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Abstract. M. Wada has constructed several linear representations of the braid group. An overview of three
interesting types of these representations is given in our work. As an extension to the results obtained about
Wada’s representations of types 1 and 2, we prove that type 3 is of Burau type and that all the three types of Wada’s

representations are equivalent. We determine the hecke algebras that these representations arise from.
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1. Introduction

Let B, be the braid group on n strands. This group has a standard presentation
< Opy.-,0n—1 | 0;0; = 0;0;,if |i—j|>1,00,4+10; = 0;+10i0;+1 for | <i<n—2>.

There is a well known representation, due to Artin, in the group Aut(F,) of automorphisms of a

free group F, generated by x, ..., x,. The automorphism corresponding to the braid generator

o;, withi € {1,...,n— 1}, takes x; to x;xj1x; ! Xi11 to x; and fixes all other generators. In [4],
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M. Wada had discovered several linear representations of the braid group by automorphisms of

F,. The following are the most interesting representations:

(1) For an arbitrary non-zero integer k, the automorphism corresponding to the braid genera-

tor o;, withi € {1,...,n— 1}, takes x; to x¥x; 1x-_k, X;+1 to x; and fixes all other generators.
9 y i MA1A + g

(2) The automorphism corresponding to the braid generator o;, withi € {1,...,n— 1}, takes

x; to xl-xl.;llxi, Xi+1 to x; and fixes all other generators.

(3) The automorphism corresponding to the braid generator o;, withi € {1,...,n— 1}, takes

x; to xizx,-H, Xit+1 to xl.;]] X ]x,~+1 and fixes all other generators.

Abdulrahim made a complete study of the first two types (see [1] and [2]). In this paper, we
discuss Wada’s representation of type 3 and compare our results to those obtained in [1] and [2].
This completes the study of Wada’s representations.

In section 2, we let z € C* and we define the reduced Burau representation f3,(z) : B, —
GL,_1(C), when it is irreducible. We also state some theorems that give a characterization for
irreducible representations, where the matrix of one of the generators of the braid group is a
pseudoreflection.

In section 3, we define Wada’s representations of types 1 and 2 and present some previous
theorems concerning the irreducibility and unitarity of these representations.

In section 4, we consider Wada’s representation of type 3 and show that this representation is
of Burau type.

In section 5, we make a comparison between Wada’s representations of types 1, 2 and 3 and
we present our main theorem, Theorem 23.

In section 6, we introduce the Hecke algebra and conclude with Theorem 30, which deter-

mines the Hecke algebras that Wada’s representations arise from.
2. Burau Representation

Definition 1. An n X n matrix H is a pseudoreflection if H can be written as H = I, — AB for

some column and row vectors A and B respectively. Here, I, is the n X n identity matrix.
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According to the standard Burau representation, the automorphism corresponding to o;, sends
X; tO X;iXjy1X; ! Xi11 to x; and fixes all other generators. Applying Magnus representation to the
image of the braid group, we obtain the Burau representation B, — GL,(C). The automorphism

o; i1s mapped to the following n X n matrix

l-z z .
G,(Z)Z i—1D &L, ;i fori=1,2,....n—1.
I 0

It is clear that this representation is reducible.

Definition 2. The complex reduced Burau representation B,(z) : B, — GL,_1(C) is given by
Bn(2)(0:) = In—1 — CiD;, where

C; =(z+1,1,0,...,0)T,
3

Ci=(0,...,0,z,z+1,1,0,....00", fori=2,...,.n—2,
—2 i—2
11— n—i—

and

Co1=1(0,...,0,z,z+1)T.
3
o

Here, {Dy,...,D,_1} is the standard basis of C"~' and T is the transpose.

The associated matrix given by the inner product is

(DiCj) =

1 z+1 z
0 0 0 1 z+1
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Regarding the question of whether or not the above representation is irreducible for certain

values of z, we state some lemmas and theorems which are proved by E. Formanek.

