)]-

Proof. (1) A1) Ii(T, L) =ni(T)V L= L (L, L) =m(L)VL=L=05(LT)=LT,T).

(I2) If x < y, then n (x) > n;(y). Then [;(x,2) > [;(y,2)-

(13) Ii(T,x) = ni(T) Vx = x.

(14) I (x, h(3,2)) = m1 (5) V2 (0) V 2 = B3, 11 (x,2)).

(5) I (I (x, L), L) = ni(n2(x)) = x = na(n1 (x)) = L(Li (x, L), L).

Hence (11, 1>) is a pair of implications.

(2) AND Ni([L, L]) = [T, T] and N;([T, T]) = [L, L].

(IN2) If [x1,x2] < [y1,32], then Ni([y1,y2]) = [ni(y2),n:(y1)] < [mi(x2),mi(x1)] = Ni([x1,x2])
forallie {1,2}.

(IN3) If [x1,22] C [y1, 2], thenyy <x1 <xp <ya. So, mi(y1) > ni(x1) > ni(x2) > ni(y2). Thus,
Ni([x1,x2]) € Ni([y1,y2]) forall i € {1,2},

(IN4)

Ni(Na([x1,x2])) = Ni([(n2(x2), n2(x1)])
= [n1(n2(x1)),n1(n2(x2))] = [x1,%2]

Similarly, Np (N ([x,x2])) = [x1,%]. for all [x;,x,] € L.
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Ni([x1,x2]) = [n1(x2), 1 (x1)] = [Ni(x2), Nj(x1)].

(3) (I11)
L([T, T [ L) = [m(T) v Lm(T) v L] = [L, 1],
L(L, LT, T]) = (L) v T m(L) vV T]=[T,T],
L([L L) L L) = [T, TT=L(T, TL[T, T]).
(M2) If [x1,x2] < [y1,y2], then n;(y;) < n;(x1) and n;(y2) < ni(x;). Thus,

Li([x1,x2], [z1,22]) = [ni(x2) V 21, mi(x1) V 22]
> [ni(y2) Vzi,ni(y1) Vzol = Li([y1,y2], [z1,22]).

(II3) If [x1,x2] C [y1,y2], then yy <x1 <x2 <yp and mi(y1) > ni(x1) > ni(x2) > ni(y2). So,

L ([x1,%2], [z1,22]) = [ni(x2) V z1,mi(x1) V 22]

C [ni(y2) Vzi,ni(y1) Vz2] = Li([y1, 2], [21,22))-

(I14)
L([T,T],[z1,22]) = [m(T) Vz1,m(T) Vz2] = [21,22]-

(115)

I ([x1,x2), L2 ([y1,32], [z1,22]))

= Ly ([x1,x2], [n2(y2) Vz1,m2(y1) V 22])

= [n1(x2) Vna(y2) Vzi,ni(x1) Vo (y1) V 22

= [n2(y2) Vi (x2) Vzi,ma(y1) Vi (x1) V 22

= L([y1,y2], i (1, x2], [21,22]))-

(116)

L (L2 (fx1, 2], [L, L)), [L, L])

L ([n2(x2) V Lyna(x1) vV L], [ L, L])
[n

=[x

1(n2(x1)) vV L, np(na(x2)) vV L]

- 17x2]'
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Thus (I;,I5) is a pair of interval implications.
L([xr,x2], [y1y2]) = [ni(x2) Vyr,mi(xi) Vo]
= [ni(x2),ni(xn)] V [y1, 2]

= Ni([x1,x2]) V [y1,y2].

Moreover, Li(x,y) = nj(x) Vy = Li(x,y) from

LT ([, x], [y, y])) = L([ni(x) V y,ni(x) V y])
r(Xi([x,x], [y,3])) = ni(x) Vy = Li(x,y),

Li(x,y)

Li([x1,x2], [y1,2]) = [ni(x) Vy,ni(x) V]

= [Li(x2,y1),Li(x1,y2)].

