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Abstract. In this paper, we use the sine-cosine function method to construct the traveling wave solutions for three
models; namely the (2+1)-dimensional Zoomeron equation, the Duffing equation and the Symmetric Regularized
Long Wave equation (SRLW). These equations play a very important role in mathematical physics and engineering

sciences.
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1. Introduction

Exact solutions to nonlinear partial differential equations play an important role in nonlinear science, espe-
cially in nonlinear physical science since they can provide much physical information and more insight into the
physical aspects of the problem and thus lead to further applications. In the literature, many significant methods
have been proposed for obtaining exact solutions of nonlinear partial differential equations (PDEs) such as the
tanh method, trigonometric and hyperbolic function methods, the rational sine-cosine method, the extended tanh-

function method, the Exp-function method, the Hirota’s method, Hirota bilinear forms, the tanh-sech method and
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soon [1,2,3,4,5,6,7,8,9, 10, 11]. The main aim of this paper is to apply the sine-cosine function method
with the help of symbolic computation to obtain soliton solutions of the (2+1)-dimensional Zoomeron equation,

the Duffing equation and the Symmetric Regularized Long Wave equation (SRLW) given, respectively, by:

Uy Uyy

M (i)tt_(i)xx+2(u2)xl:0>
u u

(2) Uy +au+bu® =0,

(3) Up + Uyy + Uy + (Mux)t =0.

Next, we survey in brief the construction of the sine-cosine function method.
2. The sine-cosine method

Restricting our attention to traveling waves, we use the transformation u(x,7) = u({), where the wave variable
{ = (x — ct) transforms the PDE to an equivalent ODE. The sine-cosine algorithm [12, 13, 14, 15, 16] admits the

use of the ansatz

4 u(x,t) = AeosP (ug), 1] < %

and the ansatz

5) u(x,t) = Asinf (ug), [¢] < g

where A, i, ¢ and  are parameters that will be determined. Substituting (4) or (5) into the reduced ODE gives
a polynomial equation of cosine or sine terms. Balancing the exponents of the trigonometric functions cosine or
sine, collecting all terms with same power in cos*(1{) or sin*(1¢) and set to zero their coefficients to get a system
of algebraic equation among the unknowns A, pt, ¢ and 8. The problem is now completely reduced to an algebraic
one. Having determined A, u, c and B by algebraic calculations or by using symbolic computerized calculations,

the solutions proposed in (4) and (5) follow immediately.
3. The (2+1)-dimensional Zoomeron equation

In this section we construct explicit traveling wave solutions of an evolution equation that called Zoomeron

equation given by:

©) (%21 = (2 )+ 2(u) = 0,

where u(x,y,1) is the amplitude of the relevant wave mode. In the literature, there are few articles about this equa-

tion. We only know that this equation was introduced by Calogero and Degasperis. Recently, Reza [17] obtained
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periodic and soliton solutions to Zoomeron equation by means of G’ /G expansion method method. Alquran and
Al-Khaled [18] investigated this model by means of Exp-function method, extended tanh method and the sech-tanh
function method.

Now, using the wave variable { = x + by — ct transforms Equation (6) into the ODE:

(7) b(1—cHu" —2cu® +Ru=0
Where R is the integration constant. Substituting ansatz (4) in equation (7) yields
(8) ARcos(Sp)P —243ccos(£)*P + Ab(1—c)(~Bucos(Eu)P + (~ 1+ B)Bucos(Cp) > sin(Gu)) =0.

Using the identity sin({ 1) 4 cos({)? = 1, then equation (8) can be rewritten as
)
(=ABbU*+AB2bu* + AP U* — AbB2 P u?) cos(E i) P + (AR —AbB2 >+ AbB> ) cos(E )P —243ccos(Cu )P =o.

Balancing the exponents of the cosine function in equation (9) we get B = —1 and the following system:
0 = R+b(—1+H)u?,
(10) 0 = A’c+b(—1+cH)u%

Solving for A and p we obtain

VR _ VR
Ve BT T e

Substituting (11) in (4), the first solution of the (2+1)-dimensional Zoomeron equation is

(11) A=

VR VR
(12) uy(x,t) =+ — sec | ——=(—ct+x+5b .
If we use ansatz (5) the following second solution of Zoomeron is obtained

VR VR
(13) up(x,t) =+ — csc | ——=(—ct+x+b .

4. The Duffing equation

The Duffing equation [19] reads
(14) Mtt+au+bu3 =0,

where a and b are real constants. The Duffing equation describes the motion of a classical particle in a double well

potential. This equation can display chaotic behavior. For b > 0, the equation represents a hard spring, and for
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b < 0 it represents a soft spring, Using the wave variable { = x — ¢t transforms (14) into the following ODE
(15) Au’ +au+bu = 0.

Now, substituting ansatz (4) in equation (15) we get the following equation of cosine terms
(16)
—ABAu%cos(Ep) 2B 4 AB2 AP cos(E ) 2P +ad cos(Cu)P — A B2 % cos(Cp)P + A3beos(E )P =o0.

Balancing the exponents of the cosine function in equation (16) we get B = —1 and the following system:
0 = a—¢* ,uz,
17 0 = A’h+42c%u.

Solving the above system we obtain

(18) A =+V2a, U= @

provided that b is prescribed to be one. Substituting (18) in (4) the first solution of the Duffing equation is
(19) ui(x,t) =+ V2a sec(M).

Moreover, if we use ansatz (5), the second solution is

(20) uy(x,t) = £V 2a CSC(M).

5. The SRLW equation

The Symmetric Regularized Long Wave equation (SRLW) [20, 21] is given by
(21 Upp + Uy + Uy + (uuy); =0, x€R 1> 0.

This equation was shown to describe weekly nonlinear ion acoustic and space-charge waves, and the real-valued
u(x,t) corresponds to the dimensionless fluid velocity with a decay condition. Using the wave variable { = x — ct

transforms (21) into the following ODE

(22) A+ (A Du— %uz =0.

Now, substituting ansatz (4) in equation (22) we get the following equation of cosine terms

(23)  —ABuPcos(Cp) P 4 ABAu cos(Sp) P+ Acos(Cp)P 4 Accos(C)P — A BPu? cos(Cn)P

—%A%COS(@)ZI’ =0.
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Balancing the exponents of the cosine function in equation (23) we get B = —2 and the following system:
0 = —2+c*(-2+8u?),
(24) 0 = A—12cp°

Solving for A and g we obtain

2 N
(25) A= M’ = 1;'6 .
C C

Substituting (25) in (4), the first solution of the SRLW equation is

3(1 + 62) SCC( V 1+c2(—ct+x) )2

(26) M](X,t) = c Z )

and by ansatz (5) the second solution is

3(1 2 V 1+ (—ct+x) \2
@7 up(x,1) = APl S —

c

6. Conclusion

The sine-cosine method has been successfully implemented to establish solitary wave solutions for various type

of nonlinear PDEs. The method can be used for many other nonlinear equations or coupled ones.
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