Lemma 1. [3] Forz € C*, B,(z) : B, — GL,—(C) is irreducible if and only if 7 is not a root of
SOy =T 4L,

We now state some theorems proved by E. Formanek [3], which will be needed in our work.

Lemma 2. [3, p. 286] If n > 3 and z is a root of fu(t) =" ' +1"2 4+ ... 41+ 1 then Pu(2) :
B, — GL,_»(C) is a composition factor of Bu(z) : By — GLy_1(C), where B,(2) is defined by:

Bn(z)(ci) =Bu-1(o))(i=1,...,n—2) and Bn(z)(cn—l) =I,—1 — PO,

where P is the column vector given by P = (0,...,0,z)T and Q is the row vector given by

0= (—1)""2z(1,—(1+z),(14+z+2%),....,(=1)" (L +z4---+2")).

Theorem 1. [3, p. 287] Let p : B, — GL,(C) be an irreducible representation, where n > 4

and r > 1. Suppose that p(0y) is a pseudoreflection. Then either

(a) the representation p is equivalent to ,(z) : By — GL,_1(C), where z € C* is not a root of
fut) ="t 15 0r

(b) the representation p is equivalent to P (z) : By — GLy—2(C), where z € C* is a root of f(t).

Definition 3. A representation of B, is of Burau type if it is of degree > 1 and it is equivalent to
the tensor product of a one-dimensional representation and the irreducible representation 3,(z)

or its composition factor, namely [3, (2)-

Theorem 2. /3, p. 282] Let X, =1—A By, ..., X, =1 —A,B, be r invertible pseudoreflections
in M,(C), where r > 1. Let T be the directed graph whose vertices are 1,...,r, and which has
a directed edge from i to j (i # j) precisely when BjA; # 0. Let G be the subgroup of GL,(C)
generated by X1, ...,X,. Then the following holds.

(a) G is an irreducible subgroup of GL,(C) if and only if for each i # j (1 < i, j < r), the graph

T contains a directed path from i to j and (B;A;) € M,(C) is invertible.
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(b) Suppose that G = (X,,...,X,) and H = (Y,...,Y,) are irreducible subgroups of GL,(C),
generated by pseudoreflections X; = I — A;B;, Y; = I — C;D;. Then there is a matrix T € GL,(C)
such that TX;T ' =Y, fori=1,...,r if and only if there exist ay, . ..,a, € C such that DC; =

ai_lajBiAj (that is, (B;A;) and (D;Cj) are conjugates by a diagonal matrix).

3. Proved Results about Wada’s Representations of Type 1 and Type 2

We recall some known results about Wada’s representations of type 1 and type 2, which are
proved in [1] and [2] respectively. More precisely, theorems about irreducibility and unitarity

of such representations are presented.

Wada’s Representation of Type 1:

Definition 4. [1] Let k be a nonzero integer and t an independent indeterminate. Wada’s repre-
sentation of type 1 asserts that the automorphism corresponding to o;, withi € {1,...,n—1},
takes x; to x{?x,-Hx;k, Xit+1 to x; and fixes all other generators. By applying Magnus represen-
tation to the image of the braid group under this representation, we obtain the representation
B, — GL,(C), where the automorphism o; is mapped to the following n x n matrix

11—k ¢

oi=1_19 Sl—i—q, fori=1,2,....n—1.
1 0

This is a generalization of Burau representation by letting z = ¢*. It is clear that this representa-

tion is reducible. To determine the composition factor, we present the following definition.

Definition 5. [1] Let k be a non zero integer. Wada’s representation of type 1, namely ¢,£l) :

B, — GL,_|(C), is defined as q),gl)(oi) =1, 4 —A&)BE?, where

1) _ .k T
Al = (*+1,-1,0,...,0)7,

)

n—3

AW =(0,...,0,—% F+1,-1,0,...,0)7, fori=2,....n—2,
S—— S——

I

i—2 n—i—2
and
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1
AW =(0,...,0,—k F+1)T.
) ———
n—3

Here, {Bgl), .. ,B,(ll_)l} is the standard basis of C"~ 1.