Example 3.2. Let (L,A,V,®,—,=, T, 1) be a complete generalized residuated lattice with
the law of double negation defined as a = nj(nz(a)) = na(ni(a)) where nj(a) =a = L and
ny(a) =a— L (ref. [5,6]).

(1) A pair (n1,n,) is a pair of negations.

(2) By Theorem 3.1, (I},1>) is a pair of implications such that
Li(xy)=nm(x)Vy=(x=1)Vy,

L(x,y)=n(x)Vy=(x— L)V

(3) Define maps N; : LB — L a5
Ni([x1,x2]) = [x2 = L,x;1 = L], No([x1,x2]) = [x2 = L,x; — L].
By Theorem 3.1, (N, N») is a pair of interval negations such that
Ni(x) =Ni(x) =ni(x) =x= 1,

No(x) =No(x) =np(x) =x— L.

(4) For maps [; in (2), we define maps I; : L2 L12] 5 2] a6
Il([Xl,Xz], [yl»)’Z]) - [(xz = J—) \/y17 ('xl = J—) \/)’2]7

L ([x1,x2], [y1,y2]) = [(2 = L) Vyr, (x1 = L) Viyol.
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By Theorem 3.1, (I}, 1) is a pair of interval implications such that

L(xy) =(@x= L) Vy=I(xy),

L(x,y) = (x = L) Vy=I(x,y).

Example 3.3. Put L = {(x,y) € R? | (%, 1) < (x,y) <(1,0)} with a bottom element (%, 1) and a

top element (1,0) where

(x1,51) < (x2,¥2) € x1 < x3 or x; =x2,y1 < yo.

Put 11 (x,y) = (5, =2), n2(x,y) = (&, 1~ £). Then (n1,n2) is a pair of negations from:

nl(nZ(x7y)) = (X,y), n2(n1(x7y)) = (X,y)-
From Theorem 3.1, we obtain a pair of implications (/,1) as follows:

Li((x1,1), (x2,32)) = n1(x1,y1) V (x2,)2)

11— 11—
(Ev xj)z)?(mv xlyl)]a

x2,y2),m2(x1,y1)]

S
[\
Py

1 1
(Ea _2yx_22)7<ﬁa _2%1)]
From Theorem 3.1, a pair of interval implications (I}, 1) is defined I; : L2 112l 5 2] a5

L ([(x1,31), (2, 32)]5 [(z1,w1), (22,w2)])
= [n1(x2,y2) V (z1,w1), 71 (x1,¥1) V (22, W2)]
(2, 522)V (2, w), (2, 52V (z2,w2)]

= Ni([(x1,31), (2, 32)]) V [(z1,w1), (22, w2)]-
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L([(x1,31), (x2,32)]; [(z1,w1), (22, w2)])
= [m2(x2,2) V (z1,w1),m2(x1,1) V (22, w2)]
= [(z5: 1= 32) V (21, w1), (375 1 = 25) V (z2,w2)]
=No([(x1,31), (x2,32)]) V [(z1,w1), (22, w2)]-
Since I ([(x,5), (5, 0)], [(z W), (z,w)]) = [(5, =2) V (2, W), (5, 22) V (z,w)], it satisfies the

condition of Theorem 2.6(4). Thus (I;,I,) is a pair of implications such that

L (), (2,w) = LI ([(x,3), (6, 9)]; [(z W), (2,w)])
=1([(£, 5V (@w), (£, 5 V(@ w)

=r([(&, 5DV @w), (. 52) V(2 w)

= (5. 52V (@w) =Ti((x,), (z,w))

L((x,y), (z,w)) = I(L([(x,y), (x,9)]; [(z,w), (z,w)])
:l([(%cvl_%)v(sz)v(%{vl_%)v(szﬂ)
=r([(g0: 1= 2) V (2:w), (35,1 = 30) V (zw)])

Moreover,
L([(x1,31), (x2,32)], [(z1,w1), (z2,w2)])

= [Li((x2,y2), (z1,w1)), Li((x1,1), (z2,w2))].

