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Abstract. The purpose of this paper is to introduce a new hybrid projection algorithm for finding a
commom element of the set of common fixed points of three relatively quasi-nonexpansive mappings and
the set of solutions of a generalized equilibrium problem in Banach space. Our results improve and extend

the corresponding results announced by many others.
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1. Introduction

Let E be a real Banach space with the dual space of E* and let (-,-) be the generalized
duality pairing between E and E*. Let C' be a nonempty closed convex subset of E. We
denote the sets of nonnegative integers and real numbers by N and R respectively. Let

A : C' — E* be a nonlinear mapping and f : C' x C' — R be a bifunction. The generalized
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equilibrium problem is to find u € C, such that
f(u,y) + (Au,y —u) > 0,Vy € C. (1.1)

The set of solutions of (1.1) is denoted by GEP.
Whenever A = 0, problem (1.1) is equivalent to finding u € C, such that

flu,y) >0,Vy € C. (1.2)

The set of its solutions is denoted by EP.

Whenever f = 0, problem (1.1) is equivalent to finding u € C, such that
(Au,y —u) > 0,Vy € C. (1.3)

The set of its solutions is denoted by VI(C, A).

We recall some definitions and results which will be needed in this paper. A mapping
T : C — C is called nonexpansive if |Tz — Ty|| < ||z — y|,Vz,y € C. Denote by
F(T) the set of fixed points of T, that is F(T) = {z € C : Tx = x}. A mapping
A C — E* is called a— inverse-strongly monotone, if there exits an o > 0, such that
(Ar— Ay, x—y) > a||Az—Ay||*,Vz,y € C. It is easy to see that if A is a— inverse-strongly
monotone mapping, then it is X-Lipschitzian, i.e. ||[Az — Ay|| < L|lz —y|, Vz,y € C.

The mapping J : E — 2E" defined by Jz = {z* € E* : (z,2*) = ||z]|? = ||=*|*}, Vz €
E is called the normalized duality mapping. It is well-known that if E* is uniformly
smooth, then J is uniformly norm-to-norm continuous on bounded subsets of E. We also

defined the function ¢ as following
¢(z,y) = ||z = 2(z, Jy) + |lyl*, Yo,y € E. (1.4)
Following Alber[1], the generalized projection Il¢ from E onto C' is defined by
le(z) = argmingeco(y, x), Vo € E.

It is clear that in Hilbert space H, (1.4) reduces to ¢(z,y) = ||z —y||* and Il is the metric

projection of H onto C.
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Very recently, Takhashi and Zembayashi[2] proposed the following iteration for a rela-
tively nonexpansive mapping:

(

ro=x€C, Cy=0C,

Yp = J HanJz, + (1 — ) JSTy),

u, € C such that f(u,,y)+ i(y — Uy, Juy, — Jyn) > 0,Vy € C,
H, = {z € C:d(zun) < o(2,24)},

W,={z€C:(x, -z Jo— Jx,) > 0},

(1.5)

L Tnt1 = g, aw, %o,

and proved that the sequence {x,} converges strongly to Ilp(s)yngpo.
In 2008,Qin et al.[3] introduced the following iterative for two closed relatively quasi-

nonexpansive mappings in Banach space:

(

rg € K, Cy=0C,
Un = J HanJ Ty + Bnd T + YnJ ST0),
u, € C such that f(un,y) + 2=y — wn, Jun, — Jyn) > 0,Vy € C, (1.6)

Cri1 = {Z cCy: ¢(Zvun) < ¢(Z,$n)},

Tp4+1 = HCn+1:B0a

\

and proved that the sequence {z,} converges strongly to U rrynrs)nEPTo-
In 2009, K.Wattanawitoon and P.Kuman[4] introduced the following iterative for two

closed relatively quasi-nonexpansive mappings in Banach space:

(

ro€e B, C; =C,

Yp = J H(OnJzn + (1 = 0,) T 21),

2y = J NapJzy + BnJTxy + Y0 JSTy),

u, € C such that f(u,,y)+ i(y — Uy, Jup — Jz,) > 0,Vy € C,
Cri1 ={2 € Cn : ¢(2,yn) < d(2,20)},

k Tp4+1 = ]:[Cn+1x07

(1.7)

and proved that the sequence {z,} converges strongly to Ilpimnr(s)nepo.

