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Abstract: Time series model is a sort of important stochastic system, and is a useful stochastic process in
practices. In this paper, we use wavelet alternation to study one order linear stochastic system. We investigate its
relative properties, stationary properties under the Haar wavelet, density and wavelet expansion.
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1. Introduction

The statistical characteristics of stochastic process under wavelet transform are
important applications of wavelet analysis. Linear stochastic system is an important
stochastic process. We study the one order linear stochastic system, get some statistics

properties and make the wavelet transform under Haar wavelet.

Definition 1:  Suppose X (t) is a stochastic process. Its wavelet transform is:
1 X=t
w(s X ¥ [ xtlp)y— dt (1.1)
SR S
¢ is a continuous wavelet.
Definition 2: Set {X(t);teR} is the following equation:

dX(@
5 - XO+NO. 20 (1.2)

X, = X (0)
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And {N(t);teR}is Smooth noise. We called {X(t);teR} one order linear stochastic system.

So

{ EN®=0 (1.3)
cov(N(t),N(t+7))=e ™

As we known, (1.2) is asymptotically stable.
And the solution of (1.2) is:

X({t)=e X, + j; e “IN(r)dr=e"X, + J; e “IN(r)dr (1.4)

2. The statistics properties of the linear stochastic system

From the above, we know: E(X(t))=E[e"X, +.[: e “IN(r)dr]=e"X,
So: limE(X (1)) =0 2.1

I"'(u,Vv) = cov(X (u) X (v))
= E[X (u) - EX(u)][X (v) - EX(V)]

—E[ e “IN(z)dz, - [ e IN(r,)dr,
=g () J‘O J'O e 2 EN (Tl) -N (’[Z)d z'ld 7,

upev
— e*(UJrV)J.O IO efﬁfz e*|T1*Tz|d Tld TZ

=g ) ” e’dr,dr, + ” ezrldrldz'z]

| 127, <7y

_ e—(u+v

[ ev pu Ve,
JI ezrzdrlderrJ‘ J‘Zezﬁdfldrz}
| JoJs, 0Jo

1 1 1
=e "V Z(u-v)Ee* -1)+=e" —=-v
_2( )( ) > > }

Then:
R(u,v) = E(X (U)X (V)

=E(e"X, + jo e IN(r,)dz,)- (€7 X, + jove-(“-fz)N (r,)d7,) (2.2
—_ a-(u+) _ a—(u+v) 1 2v 1 2v 1
=e Xo+I'(u,v)=e E(u—v)(e —1)+Ee _E_\H X,

Set u=v, Obviously IimVar(X(u))=%

We can see, the one order linear stochastic system is an asymptotically wide stable

second moment stochastic process.
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3. Correlation under wavelet transform
Consider the one order linear stochastic system of the statistical characteristics of
wavelet transform.

Ew(s, X) = % [ EX (t)go(XT_t)dt

R(r)= E W (s, ) €ox )
~ 2 LB X F e Y
S R S

S

For example, we discuss the Haar wavelet transform.

1L, O<x< 1/
Definition 3™ : Set p(x)=4-1 1KZ< (3.1
0, else
We call it Haar wavelet.
Then, we have
w—t 1 X——<t<X
S s
-1, X-s<t<x——
2
S
W47t 1 X+T—§St<x+r
é( s )= .
-1, x+r—s£t£x+r—§
S S
Set I, =(x=, X, l,=(X-8,X——
1= 5 2 =( 2)
S S
l,=(X7——, % l,=(X+7— § ¥7——
s=(x7 5 T s=(X7— 5§ X7 >

We have ©(see (1.1)):

Ew(s, X) = % [ EX (t)¢(XT_t)dt

1 x—t
=3 J e Xap (= et

S
S e Xt - [ 2e Xl
§Ix— g Jx-s
ey s
=2 Roe2_qy

S

So 1inEW(S %) (3.2)
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R(z) = E(w(s, X))(W(s, X + 7))

= 2L EX@X W=D Y duay
S R S S

:Siz(-l.llv[lg_-[llju_IIZJ.|3+I|ZI|4 )EX(U)X(V)dUdV

:Siz{Rl(f) ~R,(z) = Ry(z) + R, (1)}

And:
R(7) = f. f. EX (u) X (v)dudyv,
R,(7)=| | EX(u)X (v)dudv
R3(r):L J. EX (u) X (v)dudyv,
R,(z) = L L EX (u) X (v)dudv
Consider:
R@=][ [ eW[l(e“—1)(u—v)+1e2V—v—1+x Jdudv
g 2 2 2
| | av uf 3 _V ul 3
S 3 r % _ _g _E_E 2X-T (1 _ %2
=g -et)-e (- - o+ X )e T (1-e?)
Similar:
R(z) = s-ﬁ(-%-%)ef (1—e?)’(1—e 2)? +Si2(—%—g+ X, )e " (1—e?)* (3.3)
i _ LS 3\ ery2(l_p 22
So 1mR(r)_SZ( 2 2)e (L1-e2)’(L—e 2) (3.4)

From above all, we can get these following conclusions.
Theorem3.1: w(s,x) isan asymptotically wide stable second moment stochastic process. Its
statistics property is related withz :
Proof: LiwnE w6 x)

s 3

lim R(7) :siz(‘z‘z)ef (1-e?)(l—e 2)?

Theorem3.2: The zero density under ultimate status k, of w(s,x) is: k _1 , The average
Vi

density under ultimate status k, is: k, =l.
T

Proof: R(z) 2 limR(z) :Siz(_% _g)(l_ez)Z(l_ez)Zer
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D0y = LS 3V a2 _e 2y
R(0)—52( 2 2)(1 e?)"(1-e ?)
Because: R(z)=R(z),.. R'(z) = R(z) .. R(0) = R(0)

R®(z) =R(z),..R¥ (0) = R(0)

So the zero density  k, = R': (oh__
7 R(O) *
0
the average density k, = RZO) N(O) =1.
2 RY(0)| T

4. Wavelet expansion of system
In order to use the idea of multi-resolution, we will start by defining the scaling function

and then the wavelet in terms of it.
Let real function ¢ is standard orthogonal element of multi-resolution analysis{vj}j L

then existh, 1, we have:

ot)=\"D ho 2k

kez

Then pt)=N D ‘)0 t{R

kez

Then the wavelet express of y(t) in mean square is:

I a_
y(t)=2 2> clp2't—-n)+2 2> d)¢(2 't —n) 4.1)
K K
B _
Where: ¢l =2 2] y()p(2 't—n)dt
B _
di=2 2Ly(¢) (2-n dt

Then we have:

Eldjd:]=2 ¢ (], ELy®y(s)p(2 't —n)p(2 s —m)dds

E[clct]= 2 ], ELy®) Y(s)lp(2 't —n)g(2 *s —m)ditds
Where

1, n27<t<(n+1/2)2°"

_ _ 4.2
-1,(n+1/2)27' <t<(n+1)2"’ (4.2)

¢(2"t—n)={

So we can obtain value of E[d d¥].
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If we let normalized scaling function to compact support over [0,1], then a solution is a

scaling function that is a simple rectangle function;

1, &t<
t) =
() {O, else
So we get:
: 1 n2! j
P(2t—n)= ,n2) <t<(n+1)21 (4.3)
0, else

Then we can obtain value of E[c/c}].
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