Available online at http://scik.org
J. Math. Comput. Sci. 4 (2014), No. 4, 622-638
ISSN: 1927-5307

GENERALIZED HYERS-ULAM STABILITY OF A QUADRATIC FUNCTIONAL
EQUATION IN (B, p)-BANACH SPACES

MOHAMED SIROUNI*, SAMIR KABBAJ

Faculty of Sciences, Department of Mathematics, Ibn Tofail University, BP:14000, Kenitra, Morocco

Copyright (© 2014 Sirouni and Kabbaj. This is an open access article distributed under the Creative Commons Attribution License, which

permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. The main goal of this paper is the investigation of the general solution and the generalized Hyers-Ulam

stability of the following quadratic functional equation

flarty) + 5 =)+ £ =) = ala+ Df (@) + @+ DFG)

in (8, p)-Banach spaces, where a is a nonzero fixed integer such that a £ 0,—1,—2.
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1. Introduction and preliminaries

In 1940, Ulam [30] gave a talk before the Mathematics Club of the University of Wisconsin
in which proposed the following stability problem, well-known as Ulam stability problem.

Let G be a group and let G, be a metric group with the metric d(.,.). Given € > 0, does there
exist a & > 0 such that if a mapping 4 : G| — G, satisfies the inequality d(h(xy),h(x)h(y)) < 6
for all x,y € G; then there is a homomorphism H : G| — G, with d(h(x),H(x)) < € for all
x e Gy?
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In 1941, Hyers [10] gave a first affirmative answer to the question of Ulam for Banach spaces.
Hyers’ theorem was generalized by Aoki [3] for additive mappings and by Th.M. Rassias [23]
for linear mappings by considering an unbounded Cauchy difference. Gavruta [9] provided a

further generalization of the Rassias’ theorem by using a general control function.

The functional equation

fx+y)+fx—y) =2f(x)+2f(y) (1.1)

is called the quadratic functional equation. Quadratic functional equation were used to charac-
terize inner product spaces [1, 2, 11]. In particular every solution of the quadratic functional
equation is said to be quadratic function. It is well known that a function f between real vector
spaces is quadratic if and only if there exists a unique symmetric bi-additive function B such

that f(x) = B(x,x) for all x (see [1, 11]). The bi-additive mapping is given by

B(x,y) =~ [f(x+y) = f(x—y)].

I

The generalized Hyers-Ulam stability problem for the above quadratic functional equation was
proved by Skof [29] for mapping f : X — Y, where X is a normed space and Y is a Banach
space. Cholewa [5] noticed that the theorem of Skof is still true if relevant domain X is replaced
by an abelian group. In [6], Cherwik proved the generalized Hyers-Ulam of the quadratic func-
tional equation as above. Grabiec [8] has generalized these results mentioned above. Several
functional equations have been investigated in [4, 16-19, 24-28].

The notion of quasi-f-normed space was introduced by Rassias and Kim in [22]. This notion
is a generalization of that of quasi-normed space. We consider some basic concepts concerning

quasi-f-normed space. We fix a real number § with 0 < f < 1 and let K denote either R or C.

Definition 1.1. Let X be a linear space over K. A quasi--norm ||.|| is a real-valued function

on X satisfying the following:

(1) ||x|]| >0 for all x € X and ||x|| = 0 if and only if x =0,
) ||Ax] = |A|P |x|| for all A € K and all x € X,
(3) there is a constant K > 1 such that ||x+y|| < K (||x]| + ||y||) for all x,y € X.
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The pair (X, ||.||) is called a quasi-B-normed space if is a quasi-B-norm on X. The smallest
possible K is called the modulus of concavity of ||.||. A quasi-B-Banach space is a complete

quasi-f-normed space. A quasi-B-norm ||.|| is called a (B, p)-norm 0 < p < 1 if
ey 117 < [lxll” + lIyll?

for all x,y € X. In this case, the quasi--Banach space is called a (3, p)-Banach space. We

observe that if x1,x», ..., x, are nonnegative real numbers, then
p
( Xi) <

Rassias [20] investigated the stability of Ulam for the Euler-Lagrange quadratic functional

P

I
1P

where 0 < p <1 [15].

equation

flax+by)+ f(bx—ay) = (a®+b%) [f(x) + f(7)]

Gordji and Khodaei investigated the generalized Hyers-Ulam stability of other Euler-Lagrange
quadratic Functional equation [7]. Jun et. al. [14] introduced and proved the general solution

and the generalized Hyers-Ulam stability of the Euler-Lagrange quadratic functional equation

flax+y)+af(x—y) = (a+1)f(y) +ala+1)f(x), (1.2)

for any fixed integer a with a # 0, —1.

