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Abstract: Consider the system of second order differential equations
Y'(x) +(R(X) + Q())y(x) = 0
where x e (a, b), a, b finite or infinite ; A, a complex parameter and y(x) = (y1(X), y2(X))".
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P(x), q(x), r(x), s(x), t(x) are all assumed to be real-valued functions summable over (a, b).

In the present paper we generalize the Parseval theorem and the expansion theorem for a function f(x) =
(f1(x), F,(x))" satisfying f'(X)R(X)f(x) € L (-0, o) associated with the above system of second order
differential equations under the general boundary conditions, where the elements of R(x) i.e. s(x), t(x) are
assumed to be greater than zero for x € (a, b), a, b being finite or infinite.
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1. Introduction

Consider the system of second order differential equations

Y’ (x) + (PR(X) + Q(X))y(x) =0 ()
where y(x) = (y1(x), y2(x))"

_p&x) rx) ()0
Q(X)—[r(x) q(xﬂ . R®)= [0 t(xﬂ,

P(x), q(x), r(x), s(x), t(x) are all assumed to be real-valued functions summable over (a, b),

a, b being finite or infinite and A is a complex parameter.
Here, equation (1) may be put in the form Ly(x) = -A°R(X)y(X) . (2)

where L is the matrix differential operator given by

D +p(x)  T(®) 0
r@  D*4q() -

-
1l

The boundary conditions at a, b satisfied by a solution U(x, 1) = (U1(x, 1), Ua(X, 1))"
of (1) are
[U(x, 4), ¢il(a) =0, [U(x, 2), ¢;](b) =0 .. (3)

i =1,2;)=3,4,where ¢ = ¢i(X, A), 1 =1, 2, 3, 4 (called boundary condition vectors’
after Chakravarty[3]) are the solution of (1) which together with their first derivatives
take some prescribed values at x = a or b and [., .]J(a) is the value at x = a of the
belinearconcomitant [., .]as given in Section — 5 of Sengupta[12]. The boundary condition

vectors ¢y, ¢ at X = a andds, ¢4 at X = b are linearly independent of each other.

The expression
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W(a, b, &) = -[d1, dl[d3, da] + [01, ¢3][h2, Ba] - [1, da][h2, hs] is the wronskian with usual

properties of the boundary condition vectors ¢, 1 =1, 2, 3, 4.

Moreover , if the boundary condition vectors ¢, i = 1,2, 3, 4 satisfy

[41, 92](a) = [93, $a](b) =0, (8

the boundary value problem (1) —(2) leads to a self-adjoint eigenvalue problem over the

finite interval
(a, b) (seeBhagat[1] and Chakravarty[3]).

For the boundary value problem (1) —(2), where s(x), t(x) > 0 Bhagat[1] constructed
interalia the usual Green’s matrix and the Parseval formula for an arbitrary square
integrable function over the finite interval (a, b). He also obtained the Green’s matrix

over the interval(0, o).

For the boundary value problem (1) — (2) with s(x) = t(x) =1, Chakravarty and Roy

Palodhi[7] obtained the Green’s matrix and the Parseval formula over the interval (-co, ).

In the present paper we consider the boundary value problem (1)- (2) with (4), where s(x),
t(x) > 0 and generalize the Parseval theorem and the expansion problem for a function f(x)

= (f1(x), f2(x))" satisfying f'(X)R(X)f(x) & L(-0, ).

We adopt the usual technique i.e.; to assume the results valid for the finite interval (a, b)
and then to pass on to the case (-o0, «) by making a — -0, b —o0, by using mostly the
methods of Levitan and Sargsjan [10] and Titchmash [12] for the second order

differential equations.
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2. The Extension Process

Let ¢ =¢ (X, 1) = (4., (X, ), ¢.,(x, 1)), r =1, 2 be the vectors which are solutions of (1)

and satisfy at x = 0, the conditions
¢rj(0’ }\‘):é“rj’ ¢,Tj(0’ }\‘):01 raj:1a2 (5)

where J;;’s are the ‘Kronecker delta’.