These representations are irreducible by [3]. Notice that the representation
(Z),fl) : B, — GL,_{(C) is (conjugate to) the reduced Burau representation, f3,(¢X).
Theorem 3. [I, p. 1323] The images of the generators under ¢,§1) are unitary relative to a

hermitian positive definite matrix.

Wada’s Representation of Type 2:

Definition 6. [2] Wada’s representation of type 2 asserts that the automorphism corresponding
to ©; takes x; to xix;lxi, Xit1 to x;j and fixes all other generators. By applying Magnus represen-
tation to the image of the braid group under Wada’s representation, we obtain the representation

B, — GL,(C). The automorphism o; is mapped to the following n X n matrix

2 —1
ci(z) =113 @l fori=1,....,n—1.
1 0

It is clear that this representation is reduced to a subrepresentation of degree n — 1.

Definition 7. [2] Wada’s representation of type 2, ¢,§2) :B, — GL,,_(C) is defined as ¢,§2) (0;) =
2)

L1 —AEZ)BE , where
AEZ) = (07 1707 70)T7
n—3
A® =(0,...,0,1,0,—1,0,....0)", fori=2,....n—2,
N—— S——
i—2 n—i—2
and

Here, {Bgz), e ,BSZZ_)l} is the standard basis of C"~1.
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The associated matrix given by the inner product (Bl@Ag.z)) is

0 1 0 0

-1 0 1 0

0O -1 O 1

2 2
B2 =

0 0 -1 0
-1 0 1

0 0 0O -1 0

Lemma 3. /2, p. 561] Wada’s representation, (]),52) : B, — GL,_1(C) is irreducible if and only

if nis an odd integer.

Theorem 4. [2, p. 562] Let (b,sz) be Wada’s representation, ¢,§2) : B, — GL,_(C) then one of

the following is true:

(a) if n is odd, then ¢,§2) is equivalent to B,(—1) : B, — GL,_1(C), where B,(z) is the complex

specialization of the reduced Burau representation of B, and z € C*;
(b) if n is even, then the composition factors of ¢,52) are the irreducible representation /§n(—1) :

B, — GL,_>(C) and the trivial one.

Theorem 5. [2, p. 564] The images of the generators of B, under Wada’s representations of

type 2 are unitary relative to a hermitian matrix.

4. Wada’s Representation of Type 3

In this section, we study Wada’s representation of type 3 and determine its properties in order

to make a comparison between the three types in section 5.

Definition 8. The representation of type 3, discovered by M. Wada, asserts that the automor-

phism corresponding to o; takes x; to xl~2x,-+1, Xit1 to x;rl1 xX; ]xi+1 and fixes all other generators.
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Let F;, be the free group of rank n with free basis xq, ..., x,. It is easy to see that F, =<
g1,---,8n >, Where g1 = x1, g2 = g1X2, ..., §» = &n—1Xn. The action of the braid generator o;

on the basis {g1,...,g,} is given by

81— 8182,
O] :
g&j—&js if j# 1.
For 1 < i < n, we have that
g — gigi__llgm,
O; .
gj—>gj, ifj%i.

Let p : Z[F,] — Z[t*'], where Z[t*!] is the ring of Laurent polynomials with independent inde-

1, ifiiseven,
terminate . The map p is defined as p(g;) =

t, ifiisodd.

Using Magnus representation of subgroups of the automorphism group of the free group F, =
{g1,...,8n}, we determine Wada’s representation &: B,— GL,(Z[t*']). The images of the

generators under Wada’s representation of type 3 are given by

1 ¢
o(oy) = D12,
0 1

o(op) =L 2®| -t 1 t|DhLx_1,ifkisodd (1 <k<n),
0 01

and
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1 0 0
o(op) =L 2®| -1 1 V| &L, ifkiseven (1 <k <n).

0 0 1

Lemma 4. Wada’s representation of type 3, namely o.: B,— GL,(C), is a reducible represen-

tation.