In 2010, S.S. Chang[5]introduced the following iterative for two relatively nonexpansive
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mappings in Banach space:

(

rg € B, Ch =C,

Yn = JH(Budzn + (1 = 8,)JSzn),

2n = J YapJr, + (1 — ay)JTx,),

up € C such that f(un, y) + (Atn, Y = Un) + 7= (Y = Un, Jun — Jyn) > 0,y € C,
H, ={v e C:o(v,un) < (v, zn) + (1 = Bn) (v, 2n) < G(v, )},
W,=4{z€C:(x, — 2z, Jrg— Jx,) > 0},

Tpy1 = Hu,aw, To,

(1.8)

and proved that the sequence {z,} converges strongly to Ilp(r)nr(s)ncEro-
In this paper, motivated by K.Wattanawitoon and P.Kuman[4], we modified iterations
of (1.7) to obtain strong convergence theorems for fixed point problems and generalized

equilibrium problems of three relatively quasi-nonexpansive mappings in Banach spaces.

2. Preliminaries

Let C' be a nonempty closed convex subset of E, and let T" be a mapping from C' into
itself. A point p in C is said to be an asymptotic fixed point of T if C' contains a sequence
{z,,} which converges weakly to p such that lim, ||z, — Tx,|| = 0. The set of asymp-
totic fixed points of T will be denoted by E(T\/) A mapping T from C' into itself is said
to be relatively nonexpansive if ]*:(\f) = F(T) and ¢(p, Tx) < ¢(p,x) for all z € C' and
p € F(T). T is said to be ¢— nonexpansive, if ¢(Tx, Ty) < ¢(x,y) for x,y € C. T is said
to be relatively quasi-nonexpansive if F(T) # () and ¢(p, Tx) < ¢(p, x) for all x € C and
pe F(T).

Remark2.1 The class of relatively quasi-nonexpansive is more general than the class of

relatively nonexpansive mapping which requires the strong restriction: F(T) = F(T).
Lemma?2.2(Kamimura and Takahashi[9]) Let E be a uniformly convex and smooth Ba-
nach space and let {z,} and {y,} be two sequences of E. If ¢(x,,y,) — 0 and either {z,}
or {y,} is bounded, then ||z, — y,| — O.

Lemma?2.3(Alber[1]) Let C' be a nonempty closed convex subset of a smooth Banach
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space EY and x € E. Then zy = Iz if and only if
(xo —y, Jx — Jxg) > 0,Vy € C.

Lemma?2.4(Alber[1]) Let E be a reflexive, strictly convex subset of a smooth Banach

space and let C' be a nonempty closed convex subset of F and let x € E. Then

oy, lex) + ¢p(Hew,z) < ¢(x,y),Vy € C.

Lemma?2.5(Qin et al.[3]) Let E be a uniformly convex and smooth Banach space, let C
be a closed convex subset of E, and let T" be a closed and relatively quasi-¢-nonexpansive
mapping from C into itself. Then F(T') is a closed convex subset of C.

Lemma 2.6(Cho et al.[10]) Let E be a uniformly convex Banach space and B,(0) be
a closed ball of E. Then there exists a continuous strictly increasing convex function

g :10,+00) = [0,400) with g(0) = 0 such that
1Az + py +v2l* < All® + wllyl® + A=l = Aug(llz = ),

for all z,y,z € B,(0) and A\, u,y € [0,1] with A+ pu+~v = 1.
Lemma 2.7(Kamimura and Takahashi[9]) Let E be a uniformly convex and smooth
Banach space and let » > 0. Then there exists a strictly increasing, continuous and
convex function ¢ : [0,2r] — R such that g(0) = 0 and g(||z — y||) < ¢(z,y) for all
x,y € B,.

For solving the generalized equilibrium problem, let us assume a bifunction f satisfied
the following conditions
(A1) f(xz,z) =0 for all x € C;
(A2) f is monotone, i.e. f(x,y)+ f(y,x) < 0forallz,y € C,
(A3) for all z,y, z € C,limsupyof(tz + (1 — t)z,y) < f(z,y);
(A4) for all z € C, f(z,-) is convex and lower semicontinuous.
Lemma2.8 (Blum and Oetti [11])Let C be a closed convex subset of a smooth, strictly
convex and reflexive Banach space E, let f : C' x C — R be a bifunction satisfying