Corresponding to ¢, let us introduce 6,=6, (X, 1) = (6.1(X, 1), G (X, M), r=1,2, the
solutions of (1) satisfy at x = 0, the conditions

6,;(0,1) =0, 6.;(0, 1) =-26,;,r,j=1,2 ... (6)
whered, are related to ¢_by means of the relations

[4..6]=-20 ,r,k=1,2 (7

and[ 6,,6,1=0 (8)

In what follows ¢, ¢., 6;, 8, form a fundamental set of solutions, their wronskian being
non-zero.

It is well-known (ref. Chakravarty [5], Bhagat [1]) that there exists in the interval (0, b) a
symmetric matrix (ls(1)) , r,s =1, 2 depending on A, b and the coefficients of the
boundary conditions(2) at x = b, (1) have infinite number of simple poles on the real
axis and for fixed b,

Is(A) =0(1/|A ), asy—> O, wherey=Im.A». ... 9)
Hence there exists a pair of solutions W=, (b, x, 1) = (W1 (b, X, 1) , ¥ra(b, X, 2))", such
that YW, =Ilnps + oG +6,,r=2,2. L (10)
Similarly, there exists the symmetric matrix (Ls(A)) r, s =1, 2 in (a, 0) and solutions
x=xr(@, X, A)

= (@ X, A) , %2 (@ X, A))T, such that 3y = Lty + Lo + 0r, 1, =1,2 ..., (11)
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where Ls(A) =0(/|A),asy—>0,y=ImAr. ..., (12)
Hence[xl,xz] = [‘Pl, “Pz] =0, (13)
[xr xs1=2(s - Les), r,s=4,2 .. (14)

and the wronskian W(a, b, &) of ¥y, x,, r =1, 2 is given by

W(a, b, 1) = 4(lis — Li)(loo — Loo) — 4(li — Lio)>20 L. (15)

Put Ha, b, x, &) = (¥ (a b, x, 1),i,j=1,2

where %=%, (a, b, x, 1) = (1(a, b, %, 1), ¥ra(@ b, x, 1)" = (ts, Wl ¥ — [ PiWs)
/W(,b,2) (16)
forr=1,5=2 andr =2, s=1.

Also, put, ¥=%(a, X, A) :(Xl,j(a, X, A)),i,j=1,2

The choice of 6y satisfying (7) — (8) is not unique and the following three independent
relations uniquely determine 6y ,0’, k=1,2 ;

W(d1, ¢2, 0r, #)=0,r=1,2,

and [, 0:1=[% .01 (17)

It now followsthat

P(a, b, X, ¥, A) = [lads + lad2 + 0] / 2(ls — Lyg), r=2,2 ..., (18)
where Iy —Lyg =l —Lypandlyp=Lyp. 0000000000 L (19)
Now we construct the matrix G(a, b, X, y, &) = (Gjj(a, b, X, y, &)) fori, j =1, 2 in the
following way :

PutG(a, b, x, y, 1) = #(a, b, x, M) %' (a, y, 1)), y < X

=7 x,2) ¥(a,b,y, ),y >x ... (20)

Then G(a, b, X, y, 1) is the Green’s matrix for the system (1) over (a, b) and



1570 DEBASISH SENGUPTA

Gia b, X, ¥, 1) = (Gu(a b, X, ¥, 1), Ga(a, b, X, y, &))", r = 1, 2 [called Green’s vectors]
satisfy

G/ (a b, X, y, A) R(Y) Gi(a, b, X, y, 2 )eL(a, b) ... (21)
where is the conjugate of A.

Let f(x) = (fu(x), f2(x))" be a real-valued function satisfying f'(x)R(X)f(x) €L(a, b), then

the vector ®(a, b, x, A, f) = (®u(a b, x, A, f), ®s@ b, x, r, ) =

b
J. G(a,b,x,y, HR()T(y)dy ... (22)
[called the 'resolvent of f(x)' ] satisfies the non-homogeneous system.

