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Abstract. In this paper, we study the oscillatory properties of solutions of second order neutral difference

equation of the form
A% (2 + AnTnry, + OnTpiry)™ = Gy + Palygys 1> Mo,

where «, 8 and ~y are ratio of odd positive integers. The results obtained here generalize and complement

to the existing results. Examples are provided to illustrate the main results.
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1. Introduction

In this paper, we shall study the oscillatory behavior of solutions of second order non-

linear neutral difference equation of the form

A? (Tn + anTp—7y + bnxn-&-m)a = ang—al + pnxl-‘,—o’z (1.1)
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where n € N(ng) = {nog,no+1---}, ng a nonnegative integer, subject to the following
conditions:

(i) {a,} and {b,} are nonnegative real sequences with 0 < a,, < a and 0 < b, < b where
a and b are constants;

(i) {pn} and {g,} are nonnegative real sequences and are not eventually zero for many
values of n;

(iii) o1, 09, 71 and 75 are nonnegative integers and «, [ and ~y are ratio of odd positive
integers.

Let § = max {01, 71}. By a solution of equation (1.1) we mean a real sequence {z,}
defined for all n > ng — 6, and satisfies equation (1.1) for all n > ny. A nontrivial solution
{z,,} of equation (1.1) is said to be oscillatory if it’s terms are neither eventually positive
nor eventually negative and nonoscillatory otherwise.

Recently, there has been an increasing interest in the study of oscillatory behavior of
solutions of neutral type difference equations since such equations have many applications
in economics, engineering and population dynamics. For background results on the oscil-
lation of neutral type difference equations, see for example [1,2], and the references cited
therein.

Most of the results established in the literature for neutral type difference equations
involves either delay or advanced type arguments, and only few results are available for
mixed type linear equations, see for example [3-5]. Motivated by this observation, in this
paper we establish conditions for the oscillation of all solutions of equation (1.1).

In Section 2, we present sufficient conditions for the oscillation of all solutions of equa-

tion (1.1). Examples are provided in Section 3 to illustrate the main results.

2. Oscillation Results

In this section, we present some sufficient conditions for the oscillation of all solutions

of equation (1.1). To prove our main results we need the following lemma found in [8].
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Lemma 2.1.Let A >0, B > 0.

Forn > 1, we have
1
A"+ B" > =) (A+ B)", (2.1)
and for 0 <n <1, we have

A"+ B" > (A+ B)". (2.2)

Lemma 2.2. Let § > 1 be a ratio of odd positive integers and o > 2 be a positive integer.

If

S5 8) »

n=ngo s=n—o+1

then the difference inequality
5
A%y, — Ry Yo, >0 (2.4)
where {R,,} is a positive real sequence, has no eventually positive increasing solution.

Proof. Let {y,} be a positive increasing solution of (2.4). Then y, > 0, and Ay, > 0 for

all n > ny > ng. From the inequality (2.4) we have
2 5
A yn Z RTL yn+o“

Summing the last inequality from n — o 4+ 1 to n — 1 we obtain,

n—1 n—1
Ayn Z Ayn - Ayn—a—f—l Z Z Rs y§+a Z yfz-l—l Z RS?

s=n—o-+1 s=n—o—+1
or
Ay n—1
> R,
Yn+1 s=n—o+1
or
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1

yl— y1—6 n n—1
7:1+5le22< Z Rt)'

n=ni1 \t=n—o+1

9
o) n—1
As n — oo,we have )’ ( > Rt) < oo which contradicts condition (2.3). This
n=ni1 \t=n—o-+1

completes the proof.

Lemma 2.3.Let 0 <1 and o > 1 be a positive integer. If

> (Z RS> = o0, (2.5)

n=ng \sS=n

then the difference inequality
A%y, — Ry yp o 20 (2.6)

has no eventually positive decreasing solution.
Proof. Let {y,} be a positive decreasing solution of (2.6). Then y, > 0 and Ay, < 0 for

all n > ny > ng. From the inequality (2.6), we have
A%y, > R, yz_a.

Summing the last inequality from n to n + o we get,

n+o n+o
~Ayn 2 Ao = Dy 2 D Royl o 240 Y R,
or
Ay, R
e 2 ZRS’
Yn s=n
or y
n d o, n+o
as Y Yn+1 > R,
59 T

Yn+1

ds n—1 n+o
0 n=ni \Ss=n

or

00 n+o
Asn — oo, we have ) ( > RS) < oo which contradicts condition (2.5). This completes
n=ni \s=n

the proof
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Theorem 2.4.Let 0 < <1, v>1, a<1, b<1, o >7 and o9 > To. Assume that

(i) the difference inequality

Qn B/
APy, — >0 2.7
y (1—|—aﬁ—|—bﬁ)6/ayn+ﬁ o1 = ( )

has no eventually positive decreasing solution, and
(i) the difference inequality

P

Ay v/
4= (14 af +1P)

yz/fo‘ér2+0'2 Z 0 (28>
has no eventually positive increasing solution, where P, = min{p,, pn—r,, Pnsr } and Q, =

{@, @y s @niry - Then every solution of equation (1.1) is oscillatory.