Proof. Let u be the column vector in C" defined as

(1,0,1,0,...,1,0)7 ifniseven,
u =

(1,0,1,0,...,0,1)" if nis odd.
It is easy to see that the subspace generated by u is invariant under the representation & because

o(oy)(u) = uforevery k € {1,2,...,n—1}. O

Having that Wada’s representation of type 3 is reducible, we then reduce this representation

to a subrepresentation of a lower degree. More precisely, we have the following definition.

Definition 9. Wada’s representation of type 3, ¢,$3) : B, — GL,—(C) is a family of linear rep-

resentations defined as ¢,§3)(Gk) =1, —A,(f)B,(j), where

—£,0,...,0), ifkisodd (1 <k<n—1),

(0,...,0,t=', 0 ,—+710,...,0), ifkiseven(l1<k<n—1).

and
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p

(0,...,0,t71,0), ifnisodd,
3 3
anl = "
(0,...,0,t,0), if nis even.
——
L n—3

Here, {Ag3), . ,Aff_)l} are the standard basis of C"!.

Direct computations show that the associated matrix given by the inner product (353)14(-3)) is

;

0 —r 0 0 0 0 0
o0 =+t o 0 0 O
0 ¢ 0 —t 0 0 0
, if n is odd,
0O 0 0 0 r 0 —t
0O 0 0 0 0t 1 0
3 3
BIA) =
0 —r 0 0 0 0 0
o0 =+t o 0 0 0
0 ¢ 0 —t 0 0 0
, ifniseven.
0 0 0 0 o —!
0O 0 0 0 0 ¢+ 0

Next, we prove our next lemma.

Lemma 5. Wada’s representation of type 3, ¢,E3) :By— GL,—(C) is irreducible if and only if n

is an odd integer.
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Proof. 1If n is an odd integer, direct computations show that the determinant of the (n — 1) x
(n— 1) matrix (353)A§3)) equals one. By Theorem 2 (a), we get that ¢),§3) is irreducible.

On the other hand if n is an even integer then the determinant of (853)A§3)) equals zero, and
so the representation is reducible.

O

Lemma 6. Ifn is even then (;),,(13) : By, — GL,—1(C) has an invariant subspace of dimension one.

Proof. Ttis easy to see that the subspace generated by the vector (1,0,1,0,...,0,1)7 is invariant

under (P,P). Here, T is the transpose. 0J

Lemma 7. If n is odd then ¢,§3) : By — GL,_{(C) is of Burau type. In particular, ¢,§3) is
equivalent to B,(—1) : B, — GL,_1(C), where B,,(z) is the complex specialization of the reduced

Burau representation and z € C*.

Proof. If nis odd then by Lemma 5, we have that ¢,§3) is irreducible. It follows that by Theorem
1, ¢,§3) is equivalent to 3,(z) for some non-zero complex number z such that f,(z) # 0. To
find such a z, direct computations show that, by letting z = —1, the matrices (Bl@A?)) and
(D;Cj) are conjugates by an (n— 1) x (n— 1) diagonal matrix, where the diagonal entries are

{t,1,...,t,1} and B,(z)(0;) = I,—1 — CiD; (See Definition 2). O

Lemma 8. Ifn is even then the composition factors of (]),53) :B, — GL,_1(C) are the irreducible

representation 3,1(—1) : By — GL,_»(C) and the trivial one.

Proof. The composition factor of (]),53) :B, — GL,_1(C) is (ﬁf) : B, — GL,_»(C), which is
defined by:

(ﬁ,@(c,-) = ¢’£i)1(6i) fori=1,...,n—2and ¢3,53)(6n,1) =1,_o— XY, where
X=(-1,0,—1,0...,—1,0)", ¥y = (0,...,0,1).