Y (x) + (M2R(X) + Q(X))y(x) = R(X)f(X) ... (23)

where R(x), Q(x) are those given in (1).
Also, [7 ®T (a,b,x, 2, IRK)D(@, b, x, Z, Hdx <y2. [ T ()R (x)dx, y = Im.h

... (24)
Let f(x) be the function continuously differentiable twice over (a, b). If A is not an
eigenvalue then it follows that
AD(a, b, x, A, f) = f(xX) + D(a, b, x, A, f) ... (25)
wheref=f(x) = (f1(x), f2(x))" = Lf(x). ... (26)
L being defined in (2) and f'(x) R(X)f(x) € L(a, b).
Following Chakravarty-Acharyya [6] and Chakravarty [4], it follows that as
a— -00, b —o00,
®(a, b, x, A, f) >D(x, A, f).
®(a, b, x, A, f) >®(x, A, f ) and

G, b, x,y,A) > G(X,y, A) ... (27)
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where fT(X)R(X)f(x), fT(X)R(X)f(X) €L(-00, o) and the matrix G(X, y, 1) = (Gj(X, ¥, 1)), i,
j =1, 2 is the Green's matrix (not necessarily uniquely determined) in the singular case (-
00, 00 ),

As function of x, the vector ®(x, A, f), satisfying the non-homogeneous system (23), is
the resolvent of f(x), fT(X)R(X)f(x) € L(-c0, o). It is easy to prove that d(x, A, f), (X, A,

f ) and the Green’s vectors Gi(X, Y, A) = (Gu(X, Y, L), G2(X, Y, X))T, i=1, 2 satisfy

[Z T (x, %, ) R)D(X, 4, ) <y FTORX)f(X)dx,

Ad(X, &, ) = £(X) + 0(x, &, f), ... (28)
AD(X, A, ) = f(X) + D(X, A, f) ... (29)
and G,"(x, y, L )R(Y) Gi(x, y, A) € L(-00, ), ... (30)

wheref’ (X)RX)F(X), FTX)RX)F(X) € L(-00, ).

[See Chakravarty and Roy Palodhi [7], Bhagat[1]]

As b—oo, let I5(A) >m(A) and Wi(b, X, A) >W(X, 1), 1, s =1, 2. thenfrom (10)

as b—oo, we have

WX, A) =My + M, +6,,1=1,2 ... (31)
Similarly, from (11), as a—- o,

%X, &) = My + Mo + 6, , r=1, 2 ... (32)
where Lis(A) >My(L) and y(a, X, &) >yr(X, L), asa — -oo, forr,s=1, 2.

Also it follows that (see Bhagat[1])

J,” v T (%, MR . (x, Adx = -y Im.(my(1)) and

L2 (6 ROz, X =y n(Mer(R)), 1= 1, 2,

... (33)
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From (19) we have
M1 — M1 = Mz — M2z, Mz = Myp2 ... (34)
and Z.=%.(x, 1) = (My1dy + Mpadz + 0,)/2(My1 — Myy) , r=1, 2. ....(35)
Thus from (20) the explicit form of the Green’s matrix G(x, y, A) over the interval (-co, o)
is

Gx, ¥, 2)= Hx 1) £ (. ) y<x =5(x,2) F(1,2) , y>x ... (36)
3. Certain generalization of the Parseval formula

Let Ya(X) = (Yin(X), Y2n(X))" be an eigenvector of the boundary value problem (1) — (2)
with (4) corresponding to an eigenvalue A,. Then

Yn(X) = a1nd1(X, An) Fa2nd2(X, An) +01n01(X, An) + b2n02(X, An) ... (37)
wheredi(X, An), d2(X, An), 01(X, An) and 02(X, Ap) are linearly independent solutions of (1)
and ain, bin,

i =1, 2 are scalars (assumed all greater than zero) which are independent of one another