Theorem 3.4. Let (L,\/,A\, T, L) be a bounded lattice and (I,,1>) an pair of implications on L.
We define

ny(x) =I(x, 1), na(x) =hL(x,1).

(1) (n1,n2) is a pair of negations.

(2) Ii(n2(y),n2(x)) = L (x,y) and b(n1(y),n1(x)) = L (x,y).
A)Ify <z then Ii(x,y) < Ii(x,z).

(4) For maps I in (1), we define maps I; : L x L2 — L g¢

L (fer, 2], [y1,32]) = [ (2, 31), 1 (x1,2)]

D ([x1,x2], V1,32]) = [R2(x2,31), L2 (x1,52)]-
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Then (11,1y) is a pair of interval implications such that 1;(x,y) = I;(x,y) = Li(x,y) and
L([x1,x2], y1,y2]) = Li(x2,31), Li(x1,32)]-
(5) Define maps N; : L2 — 12 g
Ni(fersxa]) = [0 (e, L), 11 (e, L],

No([x1,x2]) = [l (x2, L), I (x1,L)].

Then (N1,N,) is a pair of interval negations such that

Proof. (1) (N1) By (I1), ni(L) = Iy (L, L) = T and n;(T) = I;( T, L) = L.
(N2) If x < y, by (12), mi(x) = Li(x, L) > Ly, L) = ni(y).
(N3) ni(n2(x)) = Ii(L(x, 1), L) =x=hL(h(x, 1), L) =nz(n(x)).
(2)
Li(na(y),ma(x)) = h(kL(y,L1),h(x,1))
L(x,1i(hL(y,1),1)) (by (3))

IZ(X’y)

Similarly, I (ny(y),n;(x)) = I1(x,y).
(3) If y <z, then n;(z) < ni(y) and np(z) < na(y).

(4) (II1)
L([T, T] L, L) = (T, L), L(T, L)) = [L, L],
L([L, LL[T, T = [f( L, 1), L(L, )] = [T, T,
L(L, L] [ L) = [T, T =L(T, TL[T, T]).
(I12) If [x1,x2] < [y1,y2], then x; < yj and xp < y,. Fori € {1,2},

([xlaxz]a [Z17Z2]) = [Ii(x27zl)71i(xlaz2)]

I
> [li(y2,21),1i(y1,22)] = Li([y1,32], [21,22])-
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(I13) If [x1,x2] C [z1,22], then z; < x1 < xp < z2. So, Li(z2,y1) < Li(x2,y1) and Li(xy,y;) <

Ii(z1,y2) fori € {1,2}. Hence

L([x1,x2], [y1,32]) = [Li(x2,31), Li(x1,52)]
C [Ii(z2,31),4i(z1,32)] = Li([z1,22], [V1,32])-

(I14)
L([T, T, [z1,22]) = [L(T,21), (T, 22)] = [z1,22]-

(I15)

L ([xr, 2], o[y, 2], [21,22]))

=i ([x1,x2], [b(y2,21), 2 (31, 22)])

= [l1(x2,2(y2,21)), 11 (x1,12(y1,22))]

= [L(y2,11(x2,21)), 2 (y1, 11 (x1,22))]

= L[y, y2] Ti([x1,x2], [21,22])).-
(116)

11(12([X1,X2], [J—aj—])v [J—vj—])

= Il([IZ(x27J—)712(x17J—)]= [J—vj—])
= [Il (Iz(xlvj—%J—)?Il (12(x27—L)aJ—)]
= [x1,x2].