Proof. Let {z,} be a nonoscillatory solution of equation (1.1) . Without loss of generality,
we may assume that there exists an integer ny; > ng such that z,, >0, z,—,, >0, 4, >

0, Zp—o, >0 and z,4,, > 0 for all n > ny. Setting
Zn = (Tn + AnTy gy + bpTpiry)”,
and
Yn = 2n + 0P 2p_r + 0P 2000 (2.9)
Then z, > 0, y, > 0, and
A2z, = quth o 4 put) g, >0, n >0y

Then {Az,} is of one sign eventually. From (1.1) and (2.9) we have
A%y, = A2, + PNz + 0P A2,

_ B B
- ann—cn + pan—l—ag + OJB (%1771 xn—al—n +pn771x71+g2_7—1)
+v° . + )

qn+72 xnfal “+72 pn+7'2 xn+0’2 “+72 /)

Using Lemma 2.1 and using the fact a <1, b <1 in the above equation, we obtain

A2yn Z Qn (:Cnfa'l + (ll’n,ﬁ,al + bl”nrl*TQ*Ul)ﬂ

- 47_: (Trtor + ATn—ri 10, + WTnimytoy)
«a Pn o
A2yn = anrﬁzial + Z’Y/ (210)

4’7_1 n+og*
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Next we consider the following two cases:

Case(1). If Az, <0, then Ay, < 0 for all n > n,. Inview of (2.10), we get

A2y, > Q.20 (2.11)

n—oi*
From the monotonicity of {z,}, we find

Yn+m

n >
= (14 aP +b%)

Substituting the above inequality in (2.11), we obtain

2 @n B/a
= (14 a8 4 )i

Therefore {y,} is a positive decreasing solution of the difference inequality (2.7) which is

a contradiction.

Case (2). If Az, > 0, then Ay, > 0 for all n > n;. Inview of (2.10), we get

P,z (2.12)

n+o9*

1
2
Ay 2 o

Again using the monotonicity of {z,}, we find

Yn—mo
> I
= (1+af +b°)
Substituting the above inequality in (2.12), we obtain

Pn v/«

’Y/a yn—'r2+<72 .

Ay, >
41 (14 aP +0P)

Therefore {y,} is a positive increasing solution of the difference inequality (2.8) which is

a contradiction. This completes the proof.
From the Lemmas 2.2 and 2.3 and the Theorem 2.4, we obtain the following corollary.

Corollary 2.5.Let f<a<~v, a<1, b<1, 00 >71+1, 09 > 1 +2 If

oo n+o1—T11

YY) Q= (2.13)

n=ng s=n
and

i nj P, = o0 (2.14)

n=ng s=n—oz+7o+1

then every solution of equation (1.1) is oscillatory.
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Theorem 2.6.Let >1,0<~v <1, a>1, b>1, 00 > 1, and o9 > To. Assume that

(i) the difference inequality

Qn B/
A%y, — >0 2.15
Y 481 (1 + af + bB)*/° Intn—on = (2.15)

has no eventually positive decreasing solution, and
(i) the difference inequality

P
A%y, — n e > 2.16
y (1 + CLIB + bﬁ),y/aynf‘rngag e ( )

has no eventually positive increasing solution, then every solution of equation (1.1) is

oscillatory.

Proof. Let {x,}be a nonoscillatory solution of equation (1.1). Without loss of generality,
we may assume that there exists an integer n; > ng such that z,, >0, z,—,, >0, z,4r, >

0, Zp—o, >0 and z,4,, > 0 for all n > ny. Setting
Zn = (xn + anTp_r + bnxn+7’2)a )
and
Yn = Zn + aﬁznfﬁ + bBZnJrTg-

Then z, > 0, y, > 0, and
A%z, = qn:cﬁ_(,l —i—pnxL_@ >0, n>mn.

Hence {Az,} is of one sign eventually. From equation (1.1) we have
A%y, = A2, + PNz + 0P A2,

_ B B
- ann—cn + pan—l—ag + OJB (%1771 xn—al—n +pn771x71+g2_7—1)

+ bﬁ <q’n+7’2x§70'1+7'2 + pn+72le+0'2+T2> :

Using Lemma 2.1 and the fact a > 1, b > 1 in the above equation, we obtain

Qn

A8—1 (Tn-o1 + ATp—7y 0y + bxn%’zﬂﬁ)ﬁ

A%y, >

v
Po(Tnyoy + 0T 7y 10y + bTniryioy)

Qn o (6%
A2y, — 4[3_125[01 + P2 (2.17)
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Next we consider the following two cases:

Case(1). If Az, <0, then Ay, < 0 for all n > n;. From (2.17), we get

A2y, > @n__ s/ (2.18)

= yp—1"n—or’
From the monotonicity of {z,}, we find

Yntm
> o
1+ af +19)

Substituting the above inequality in (2.18), we obtain

1
AQ n > n B/Oé _ .
P ra bﬁ)ﬂ/aQ Ynni=on

Therefore {y,} is a positive decreasing solution of the difference inequality (2.15) which
is a contradiction.