1/2

and are so chosen that W,(x) = A~ “yn(x) is normalized in the sense that

[y " QRO Pa(x)dx = 1, . (38)

A is called the normalizing constant and can be expressed in terms of aj,, bin, i =1, 2 (See
Sengupta [11])

Let f(x) = (f1(x), f2(x))", ' (X)R(X)f(x) eL(a, b), then the Parseval formula for the function

f(x) may be written in the form

17 FT GOROIFX = S [ 3T CORGOTX)AXY? ... (39)
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(seeBhagat [1]).
For the boundary value problem (1) — (2) with (4) over the finite interval (a, b), we
introduce monotonically non-decreasing functions a;j(a, b, 1), Bij(a, b, A), yij(a b, &), 1, j =

1, 2 defined by

Otij(a, b, 7\') = %-ZO<ZT[_<Z QAin Ajn, >0,

1
= -ZZO 2Ap>A AinAjn, AL0; Ceas (40)

1
Bij (&, b, &) = ;Zo</1n_</1 binbjn, 1> 0,
= - = %0 24> Dinbjn, 10, ... (41)

1
vii(a, b, &) = Z'ZO</1n—</1 Qjn bjn, A>0,

1
= =20 22> Ainbjn, A< 0. ... (42)

Ta
whereyij(a, b, 1) =vji(a, b, 1), i,j =1, 2
Let o(x, A) = (dij(X, 1)), O(x, &) = (0ij(x, 1)),
o(a b, 1) = (aij(a, b, 1)), B(a b, &) = (Bij(a, b, 4)),v(a, b, &) = (vij(a, b, 1)), i,j =1, 2
... (43)

be 2x2 matrices which are all positive for positive A and each is continued to the negative

). - axis as odd function.
Let E(a, b, &) = (Ea(a, b, 1), Ex(a, b, )" = [ ¢(x, DROOF(X)dlx,

F(a, b, 1) = (Faa, b, 1), F2(a, b, 1) = [ 60x, HDRHX)F(x)dx .. (44)
With these notations the Parseval formula (39) can be written as
f: fTEOREOfx)dx = [ [ET(a, b, 1)do a, b, L)E(a, b, 2)

+ FT(a, b, \)dB( & b, \)F(a, b, 2) + ET(a, b, M)dy( a b, L)F(a, b, 3)



1574 DEBASISH SENGUPTA

+ FT(a, b, 1)dy( a, b, M)E(a, b, 1)]. ....(45)

We establish the following theorem

Theorem :1Forany positive integer N, there exists a constant A= A(N) independent of a,
b such that V¥ {ai(a, b, )}, VEx{Bi(a, b, D}, VEx{ri(a, b, A} <A,
i,j=1,2 ... (46)
where V¥, {.} denotes the total variation of {.} over (-N, N).
Proof : The solutions ¢i(x, A), 6i(x, 1), i = 1, 2 alongwith their first derivatives, satisfying
the initial conditions (5) — (6), are continuous in x, A and for any positive e< 1 and given

N there exists an h, 0 < x < h and |A|< N for which

6,0 ) — & <, 60 D) + 26]<, #,;(x,2) <and |6, (x, D|<;
... (47)
whereg;; are the Kronecker delta, i, j = 1, 2.
Let [ s?(x)dx= e Jy t?(x)dx = o ... (48)

where ki , k; are some constants. Let us define a vector g, (X) = (g1n(X), g2n(X))" in the
following way :

gn () = (Kis(X), kat(x))T, 0<x<h, =0, otherwise. ... (49)
Then [ g1, (x)s(x)dx = 1,
[ gon (t(x)dx = L and

S'() g1 Q) = SV G1n’ (%), £(X)gan(X) = () gan’(x), 0<x<h. ... (50)