Hence (I, 1) is a pair of interval implications. Moreover, I;(x,y) = f;(x,y) = Li(x,y) from

Lix,y) = 1T([x,x], [y,0]) = L([Li(x, ), li(x,y)])
r(Li([x,x], [y,5]) = Li(x,y) = Li(x,y),

Li(fer,xa], [ysy2]) - = G2, 31), Di(x1,y2)]

= [Li(x2, 1), Li(x1,32)]-

(5) (IN1)
Ni([L, L]) = (L, L), L(L, L)) = [T, T],
N([T, T) =[L(T, L), (T, )] =[L, L]
(IN2) If [x1,x2] < [y1,y2)- then x; <y and x; < y. So, I;(x;, L) > Li(y1, L) and I(xp, L) >

Ii(y2,L). Thus, forall i € {1,2},

Ni([x1,x2]) = [li(x2, L), Li(xr, L)] > [Li(y2, L), Li(yr, L)] = Ni([y1,32])-
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(IN3) If [x1,x2] C [y1,¥2]), then y; <x1 < x3 <y,. Since [i(y2, L) < ILi(x2, L) < Li(xy, L) <
Ii(y1, L) forall i € {1,2}, then

Ni([x1,22]) = [li(x2, L), Li(xr, L)] C [Li(y2, L), Li(yr, L)] = Ni([y1,32]).
(IN4) N (N2 ([x1,x2])) = Na (N ([x1,x2])) = [x1,x2] for all [x;,x,] € L.
Ny (N2 ([x1,x2])) = Ni([l2(x2, L), 2(x1, L)])

= [Il (IQ(XI,J_),J_),II (IQ(XQ,J_),J_)]

= [x1,x2].

N;(x)

l(Ni([xax]) = l([li(xvi)ali()@L)])
r([Li(x, L), Li(x, L)]) = Wl(x) = Ii(x, L).

Ni([x1,x2]) = [fi(x2, L), £i(x1, L)] = [Ni(x2), Ni(x1)].

Example 3.5. Let (L,A,V,®,—,=, T, 1), n; and ny be given in Example 3.2. We define
Ii(a,b)=a=b, I)(a,b)=a—b.

(1) A pair (I;,1) is a pair of implications because a — (b = ¢) =b = (a — ¢).
(2) A pair (ny,n) is a pair of negations.(ref. [5,6]).
(3) Define maps I; : L x L — L[] ag

I ([x1,2x2], [y1,32]) = 11 (x2,31), 1 (x1,y2)] = [x2 = y1,x1 = y2,

I ([x1,x2], [y1,y2]) = [x2 = y1,%1 = ¥2].

Then (I,15) is a pair of interval implications such that I;(x,y) = I;(x,y) = I;(x,y) and

Li([x1,x2], [v1,y2]) = [Li(x2,y1), Xi(xr, p2)].-

(4) Define maps N; : L2 2] a5
N]([X],Xz]) = [Il<x27j—)7ll<xlvj—)]7

No([x1,x2]) = [l (x2, L), L (x1, L)].
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Then (N1, N3) is a pair of interval negations such that
Nl(x) = N_I(X) =x= J—a

Ny(x) = No(x) =x— L.

Example 3.6. Put L = {(x,y) € R?| (3,1) < (x,y) < (1,0)} with a bottom element (3,1) and a

top element (1,0) where

(x1,¥1) < (x2,y2) © x1 <xp or x; =x2,y1 < 2.
(1) Define 11,1, : L x L — L as follows:

11((x1,y1),(xQ,yz)) :(%7))2)5;1})1)/\(170)
b((x1,y1), (x2,32)) = (3.2 =) A (1,0).

Then it satisfies (I11)-(I3) and (I4) from:

Li((e1,31), B((x2,32), (43,33))) =N ((x1,01), (3.v3 — "52) A (1,0)

_ ()%’XZJB—XS}’Z—XZ)’I) (1,0)

X1X2
h((x2,52), i ((x1,31), (43,33))) - = Db((x2,32), (3,25 A (1,0))
= (55, ) A (1L,0)

(15) L(I ((x1,1), (3, 1)), (2, 1)) = (x1,91) = L (B((x1,01), (3, 1)), (3, 1)) from

L(()s(3,1) = (3528 = mixi,y)