Case (2). If Az, >0, then Ay, > 0 for all n > n,y. From (2.17), we have

A2y, > Pz (2.19)

n+o9o*

Again using the monotonicity of {z,}, we find

Yn—1o

> .
1+ af +19)

Substituting the above inequality in (2.19), we obtain

v/
nyn—'rz “+o2*

Ay, > !
(1+af +b8)"/°

Therefore {y,} is a positive increasing solution of the difference inequality (2.16) which

is a contradiction. This completes the proof.

Theorem 2.7.Assume that vy = >1, 01 > 1, 09 > 1o + 2. If

P’ﬂ [e%
A2yn N BB >ﬂ/ay5/72+02 >0, (2.20)

p—1 G S —
(4 )(1+a + 55

has no eventually positive increasing solution, and

Qn B/a
A%y, — 7 g >0 (2.21)
(48-1) (1 +af + 251)
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has no eventually positive decreasing solution, then every solution of equation (1.1) is

oscillatory.

Proof. Let {z,} be a nonoscillatory solution of equation (1.1). Without loss of generality,
we may assume that there exists an integer n; > ng such that z,, > 0, xz,_, > 0, T4, >

0, Tn—o, >0 and x,4,, > 0 for all n > ny. Setting
Zn = («xn + anTp_m + bnxn+72)a7

and

be
Yn = Zn T aﬁznfn + F2n+7'2'

Then z, >0, y, > 0, and

A2"7’n = qnxg_a-l +pnx§+a2 2 O

Then {Az,} is of one sign eventually. On the other hand

2
A Yn = qnngo'l +pnxTﬁL+O’2 + aﬂqn—TlngUlle + a’ﬁpn—TleﬁL+O'27T1

b’ 3 b’ 3
+ 261 UntroTn—oy+75 T 951 Prtm®ngostm

Using (2.1) in the above inequality we obtain

Q s In+ 8
2,3_111 (xn—m + axn—m—ﬁ) + Mbﬁxn—aﬁ-n

2
A y?’l 2 25_1

n

Prtro B, .3
21 pEE

B
+ (xn+02 + axn+az—T1) + 2g,1 n+og+72

1

2
>
Ay, > @)

n—oi n+o9

(anﬁ/a + PP ) , n>ny. (2.22)

Next we consider the following two cases:

Case (1). Assume Az, > 0. Then Ay, > 0 for all n > n,. From (2.22), we have

1 a
AQyn+72 > an+7225402+72~ (2'23>

Applying the monotonicity of {z,}, we find

v b8
Untoy = Zn+tos + a’BZn_7-1+o-2 + FZTIJFTTHTZ < (1 + a’B + 251) Zn+1o+0og- (224)
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Combining (2.23) and (2.24) we have

P?”L—"-T B/a
A2yn+7'2 Z 2 bﬁ )B/ay’n—/f—a'g‘ (225>

-1 B
(4 )(1—|—a + 55

Thus

PTL (0%
AQyn - 3 ﬁ/a’ y££7'2+0'2 Z O
B-1 B
(4 )(1+a —I—251>

Therefore {y,} is a positive increasing solution of the difference inequality (2.20), a con-

tradiction.

Case (2). Assume Az, < 0. Then Ay, < 0 for all n > n,;. From (2.22) we see that

1
2 B/a
A yn—Tl Z (45_1> n—len—ﬁ—Ul‘

From the monotonicity of {z,}, we find

g, Y
Yn—o1 < (1 +a” + 2/3—1> Rn—Ti—01 -

Combining the last two inequalities, we obtain

Qn—T B/«
A2y, . > — )ﬁ/ayn/m (2.26)

p-1 B
(4 )<1+a + o5

or

@n o
AQyn - 3 B/a ygéﬂﬁr‘rl Z O
B-1 B
(4 )(1+a —I—251>

Therefore {y,} is a positive decreasing solution of the difference inequality (2.21), a con-

tradiction. This completes the proof.