PULE(N, 2) = (Ex(h, 2), Ea(h, 1) = ;' ¢ ARG 00X,



ON THE EXPANSION PROBLEM 1575

®(h, 1) = (@1(h, 1), Da(x, M) = [ 6, HR(X)ga(X)0lx
(51)
since, Eah, ) -1 = [, (6 Ws0) gan (AKX + [y, () 1) gon ()X -

[T g1n (0)s(x)dx .. (52)

Therefore from (52) by using (47) and (50) we obtain | E; (h, 1) — 1|<e

... (53)
Similarly, | 5,(h, &) — 1]<e , |@,(h, A)|<e and | @,(h, 1)|<c . ... (54)
By integrating by parts and using (49) we have [* ¢,, (x, Ds(x) gis (x)dx

=-[ ¢, s gun(dx - [ ¢, (05 () gap ().
Hence by using (50) it follows that [} ¢, , (x, 1) s(x)g'1x(X)dx

= = [ ¢, (%, M)s(X)g1n(X)dx ... (55)
similarly, [ ¢,,(, V() ghp()dx= = [ ,, (x, Dt (x) gan (x)dx ... .(56)
Therefore putting
Eh, )= (Ei(h, %), By(h, )= [ ¢(x, 1) R(x) g, ()dx,
@(h, 1) = (By(h, 1), B(h, 1))" = foh x, 2) R(x) gp, (x)dx, ... (37)

and using (47) it follows as before that
|EL(h D) |<e, |E(h D|<e, |Di(h ) — 1|<e, and |Dy(h, 1) — 1]<e.
... (58)

By the Parseval formula (45) applied to g, (x) defined in (49) we have

[} g CORX) gn(x)dx = [\ [ (h, deda, b, A) Eh, h)
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+ @' (h, )dB(a, b, ) D(h, ) + E* (h, \)dy(a, b, L)D(h, 1)

+ @ (h, \)dy(a, b, A)E(h, M)] ... (59)
Then on using (53), (54) we have

[I1gECOR@)gn(dx (1 - €{oua(N) - cua(-N)}

+(1- €){oza(N) - ozo(-N)} - 21 + €)*VYy{enz(a, b, D)}
- 2V (B, (a,b, D)} - 2e(L + e)VN\{1,, (a,b, D}
- 2e(1+ €)V¥\{n,, (a, b, D} - 21 + e)VVy{y,,(a,b, D)}
- 2e(L+ €)VNy{r,, (@, b, 1)} ....(60)
By using the Hardy-L.ittlewood-Polya inequality [(9), Pp — 33] it follows that if
pij = (@, b, 1)

orBij(a, b, 1) or yij(a, b, 1), 1, j = 1, 2 as defined in (40) — (42), then

P2, <puipzal. € 302, <5 (P11 + p2o)’ - (P11 - p2o)’

i.e.; pro<s(pua + p2z). ....(61)
From this we have

V¥{az(a, b, DIV (a1 (a, b, W)} + VV{azz(a, b, DY,

VU8, (a,b, i)}Si[Vﬁ’N{ﬁn(a. b, D} + VEy{8,,(a b, )},

VA, (@ b, DSV (i (a, b, D VB (a, b, D} 1=1,2 ... (62)
Therefore from (60),

[19% GORG) g (0)dx (1 - 3€ - €)[ann(N)- aua(-N)

+ az2(N) - 0z2(-N) + (-2€ - 3€?) [Bu(N) - Ba(-N) + B22(N) - Ba2(-N) ]

... (63)
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Applying the Parseval formula (45) to the vectorg;,’(x) as before we obtain
F1ghTCOR() gh(x)1dx > (-2€ - 3€?) [ous(N) - oua(-N)

+ 022(N) - 022(-N) + (1 - 3¢ - €°) [B1a(N) - Ba(-N)