L((x1,31),(3,1) = (g7
Hence (1},1) is a pair of implications. Moreover, (n1,n;) is a pair of implications. By Theorem
3.4 (4), we obtain a pair (I,I,) of interval implications defined as I, : L2 x L2 — L[] a5
follows:

L ([(e1,01), (r2,32)]; [(z1, w1), (22, w2)])

=[N ((x2,y2), (z1,w1), 11 ((x1,31), (22,w2) )]
(G572 A (1,0), (3, %252 A (1,0)]

[

2([(ersy1), (25 32)]; [(215w1) (22, w2)])

[

[L((x2,y2), (z1,w1), ((x1,¥1), (z2,w2))]
(3 w1 =2 A (1,0), (2, w2 — 1) A (1,0)]
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Since I ([(x,y), (x,9)], [(zw), (z,w)]) = [(5=, =2) v (z,w),(%c,lx;y) V (z,w)], it satisfies the

2x? x

condition of Theorem 2.6(4). Thus (I;,1I,) is a pair of implications such that

=
—~
~~
=
NS
~
—~
N
=
~

~
—~
—

) = LI ([(x), (6 3)] [(zw), (z,w)])
(1,0), (3, =) A (1,0)])

A(1,0), (i ) A (1,0)])

A (1,0) =Li((x,y), (z,w))-

i
<

V\_/

>

Il
\ *‘

I
~ ~
=N
><
S— }<

[(,

% sa =N

[y

((6,3), (zw)) = L(T2([(x,5), (6, 2)], [(2,w), (2,w)])
([ w =) A(1,0), (3w =) A(1,0)]

oW = D) AL0), (5w =) A(1,0)]
DIN1L0) =T((x,y), (z,w))-

)
)

I
~~ ~
=N

S

|

Moreover,

L([(e1,31)5 (x2,32)], [(z1,w1), (z2,w2)])
= [E((-XZyyZ)’ (Zl,Wl)),I_i((xl,yl), (Z27W2))]'

Ni,Ny: L2 — L2l a5 follows:

Ni([(xr,v1), (2,32)]) = [l ((x2,32), (3, 1)), I ((x1,31), (3, 1))
= (25 leyz) (0 1;1 )]
No([(x1,31), (02,32)]) = [B((x2,52), (3, 1)), B((x1,31), (3, 1))]

:[(2X2 2x2) (m _zy_xll)]

(2) Define 1,1 : L x L — L as follows:
L((x1,31), (2,52)) = (2,72 — 2xp + 222220 A (1,0)
L((x1,51), (x2,)2)) = (%71—”+22+2y2)/\(1,0)-

Then it satisfies (I11)-(I4) and (I5) from:

I ((x1,31), B2 ((2,72), (63,33))) = I (1, 31), (2,1 = ZE2223) A (1,0))
X3 2x1X0—X1y2—2x1+2x1y3 —4x3x; +4x3 —4xzyg

( )
(G pFS )A(1,0)
2(( )
(5% )A

x2,¥2), T ((x1,1), (x3,33))) = B((x2,y2), (3,53 — 2x3+M) A (1,0))

X3 2x100—x1y0—2x1+2x1y3—4x3x +4x3 —4x3 ¥ ( )
X1x2 2x1Xp
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(15) L (I ((x1,1), (3, 1)), (2, 1) = (x1,31) = L (B((x1,01), (3, 1)), (3, 1)) from

L((x1:31),(3:1) = (37, 52) =i, mn)
L((x1,31),(5,1)) :(2_)16171_2})71)—”2@1;)’1)

Hence (1,1) is a pair of implications and (n;,n;) is a pair of negations. By Theorem 3.4 (4),

we obtain: 1,15 : LB 1121 — 121 ag follows:

L ([(e1,01), (2, 32)]s [(z1,w1), (22, w2)])

= [L1((x2,52), (z1,w1), [ ((x1,31), (22, w2))]