(A1)-(A4),and let r > 0 and x € E, then there exists z € C' such that

f(z,y)—ir%(y—z,Jz—J@ >0, VyeC. (2.4)
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Lemma?2.9(Takahashi and Zembayashi [2]) Let C' be a nonempty closed convex subset of
a uniformly smooth, strictly convex and reflexive Banach space F/, and let f : C'xC — R
be a bifunction satisfying (A1)-(A4), for r > 0 and = € F, define a mapping T, : £ — C

as follows
1
T.(z) ={2€C: f(z,y) + ;(y —z,Jz—Jx) > 0,Vy € C}.

for all x € . Then
()T, is single-valued;

()T is a firmly nonexpansive-type mapping,i.e.,

(Thx — Ty, JTox — JTy) < (T,x — Ty, Jx — Jy), Vr,y € E;

—_~—

(i) F(T,) = F(T,) = EP;
(iv)EP is a closed convex subset of C.

Lemma?2.10(Takahashi and Zembayashi [2]) Let C' be a nonempty closed convex subset
of a smooth, strictly convex and reflexive Banach space F, let f : C x C — R be a

bifunction satisfying (A1)-(A4), and r > 0. Then for x € E and q € F(T,),

¢(Q7 TTx) + Qﬁ(TTI,I) S Qﬁ(q,l’)

Lemma?2.11(S.S.Chang[5]) Let E be a smooth, strictly convex and reflexive Banach space
and C be a nonempty closed convex of E. Let A : C — E* be an a—inverse-strongly
monotone mapping, let f be a function from C' x C' — R satisfying (A1)-(A4), and let
r > 0. Then the following statements hold.

(Dfor z € E, there exists u € C such that
fu,y) + (Au,y — u) + %(y —u,Ju—Jxy > 0,Vy € C,
(II)if F is additionally uniformly smooth and K, : E — C' is defined as
K. (z)={ueC: flu,y) + (Au,y —u) + %(y —u, Ju— Jxy > 0,Vy € C},

then the mapping K, has the following properties
(i) K, is single-valued.
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(ii) K, is a firmly nonexpansive-type mapping, i.e.,

(Kyx — Ky, JK, o — JKy) < (K,x — Ky, Jx — Jy), Vx,y € E,

—_——

(i) F(K,) = F(K,) = GEP,
(iv)GEP is a closed convex subset of C,
(V)¢(g, Krx) + ¢(Krx, ) < ¢(g, x),Vq € F(K).

3. Main results

Theorem3.1 Let C be a nonempty and closed convex subset of a uniformly convex
and uniformly smooth Banach space E. Let A : C — E* be an a— inverse-strong
monotone mapping and let f be a bifunction from C' x C' — R satisfying (Al)-(A4),
let T,S,R : C" — C be three closed relatively quasi-nonexpansive mappings such that
F=FT)NnFS)NFR) NGEP # 0. {z.},{yn}, {2} and {u,} are the sequences
generated by the following,

o€ E, Chy =0C, 21 =1l o,

Yn = J (0 Jzn + (1 = 0,) I R2,),

2, = J Yo Jx, + B J T2, + Y0 Sxy),

u, € C such that f(un,y) + (Au,, y — u,) + %(y — Uy, JU, — Jyn) > 0,YVy € C,

Cn—i—l - {Z € Cn : ¢(Z,Un) S 5n¢<zvxn) + (1 - 5n)¢(z7zn) S ¢(Z7In)}7

Tpt1 = ch+1$0.

(3.1)
Suppose that {a,}, {6.}, {7 tand{d,} are sequences in [0,1] satisfying the restrictions,
(a)an + Bn +m = 1;
(b)limy,, o fn > 0, lim,,_, oy, > 0, lim,, ., 6,(1 —9,) > 0;
(c){rn} C [a,o0) for some a > 0.

Then {z,}and {u,} converge strongly to z € F,where z = [Ipx,.
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Proof. We split the proof into six steps.
Stepl. We show that (), is closed and convex for all n > 0. It is obvious that C; = C' is
closed and convex. Suppose that C} is closed and convex for some k € N. For z € C},

one obtains that
¢(Za uk) < 5k¢(27 xk) + (1 - 6k)¢(27 Zk‘)7

is equivalent to

2<Z, (1 — (Sk)JZk + 5k<]$k — Juk) S (1 — 5]€)”Zk”2 — HUkHQ + 5k||flfk”2,

and
5k¢(27 xk) + (1 - 5k)¢(27 Zk) < (b(za xk)a
is equivalent to

2(z, Jow — Jan) < el = [l

It implies that Cj; is closed and convex. Then, for all n > 0, C), is closed and convex.