+ B22(N) - B22(-N) ] ....(64)
Adding (63) and (64) it follows that
(1-5€ -4€?) [our(N) -au1(-N) + oz2(N) - 0tz2(-N) + B1a(N) - B1a(-N) + B22(N) - B22(-N) ]
<[T1gT ORG) gn (O dx + [ 1ghT (IR () g ()] dx ... (65)
From this the theorem is proved for the function aii((a, b, 1), Bii(a, b, 4), | =1, 2. For the
other functions we use the relations (62).
The theorem is therefore proved completely.
Thus the set of functions {aij(a, b, )}, {Bij(a, b, A)}and {yij(a,b, D}, i, j = 1, 2 have
uniformly bounded variation in every finite interval of A, -u<A<u, say. Therefore by
Helly’s selection principle (see Titchmarsh [97[c)], art.22.19) there exist sequences {ax},
{b«} with ay— -, by—o and the functions aij(A), Bij(A) and v;(A), i, j = 1, 2 having
bounded variations for
-pu<A<p such that oij(ax, bk, A), Bij(ax, bk, A), and yij(ax, bk, 1) converges to oi(A), Bij(L)
and yij(A) respectively, for i, j = 1, 2, as ax— -0, by— .
Hence, as in Titchmarsh ([13)], Pp. 131), applying the method of diagonals it follows that
aij(a, b, A),
Bij(a, b, &) and yij(a, b, 1) tend respectively to oij(L), Bij(A) and yi;(A) 1, j = 1, 2 as ax— -oo,
b—>o0.
The matrices a(A) = (oj(A)), B(R) = (Bii(A)), v(A) = (vi(A)), i, j =1, 2 ... (66)

are called the Spectral matrices associated with the given system(1).
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In the following we define ‘mean convergence’ of vectors as modified by Bhagat[1] and
state certain results in this connection in the form of Lemmas : (1) — (4), which will be
used in the subsequent discussions.

Let H(x) be a positive definite hermitian matrix of order two and {f,(x)} = {(fin(X),
f,n(x))"} be a sequence of vectors real or complex, satisfying f,' (X\)H(X)f,(x) e L(a, b), (a,
b finite or infinite). for each n, £, (x) being the conjugate of f,(x).

Let f(x) = (fi(x), f2(x))" be a given vector real or complex such that f'(x)H(X)f(x) € L(a,

b). Then if the integral

[ (a0 = FENHOOF0) - F())dX — 0, a5 n o0 o (67)

the function f,(x) is said to converge in mean to f(x).

The following fundamental results, analogous to those in connection with the ordinary
mean convergence theorems, hold.

Lemma-1

If asequence {f.(x)} of vectors fo(X) = (fin(X), f2n(X))" is given, then in order that there
exists an element (vector) f(x) = (f1(x), f2(x))" towards which it converges in mean, it is
necessary and sufficient that

J () = fo ) HO)(Fn(X) - u(X))dx — 0 ... (68)

as m, n —»oindependently of each other.

Lemma—2

My o [ fl COH () f()dx = [ fT(x)H () f (x)dx ... (69)

Lemma—3

If f,(x) converges in mean to f(x) and if g (x) be a vector, gT(x)H(X)g (X) € L, then
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limn .o [ T COH()g@)dx = [ fT(OHE)g(x)dx )

Lemma—4
If f,(x) converges in mean to f(x) and g, (X) converges in meanto g (x) then

limp_ o [ fi ()H()gn(x)dx = [ fT(x)H(x)g(x)dx .. (71)
We now obtain the Parseval theorem over the interval (-o0, ) involving the spectral

matrices a(A), S(A) and 1 4) defined in (66).