(2, w1 — 22 + H282) A (1,0), (2, — 20 + Z2229) A (1,0)]
2([(x1,31), (x2,32)], [(z1,w1), (22, w2)])
[L2((x2,32), (z1,w1), 2((x1,31), (22, w2))]

(2,1 —2E2=22) A (1,0), (2,1 — 1E22202) A (1,0)]

s

Since Ty ([(x,3). (e.9)]: [ew). (2.)]) = [(Gow — 22+ Z522) A (1,0), (Gow — 20+ Z522)
(1,0)] and Ty([(x.y), (x. )], (@), (cow)]) = (2.1 = 2222) A (1,0), (2,1 = 2422) A (1,0))

I, and I, satisfy the condition of Theorem 2.6(4). Thus (I_1,I_2) is a pair of implications such

that
L (), (2w) = LI ([(x,9), (5. 9)]; [z W), (2,w)])
= 1([(2,w =22+ EZ2) A (1,0), (2, w — 22+ EZ22) A(1,0)])
= r([(Z,w =22+ ZE2)A(1,0), (£,w— 22+ EZ2) A(1,0)))
= (£,w—2z+ E22) A (1,0) = T ((x,y), (W)
L((x,), (z;w) = L{Ta([(x,y), (x.9)]; [(zw), (2, w)])
= I([(£,1 = 22 A (1,0), (5,1 = 2E22) A(1,0)))
= r([(£,1= 2222 A (1,0), (5,1 = 222) A(1,0)])
= (3,1 =2 A (1,0) = ((x,y), (z,))-
Moreover,

L([Ce1,31)5 (x2,32)], [(z1,w1), (z2,w2)])
= [Li((x2,¥2), (z1,w1)), Li((x1,31), (22, w2))].
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Ni,Ny: L2 — L] a5 follows:
N ([(x1,31), (2,32)]) = [11((x2,32), (5, 1)), 11 ((x1,31), (5, 1))
= [(2,1522), (. 5]
No([(x1,31), (02,32)]) = [L((x2,32), (3, 1)), L((x1,31), (3,1))]

= [(ﬁ?l_ 2))_)?2)7(217171_2),});_11)]

Conflict of Interests

The author declares that there is no conflict of interests.

REFERENCES

[1] B.C. Bedregal, On interval fuzzy negations, Fuzzy Sets and Systems, 161 (2010), 2290-2313.
[2] B.C. Bedregal, On interval fuzzy S-implications, Information Sciences, 180 (2010), 1373-1389.
[3] B.C. Bedregal, R.H.N. Santiago, Interval representations, Lukasiewicz implicators and Smetz-Magrez ax-
ioms, Inform. Sci. 221 (2013), 192-200.
[4] B.C. Bedregal, A. Takahashi, The best interval representations of t-norms and automorphisms, Fuzzy Sets
and Systems, 161 (2006), 3220-3230.
[5] P. Flonder, G. Georgescu, A. lorgulescu, Pseudo t-norms and pseudo-BL algebras, Soft Comput. 5 (2001),
355-371.
[6] G. Georgescu, A. Popescue, Non-commutative Galois connections, Soft Comput. 7 (2003), 458-467.
[7] G. Georgescu, A. Popescue, Non-commutative fuzzy structures and pairs of weak negations, Fuzzy Sets and
Systems, 143 (2004), 129-155.
[8] G. Georgescu, A. Popescue, Non-dual fuzzy connections, Arch. Math. Log. 43 (2004), 1009-1039.
[9] U. Hohle, E. P. Klement, Non-classical logic and their applications to fuzzy subsets, Kluwer Academic
Publisher, Boston, 1995.
[10] D. Li, Y. Li, Algebraic structures of interval-valued fuzzy (S,N)-implications, Int. J. Approx. Reason. 53
(2012), 892-900.
[11] Y.C. Kim, Pairs of interval negations and interval implications, Int. J. Pure Appl. Math. 88 (2013), 305-319.
[12] E. Turunen, Mathematics Behind Fuzzy Logic, A Springer-Verlag Co., 1999.