This show that Il-

n+1

Step 2. Let us show that F' C C), for each n > 0.

xg is well defined. Notice that u, = K, y, for all n > 1.

F c C; = C is obvious, suppose ' C C}, for some k € N, then for any w € F C C}, one

has,

o(w,z) = o(w, J Yoz + BuJTxr + S St1))

|w||? = 20 (w, Jxy) — 2Bk {w, JTxy) — 291w, JSwp) + ||axJzr + BeJ Txr + Y Sxi ||
|w||? = 20w, Jxy) — 2Bk (w, JTx) — 29 {w, JSy)

+agl| Jzpl? + Bell TTk||? + el TSz

apd(w, ) + Bed(w, Tk) + Ved(w, Szy)

o(w, zy),

IA

IN

(3.2)
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and
o(w,up) = o(w, K yx)

< o(w, yk)
= o(w, J N6 Jzy + (1 = 6;) JRzy,))
< wll* = 20w, Jax) — 2(1 = 0)(w, JRz) + dgl|el* + (1 — dp) | Rz
= 0pp(w,zx) + (1 = d)d(w, Rzy)
< Oed(w, k) + (1 — dk)p(w, 2x)
< Okp(w, k) + (1 — dp)p(w, )

¢(w7 xk)?
(3.3)

that is w € Cjy1. This implies that F' C C, for all n > 0.
Step 3. We claim that {z,} is bounded, and lim, l||Zn+1 — Z,|| = 0. Indeed, by the
definition of z,, = Il¢, ¢, from Lemma2.4 it follows that for each w € F' and each n > 1,we

obtain
¢(n, 20) = (I, 20, T0) < P(w, 20) — d(w, [, 20) < (W, x0).

This implies that {¢(z,,x0)} is bounded, and so {x,}, {u.},{z.}, {Txn}, {Sxn}, {R2n}

are all bounded. Furthermore, noticing that z,, = Il xp and z,11 = ll¢, ,, 20 € Cpiq C

n+1
Ch, we get ¢(,, 0) < ¢(xn11, 7o), for all n > 0. Thus, ¢(x,, o) is nondecreasing, so the

limit of ¢(x,, zo) exists, from Lemma 2.4 we have

O(Tni1,Tn) = O(Tni1, o, 20) < O(@n11, 20) — ¢, 20, 70) = A(Tni1, T0) — A(Tn; o),

which leads to lim, _oo®(Tpni1, ) = 0, it follows that lim,, . ||T,1 — .|| = 0.
Step 4. We will prove that {x,} is a cauchy sequence.
By the construction of C),, one has that C,,, C C,, and z,, = llo_xo € C,, for any positive

m

integer m > n. It follows that,

(T, xn) = O(xm, Hepz) < O(Xhm, x0) — d(Ilenxo, o) = G(Tm, o) — (T, x0),

letting m,n — oo, one has ¢(z,,, x,) — 0, it follows lim, || Tm — z,|| = 0. Hence {z,}

is a Cauchy sequence. We can assume that z,, — p € C, as n — oc.
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Step 5. We claim that p € F.

In fact, for z,, 41 = Il¢, .,

g € Cpy1 C O, from the definition of C),; we conclude that

¢(xn+17 un) S (b(anrla ;Cn),
and
¢(xn+17 Zn) S ¢(xn+17 -rn)

It follows that ¢ (2,41, u,) — 0 and ¢(z,41, 2,) — 0. One has
1My oo || Tna1 — Tnl| = Uimp oo ||Tnir — Unl| = limyoo||Tne1 — 2nl| = 0, (3.4)
and so
limp_oo||Tn — tnl| = limysool|Tn — 20| = limy_oo||ttn — 20| = 0 (3.5).