Theorem : 2Let f(x) = (fi(x), f2(x))" be a function, f'(X)R(X)f(x) e L(-c0, o). Let the
monotinic non-decreasing functions ¢;(4), Sij(4) and xj(4), i,j = 1, 2 defined in (66) have

bounded variations over every finite interval and do not depend upon f(x). Then
[ fTOR@f()dx = [ [ET(Dda(DHEA) + FI(AAANF(A) + ET(AdAAF() +
FIA)AAAE)] . (72)

where E(2) =(Ex(4), E2(A)" =Limn_wf” ¢Cx, DR()f (x)dx,

F(1) = (F1(A), F2(A)" =Li.m. ,Hooffn O(x, DR(x)f (x)dx. ... (73)
are the ¢, @ - Fourier transforms of f(x) respectively, #(x, 1), &x, A) being 2x2 matrices
defined in (43)
Proof :Let the function f(x) = (fin(x), f2n(X))" vanish outside the interval —n <x <n, n<
min{|al, |b|} and have continuous derivatives upto the second order and also satisfy the

boundary conditions (2). Evidently f,"(X)R(X)f.(X) € L(-c0, o).

From (39) putting f(x) = fi(x) we obtain ffn TR f, (X)dx =

S0t YE (ORG) f () dx} (T4
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whereyi(X) are the eigenvectors corresponding to the eigenvalues A.

Now, f: yI(ORx) f, (x)dx = -A° ff £T(x) Ly, (x)dx . ...(75)
where L is a matrix differential operator defined in (2).

By Green’s formula applied to f(X), yk(X) it follows from (74) that
b —2 (b
I, Ve GORG) fo () dx = - A" [ yik () Lfy (x)dx ... (76)

=222 [2 yE COR () h (x)dx, say (1)

where ho(X) = ([fin’(x) + p(X)fin(X) + r(X)fn(X)] 7 s(X), [fan’(x) + qx)fan(X) +
r(x)f1n(x)]/t(x))" and in view of the definition of f,(x), h,"(x) R(Xx)ha(X) € L(-n, n)
... (78)

Applying Bessel’s inequality (see Bahat[1]) it also follows that
S oS YECORG R () dx Y[, |HE (R () by ()l ..(79)
Hence, 315,150 -Ls YE CORG) £ () dxy<p ™ |hE ()R () ()] dx
Therefore, [S7 o 2 (7 YT CORGf,CIAXY = 3 s U YECORGOF(0)dx)
<w*[" |hE (R hy () |dx ... (80)
From (80), using (75) and (45) we obtain
|17 AT COR) fuddx — [* [EE(Ddala,b, VE,(D) + F (Ddfla, b, AF,(2) +
EL(A)dxa, b, VF,(A) + EF(Ddxa,b, DE,(D][<*[” IR (OR )y () ldx

... (81)

where Ex(1) = [ 4Cx, DR f (x)dx,

FoW) = [ 00, DR(x) f (x)dx ... (82)
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Since the functions oj(a, b, A), Bi@ b, A), vij@ b, A) tend respectively to
oii(A).Bij(R)vig(h), 1j =1, 2 as

a— -0, b —o0, it follows from (81) that
" AT R fu()dx —

f_ﬂ#[EZ; Dda(DE, (D) + E (DAFDE, D + Ex(DAADE, D +

L (DAADEn()|su. [T 1 GORGO Ry ()X ... (83)

Thus the equation (68) follows for the special type of functions f,(x) as p—».

Now let f(x) = (fi(x), f2(x))" be an arbitrary vector, f'(x)R(X)f(x)e L(-c0, ). Then we
approximate f(x) in mean square by the sequence {f,(x)} of vectors f,(x) = (fin(X), fan(X))"
satisfying the preceding conditions.

Hence, limy, ., [ (f (%) = £ () RON(F(X) - Fo())dx = 0 ... (84)

so that as m, n —o0, we obtain

S22 @) = £ @) RE)(En(x) — Fin())dx — 0 ... (85)
Therefore, as m, n —o, we have

7 NEn(D) = En () dat(W)(En(2) — Em(2)) + (Fa(h) — Fn(1)) "B (Fo(h) — Fn(2.)

+ (En(%) — Em(W) dy(M) (Fa(2) — Fn(1)) + (Fn(2) — Fn(2) oty (A)(En(X) — Em(1)]

=[% () = fn () ROY(Fa(X) — Frn(x))dx — 0 ....(86)
which implies the existence of the limit functions E(L), F(1) satisfying the equation (72).
We now show that as n —o, the functions En(L), Fa(L) as defined in (82) converge in

mean to E()), F(L) respectively.