Theorem 2.8.Assume that y = =a>1, 01 > 1, 09 > 1o+ 2. If

n+oo—710—2

. o I
llfln_)Solip Z (n+oy—1—s—1)P, > (41 (1+a —|—2a_1) : (2.27)
and
. . o L b
hinj:ip Z (n—s+1)Qs > (471 (1 +a® + 2a—1> , (2.28)

s=n—o1+T71

hold, then every solution of equation (1.1) is oscillatory.
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Proof. Conditions (2.27) and (2.28) imply that the difference inequalities (2.20) and
(2.21) has no positive increasing solution and no positive decreasing solutions respectively,

see [2, Lemma 7.6.15]. The result now follows from Theorem 2.7.

Theorem 2.9.Assume that 0 <y=<1, 09 > 1, 09 > 1o+ 2. If

P,
A%y, — n Bla > 2.29
Y (1—|—a6—|—b5)6/a n—re+oz =— ( )

has no eventually positive increasing solution, and

Qn B/
A%y, — C >0 2.30
y (1—|—aﬁ—|—bﬁ)6/ayn o1+m1 = ( )

has no eventually positive decreasing solution, then every solution of equation (1.1) is

oscillatory.

Proof. Let {z,} be a nonoscillatory solution of equation (1.1). Without loss of generality,
we may assume that there exists an integer ny > ng such that z,, > 0, x,,_, >0, 2y, >

0, Tp—o, > 0 and z,,,, > 0 for all n > n,y. Setting
Zn = ($n + ApTn—1q + bn$n+7’2)a7
and
Yn = Zn + aﬂzn—n + b’an+7_2.

Then z, > 0, y, > 0, and

2, _ B B
A%z, = qu¥),_y, + DnT > 0.

n+o2

Then {Az,} is of one sign eventually. On the other hand

AQyn Zang—m +pn'x7ﬁt+02 + aﬁqn*ﬁ xz—al—ﬁ + aﬁpn*ﬁ xfw—og—n

B B
+ bﬂq”-FTQ Tn—c1470 + bﬁpn+T2xn+02+'rg‘

Using (2.2) in the above inequality we obtain

Ay, > anﬂ/a + Pnzﬁ/a n>mn. (2.31)

n—oi n+o92)
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Next we consider the following two cases:

Case (1). Assume Az, > 0. Then Ay, > 0 for all n > n;. From (2.31), we have
A2y, > P20 (2.32)
Applying the monotonicity of {z,}, we find
Yntoz = Zntos + @ Znmivoy + 0 2nimypos < (140”4 °) 20iryi0,- (2.33)

Combining (2.32) and (2.33), we have

P
A%ypiry > e (2.34)
T (L af bRy

Thus

P,
A%y, — n Ble >,
T L ap b =

Therefore {y,} is a positive increasing solution of the difference inequality (2.29), a con-

tradiction.

Case (2). Assume Az, < 0 then Ay, < 0 for all n > n;. From (2.31) we see that
A2yn—n > Qn—nzfloél—al'

Using the monotonicity of {z,} we find

Yo < (14+ 0" +0°) 2, py o,

Combining the last two inequalities, we obtain

2 Qn—n B/
Ayy_py > (ot bﬁ)ﬂ/ayn_gl- (2.35)
or
Qn B/
A%y, — a > 0.
(107 o) e =

Therefore {y,} is a positive decreasing solution of the difference inequality (2.30), a con-

tradiction. This completes the proof.

Remark 2.1.If « = § = = 1, Theorem 2.9 reduces to Theorem 7.6.6 of [2]. Further the

results established in this paper extend and complement to the results obtained in [2,3,4,5].

3. Examples
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In this section we present some examples to illustrate the main results.

Examples 3.1.Consider the difference equation

1 1 1 1/3 n
AZ (.’En + 51’77‘71 + §£L‘n+2) = n—_i_lxn/_g —+ n——i—lxi+4’ n 2 2. (31)
1 1
Her@anl_ 3 bn:§7 =1, =2 01=3, 0o =4, p, = nil’
Gn = T a=1, = 3’ and v = 3. It is easy to see that all conditions of Corollary
n

2.5 are satisfied and hence all solutions of equation (3.1) are oscillatory.

Example 3.2.Consider the difference equation

1 1 S| 1 125
AQ (l‘n + 5{1’}”_1 + §$n+2> = E{En_S + (E + 5—4) l’i+4, n Z 2. (32)

1 125
Herea’n:27 bn:377—1:177-2:2701:3702:47pn: -+ —,
n 54
1
Gn=—, a =3, B=1, and v =>5. It is easy to see that all conditions of Corollary 2.5 are
n
satisfied and hence all solutions of equation (3.2) are oscillatory. In fact {z,} = {(—=1)"}

is one such solution of equation (3.2).

Example 3.3.Consider the difference equation

240n
240
H@T@an:?), bn:4) T1:17 7-2:27 01:27 0-2:4a Pn =n, Q’n:—n7
n—+1

a= [ =v=3. It is easy to see that all conditions of Theorem 2.8 are satisfied and hence

all solutions of equation (3.3) are oscillatory.
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