Since FE is uniformly smooth, and J is uniformly norm-norm continuous on bounded sets,

we have

limp s ool| ST — Jup|| = limy oo || J2n — J2,|| = 0. (3.6)

Let 7 = suppso{l|lznlls | T2, [|Sznll, || Rzx||}. From Lemma 2.9 and Lemma2.6, one has

d(w,z,) = o(w, J Y anJzy + Bud Ty + VnJSwy))
= |lw||? = 20 (w, Jz,) — 2B, (w, JTz,) — 27w, JSx,) + ||anJTn + Bpd Ty + Y J Sz ||?
< Jwll? = 200 (w, Jg) — 2B, (w, JTz,) — 290 (w, JSx,) + a|| 2,12 + Bal| T, ||
9l TS2n|* — enBug ([T Ty — Jnl|)
= d(w, z,) + Bud(w, Ty) + (W, Sxn) — anBrg (|| JTxn — Jay|)
< o(w, ) — anfug(|[J Ty — Jul]).
(3.7)
Then
nBng(|[JTan — Jau|) < d(w, 2) — d(w, 2n). (3.8)

On the other hand,we have

P(w, 2n) — P(w, zn) l2nl* = Nzl = 20w, T2 — Jzn)
znll = lzalD Uzl + ll2nll) — 2w, J2n = Jzn) (3.9)

(lzn = znlD) Ul + 20l) + 2[wl[[| J2n = T2n]l.

IA
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It follows from (3.5)and(3.6),we have

limy,_oo[d(w, z,) — d(w, z,)] = 0, (3.10)

hence,

limyoog(|| Tz, — Jzu||) = 0.

From the property of ¢ that
limp—ool| JT Ty — Jx,|| = 0.
Since J~! is also uniformly norm-norm continuous on bounded sets, we see that
limp oo || Ty — x| = 0. (3.11)

Similarly,
limy oo || ST — || = 0. (3.12)

From Lemma 2.6, one also has

d(w,y,) = o(w, J Yo Jz, + (1 —8,)JRzy)
= Jwl|]® = 2(w, 0,y + (1 = 6,)JR2p) + ||0nJzn + (1 — 8,) J Rz, ||?
< | wl|? = 26, (w, Jz,) — 2(1 = 8,)(w, JR2,) + 0p|znll? + (1 = 8,) || Rz, ||?
—0n(1 = 0n)g (|| R2n — Jn]])

= 0p¢(w, xn) + (1 = 65)(w, Rzp) — 6, (1 — 6)g(|[J Rz — Jn[)
< Gpg(w, mn) + (1 = 6)(w, 2) — 6n(1 = 0n)g(|| T R2n — J )
< o(w, mn) = 0n(1 — 6,)g([|J Rz — Jnl)).
(3.13)
Hence
0n(1 = 0n)glll JRzn — Jo||] < d(w, 1) — $(w, Yn)- (3.14)

On the other hand,we get

P(w, zn) — ¢(w, yn) lznll® = llynll* = 2(w, Jn = Jyn)
Uzl = llynl)Uznll + lynll) = 2w, Jzn = Jyn) (3.15)

< (lzn = wal)lnll + llyall) + 2[jwll[| J2n = Tyl
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From Lemma2.8, we have

D (tn;s Yn) (K, Yns Yn)
¢(w7 yn> - QZS(U), Krnyn)
¢(w7 xn) - gb(w, un)

||$n||2 - ||un||2 - 2<w7 an - Jun>

IN N IA

IA

Hence

iMoo P (Un, Yn) = 0,
and so,

limnsoo[tin — ynll = 0.

Combining with (3.5), we conclude that

limp—ool|Tn — Ynll = 0, limy, o0 || J2r, — Jynl|| = 0.

It follows from (3.14),(3.15),(3.18), we obtain
9(||JRz, — Jxy,||) = 0,n — oc.

and so,

limp—oo|| Rzn — x| = 0.

Noticing (3.5), we have

limy s ool| Rzn — 20| = 0.

(lzn = wnl)lznll + llunll) + 2lwll | J2n = Jun]|

(3.16)

(3.17)

(3.18)

(3.19)

From the closedness of S, T and R, we get p € F. Next, we show p € GEP = F(K,).