Hence we have,
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J-IEM = En()) da(M)(EM) - (En())
+ (F() - FaQW) 'dBLY(F(R) - Fa(L)) - (E(L) - En(A)) Tdy(R)(F(L) - Fa(A))
+ (F(A) - Fa(W)Tdy(L)(E(X) - En(A))

= [ [(F(0) = (D) R(F(X) — Fn(x))dlx

= [T TR F@dx + [7 fTEORG)f (x)dx ....(87)
From this as n —oo,

[ ED) = En(D) da()ER) - En(V))

+ (F() - Fa(W)TdBOY(F(L) - Fa(l)) + (E(L) - Ea(2) dy(R)(F(L) - Fa()

+ (F(1) - Fa(W) 'y (E) - Ex(1)) — 0 ... (88)
which proves the mean convergence of Eq(), Fa(A) to E(L), F(L) respectively. Thus the
theorem is proved completely.

Let f(x), g () be two vectors satisfying f'(X)R()f(X), g"(X)R(X)g (X) € L(-00, o). Let
E(A), F(A) and E(1),F(L) be the ¢, O Fourier transforms of f(x) and g (X) respectively.
Then ¢, 6 Fourier transforms of f(x) =g (x) are E(L) £E (L), F(L) =F (L) respectively.
Thus the generalized Parseval theorem for f(x), g(x) follows in the usual manner and we

have
IZ TR g dx = [ [ET (Dda(DEQR) + FTO)dBAF () + ET(W)dy(a) F(A) +

FTO)dy(EM)] ... (89)

4. The expansion theorem

The following expansion theorem is now obtained.
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Theorem —3Let f(x) = (f1(X), f2(x))" be a continuously differentiable function on -co<x

<oo, Then
fix) = f_‘x’w[¢T(x, A) da(A)E(A) + g (x, ) dpAF) + ¢5T (x, 1) dAAF(L +

&' (x, HAAE(A)] ... (90)
where E(A), F(1), (1), B(4), AA) are those defined in the previous section. The integral
is uniformly convergent for x in any finite interval.
Proof: Let g (x) = (g41(X), g,(x))" be a continuous function which satisfies
R(X)g (X) = €j,j=1, 2, for xe(x, x+h), h>0

=0, otherwise, ... (91)
wheree; = (1,0)", 2= (0, 1)".
From (89) and (90) it follows that

x+h

L T oda= [2 [ET00da() [ ¢lc, Ddx +FTO)ABOV [ 6Cx, A dx

X

+ET [ e, Ddx + FT )y [

L #(x, A)dx] .. (92)
Applying Gronwall inequality (see Titchmarsh [14]Pp — 97], Chakravarty and Sengupta

[8]) to the equation (21) of Sengupta [11] we obtain

19, DlI<2™. D. exp.{[J11Q(2) — Qo(2)lldz} . (93)
where D is a certain constant, Q(z), Qo(z) are the 2x2 matrices as given in (1) and (9) of
Sengupta[11] and for the matrix A = (ay), i, j = 1, 2, we mean ||All = ¥; <; ; <2|a;j|. Thus

it follows that ¢(x, 1) is bounded uniformly for x in any finite interval, where |4|>5> 0.

1 rx+h

Therefore limh_)oﬁ 777 @(x, A)dxconverges to ¢(x, A) in A(-co<i<oo ) for all x in any

X

finite interval. Similar arguments hold for the lim,,_,, %ff’h 0(x, A)dx.
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Dividing both sides of the equality (92) by h and taking limit as h—0, the theorem

follows by making use of the result limh_,(,%f;ﬁhf(x)dx = f(x), holds as f(x) is

continuously differentiable.
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