Since (ﬁ,@ : B, — GL,_»(C) is the extension of the irreducible representation qﬁl B, —
GL,_»(C) to B,, it follows that ¢A),§3) is irreducible. By Theorem 1, the non-trivial composition

factor of ¢,, namely ¢A),§3) : B, — GL,_»(C), is equivalent to 3n(z) : B, — GL,_»(C) for some
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z € C whichis aroot of f,(t) =¢""! +---+1+ 1. Along the same computations as in Lemma 7,
one can show, by letting z = —1, that the irreducible representation ¢3,$3) and the representation

Ba(—1) : B, = GL,_(C) are equivalent. O

5. Comparison between Wada’s Representations

In this section, we make a comparison between Wada’s representations of the three different

types and present our main theorem, Theorem 6.
Theorem 6. Wada’s representations of types 2 and 3 are equivalent.

Proof. This is clear by Theorem 4, Lemma 7 and Lemma 8. 0J

Lemma 9. Ift* = —1 then Wada’s representations of types 1, 2 and 3 are equivalent.

Proof. We have that Wada’s representation of type 1 is the complex specialization of Burau
representation with z = ¢X. Using the fact that Wada’s representations of types 2 and 3 of degree
n—1 (n—2) are equivalent to f3,(—1) (Bn(—l)), we get that Wada’s representations of types 1,

2 and 3 are equivalent when rf = —1. 0

Lemma 10. let o and B be two equivalent representations of a group G of degree n. Then o
is unitary relative to a hermitian invertible matrix M if and only if B is unitary relative to a

hermitian invertible matrix N.

Proof. Let a be a unitary representation relative to a hermitian matrix M. Then a(g)Ma(g)* =
M for all g € G. Since a and B are equivalent representations, it follows that there exists an

n x n invertible matrix 7 such that T~ 'a(g)T = B(g).

We now verify that 3 is unitary relative to 7~ 'M(T~1)*.

BT 'M(T~")*B(g)* =T "TB(e)T'M(T ") B(g)* T*(T~")*
— T a(g)M(TB()T ") (1)

=T '(a(g)Ma(g) )(T~)
=T 'M(T 1),
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Since (T~'M(T~1)*)* = T='M(T~1)*, it follows that T ~'M (T ~1)* is hermitian. Using Theo-

rem 5, Theorem 6 and Lemma 10, we get the following Lemma. O

Lemma 11. Wada’s representations of types 2 and 3 are unitary.

6. Wada’s Representations And Hecke Algebra

In this section, we prove our main result, which states that Wada’s representations of types 1,

2 and 3 arise from Hecke algebras.
Definition 10. The Hecke algebra H,(q) is the complex algebra defined by the presentation
_ o _ 2 _
< S1yeeey S | SiSj =880, | i—J|> 1,8iSi418i = Sip18iSiv1, (8) = (1 —q)si+g > .

Here, q is any nonzero complex number.

Under direct computations, we easily verify the next lemma.

Lemma 12. The minimal polynomial of Wada’s representations of type 3 is

(x—1)% forall n > 2.

Lemma 13. Let o and B be two equivalent representations of a group G of degree n and q be

a nonzero complex number. Then a arises from a Hecke algebra H,(q) if and only if B arises

from Hy(q).

Proof. Suppose that o arises from a Hecke algebra H,(q). Then, for every g € G, we have

(a(8))* = (1—q)at(g) +qly.

Since « and B are equivalent representations, it follows that there exists an invertible matrix T
in M,,(C) such that T~ 'a(g)T = B(g).
Multiplying (1) by 7! from the left and by T from the right, we get that

TN (()’T =T ((1-q)a(g) +qI)T.

This implies that (8(g))? = (1 —q)B(g) + gl,.. Therefore, B arises from H,(q). O
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Having shown that Wada’s representations of types 1, 2 and 3 are of Burau type, we easily

get our main theorem, Theorem 7.
Theorem 7. Wada’s representations of types 1, 2 and 3 arise from hecke algebras.

Proof. 1t is easy to see that type [ arises from Hn(tk), whereas fype 2 and type 3 arise from
H,(—1). 0J
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