Since J is uniformly norm-to-norm continuous on bounded subsets of E, from (3.17) we

have lim,, oo ||Ju, — Jyn|| = 0. From r, > a > 0, then

Tty — Jy
fim o 1T = TOll _
Tn

Let F(u,y) = f(u,y) + (Au,y — u), for u, = K, y,, we have

1

n

(3.20)
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Therefore,

Hy - un” <y - UmJun - Jyn> > _F(umy> > F(yvun)'

Tn n

By taking the limit as n — oo in the above inequality and from (A4) and (3.21),one has
F(y,p) <0,¥y € C,

For all 0 < ¢t < 1 and y € C,define y, = ty + (1 — t)p. Noticing that y,p € C, then y;, € C,
which yields that F(y;,p) < 0. From (A1) and (A4) that

0=F(y,y) <tF(ye,y) + (1 =) F(ye,p) < tF(ye, y)-

That is
F(ye.y) = 0.
Let t | 0, we obtain F(p,y) > 0,Vy € C. This implies that p € GEP. This shows that
peF.
Step 6. We prove p = llpx,.
In fact, by Lemma2.5,

(x, — 2z, Jxg — Jxpy) > 0,Vz € C,,.

Since F' C C,, for all n > 1, we arrive at
(xy —w,Jxg — Jx,) > 0,YVw € F.
By taking the limit in the above inequality, one has
(p—w, Jrg— Jp) > 0,Yw € F.

At this point, in view of Lemma 2.3, we can get p = [Igpxy. This completes the proof of

theorem3.1.

Putting A = 0 in Theorem3.1, we can get,
Corollary 3.2 Let C' be a nonempty and closed convex subset of a uniformly convex and
uniformly smooth Banach space E. Let f be a bifunction from C' x C' — R satisfying

(A1)-(A4) andlet T, S, R : C' — C be three closed relatively quasi-nonexpansive mappings
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such that F' := F(T)NF(S)NF(R)NEP # 0. Let {x,},{yn},{z.} and {u,} be the

sequences generated by the following:

( rvweklk Ci=0C, = Hcll’o,
Yp = J 1 (0pJxn + (1 = 6,)JR2,),
2n = J o Jxy + Bud Ty 4+ Yo d Sy),
( B g ) (3.21)
u, € C such that f(u,,y)+ %(y — Up, Ju,, — Jy,) > 0,Vy € C,
Cny1 = {Z €Cy: (b(zaun) < §n¢(zaxn) + (1 - 6n)¢(27 Zn) < ¢(Z7xn)}v

. T+l = ch+1$0.

Suppose that {a,}, {6.}, {7 }and{d,} are sequences in [0,1] satisfying the restrictions:
(@)an + B+ 7 = 1;

(b)limy,,_, cnBn > 0, lim

———Nn—00 n

oo OnYn > 0,limy, 6, (1 — 0,,) > 0;
(¢){rn} C [a,o0) for some a > 0.
Then {z,}and {u,} converge strongly to z € F,where z = I[lpz,.

Putting f = 0 in Theorem3.1, we can obtain,
Corollary 3.3 Let C' be a nonempty and closed convex subset of a uniformly convex and
uniformly smooth Banach space E. Let A : C' — E* be an a— inverse- strong monotone
mapping and let TS, R : C'— C' be three closed relatively quasi-nonexpansive mappings
such that F:= F(T)NF(S)NF(R)NVI(C,A) # 0. Let {x,},{yn}, {2z} and {u,} be

the sequences generated by the following:

( o€ E, Cy =0C, x1 =1lg o,
Y = J (0 Jxn + (1 — 6,)JR2y),
2y = J N Jxy + Brd T s + Y0 J Sxy),
u, € C such that (Au,,y — u,) + %(y — Up, JUu, — Jyn) > 0,Vy € C,

Cry1 =1{2 € Cp 1 9(2,un) < 0,0(2,7,) + (1 = 0,)0(2, 20) < &(2,20)},

. $n+1 = ch+1fb0.

(3.22)

Suppose that {a,}, {8.}, {7 and{d,} are sequences in [0,1] satisfying the restrictions:
(a)an + Bn + Yo =1

on(l—06,) >0;

n—r 00

(c){rn} C [a,o0) for some a > 0.
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Then {z,}and {u,} converge strongly to z € F,where z = [Ipx,.
Corollary 3.4 Let C' be a nonempty and closed convex subset of a uniformly convex and
uniformly smooth Banach space E. Let f be a bifunction from C' x C' — R satisfying

(A1)-(A4) and let R : C' — C be a closed relatively quasi-nonexpansive mapping such
that F':= F(R)N EP # (). Let {z,} be the sequences generated by the following:

4

xo € B, Cy =C, z1 =1lg o,

Yn = J 0 Jzy + (1 = 6,)JRy,),

u, € C such that f(u,,y)+ i(y — U, JUy — Jyn) > 0,Vy € C, (3.23)
Cnt1 = {2z € Cn: 9(2,un) < &(z,20)},

T+l = ch+1$0.

\

Suppose that d,, are asequences in [0,1] satisfying the restrictions:

()i, no0a(1 — 8,) > 0

(b){r,} C [a,o0) for some a > 0.

Then {z, }and {u,} converge strongly to z € F,where z = [Ipx,.

Corollary 3.5 Let C' be a nonempty and closed convex subset of a uniformly convex and
uniformly smooth Banach space E. Let f be a bifunction from C' x C' — R satisfying
(A1)-(A4) and let T, S : C' — C be two closed relatively quasi-nonexpansive mappings
such that F:= F(T)N F(S)NEP # 0. Let {,} and {u,} be the sequences generated

by the following:

(20 € B, C\ = C, &, =gy,

Yo = J o Jxy + Bud Ty + vnJSty),
4 Un € C such that f(un,y) + 7-(y — Un, Jun, — Jyn) > 0,Vy € C, (3.24)
Conp1 ={2 € Cn 1 §(z,un) < d(z,20)},

LTpt+1 = ch+1I0.

\

Suppose that {a,}, {8, }and{v,} are three sequences in [0,1] satisfying the restrictions:
(a)an + B +7n =1

(b)lim,, , nfBn > 0,lim, . oy, >0,

(c){rn} C [a,o0) for some a > 0.

Then {z,}and {u,} converge strongly to z € F,where z = [Ipx,.
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Corollary 3.6 Let C' be a nonempty and closed convex subset of a uniformly convex and
uniformly smooth Banach space E. Let f be a bifunction from C' x C' — R satisfying
(A1)-(A4) and let T, S : C' — C be two closed relatively quasi-nonexpansive mappings
such that F:= F(T)NF(S)NEP # 0. Let {z,},{yn}, {zn} and {u,} be the sequences
generated by the following:

4

xo € B, Cy =C, z1 =1lg o,

Un = J (0 Jxn + (1 = 0,)J 20),

2y = J Yz, + By J T2y + Y0 JSy),

u, € C such that f(u,,y)+ i(y — Up, Ju, — Jy,) > 0,Vy € C,
Cnp1 = {2 € Cn 1 9(z,un) < @(2,20)},

Tpt+1 = ch+1I0.

(3.25)

Suppose that {a,}, {B.}, {7} and{0,} are sequences in [0,1] satisfying the restrictions:

(@), + Bn + Y = 1;

(b)lim,, o nfBn > 0,lim, . oy, > 0,lim, . 0,(1 —6,) > 0;

(c){rn} C [a,o0) for some a > 0.

Then {z,}and {u,} converge strongly to z € F,where z = [Ipx,.

Corollary 3.7 Let C' be a nonempty and closed convex subset of a uniformly convex
and uniformly smooth Banach space E. Let A : C — E* be an a— inverse-strong
monotone mapping and f be a bifunction from C' x C' — R satisfying (A1)-(A4) and
let TR : C'— C be two closed relatively quasi-nonexpansive mappings such that F' :=

F(T)NF(R)NGEP # (. Let {xn},{yn}, {2z} and {u,} be the sequences generated by

the following:

(20€ B, C\=C, z; =gy,

Yn = J H(OnJ 0 + (1 — 0,)JR2,),

2y = J Y apJx, + (1 — ap)JTx,),

u, € C such that f(u,,y)+ (Aun, y — u,) + %(y — Uy, Ju, — Jy,) > 0,YVy € C,
Cni1 = {2 € Cn 1 9(2,un) < 0n0(2,2n) + (1 = 00)P(2, 20) < 62,20},

Tntl = HC”Jrl,I‘O.
(3.26)
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Suppose that {a,} and {J,} are two sequences in [0,1] satisfying the restrictions:

(a)

lim an(l —ay,) >0,lim on(l—06,) > 0;

————Nn—00

n—oo - N

(b){rn} C [a,o0) for some a > 0.

Then {z,}and {u,} converge strongly to z € F,where z = [Ipx,.

Remark 3.8 From Corollary 3.4,3.5,3.6 and Corollary 3.7, we see Theorem 3.1 improve

and extend the recent ones announced by W.Takahashi and K.Zembayyashi[2], Qin et

al.[3],K.Wattanawitoon and P.Kumam [4] and S.S.Chang]5].
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