H.-M. Kim and M.-Y. Kim introduced and proved the general solution and the generalized

Hyers-Ulam stability of the quadratic functional equation

flax+by)+af(x—by) = (a+ 1)b*f(y) +ala+1)f(x)

in (B, p)-Banach spaces [13].

In 2010, Rassias [21] introduced the Euler-Lagrange type quadratic functional equation

Flet2) + 3 F =)+ 70 —0)] = 2£() +2£0), (13)

and investigated the Rassias “product-sum” stability of this equation.
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Throughout this paper, assume that «a is a fixed nonzero integr with a # 0, —1, —2, we intro-

duce the following functional equation:

flax+y) +5[fr=3) + f=x)] = ala+ DFE) + @+ 1DFG). (1.4)

In this paper, we establish the general solution and the generalized Hyers-Ulam stability of (1.4)

in (8, p)-Banach spaces.
2. General solution of (1.4)

First, we present the general solution of (1.4) in the class of all functions between vector

spaces.

Theorem 2.1. Let X and Y be vector spaces. A mapping [ : X — Y satisfies (1.1) if and only if
it satisfies (1.2).

Proof. See the same proof in [14].

Theorem 2.2. Let X and Y be vector spaces. A mapping f : X — Y satisfies (1.1) if and only if
it satisfies (1.4).

Proof. Assume that f satisfies (1.1), then we have

f(=x)=f(x) (2.1)
for all x € X, it follows from (2.1) and (1.2) that

flaxty)+ 5 UG =)+ S =2)] = flax+y)+ 5 [F(s=y) + e =)

= flax+y)+af(x—y) (2.2)
=ala+1)f(x)+(a+1)f(y)
for all x,y € X. Then (1.1) satisfies (1.4). Conversely, assume that f satisfies (1.4). Letting

x=y=0in(1.4), we get f(0) = 0. Letting x = 0 in (1.4), we have

FO)+5 )+ F0)] = (a+ DFE).
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and so we conclude that f is even. So we have

flax+y)+af(e=y) = flax+y)+5 [fx=) + flx=)], 23)

for all x,y € X, it follows from (1.4) that

flax+y)+af(x—y)=ala+1)f(x)+(a+1)f(y)

for all x,y € X. Then from Theorem 1.1, the functional equation (1.4) satisfies (1.1). This

completes the proof.

3. Hyers-Ulam stability of (1.4)

For convenience, we define the difference operator Dy : X x X — Y by

a
Dyxy) = flax+y) + 5 [f(x=y) + [y =x)] —ala+1)f(x) = (a+ 1) f (), (3.1)
for all x,y € X and « fixed integer such that a # 0, —1,—2, where f : X — Y is a given function.

From now on, let X be a vector space, and Y be a (f3, p)-Banach space with (3, p)-norm
|.]ly. Let K be the modulus of concavity of ||.||,. We will investigate the generalized Hyers-
Ulam stability problem for the functional equation (1.4).

Theorem 3.1. Let ¢ : X? — [0,00) and W1 : X> — [0,0) be two functions such that

oo

=X

((a+1)'x, (a+1)'x)P < oo,

2B pi
=0 |a+ 1| it (3.2)
1
lim —— g ((a+ 1), (a+1)"y) =0,
ja+1]
forall x,y € X. Let f : X —Y be a function such that
1Ds()|ly < @(x,y) (3.3)
forall x,y € X. Then there exists a unique quadratic function F : X — Y such that
f(0) 1 1
Fx)+——=—f(0)| <——z¥1(xx)" (34)
H a+2 v lat+1/P
forall x € X. The function F : X —Y is given by
1 n
F(x) = lim f(a+1)"x) (3.5)

N—sc0 (a_|_ 1)2}1
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forall x,y € X.

Proof. Letting y = x in (3.3), we get

[(a+1)2f(x) +af(0)— f((a+1)x)|, < @(x,x) (3.6)

for all x € X. Multiplying both sides by W, we have
a

f(x) = f((a+1)x) 1
H @ |, S PERTE A 3.7
for all x € X, where
- 0
7 = s~ L9 (38

for all x € X. It follows from (3.7) with (a+ 1)"x in place of x and multiplying both sides by

w that

1

flla+1)x)  f((a+1)""'x) n n
< — .
‘ a+1 2n (a+1)2(n+1) ‘ _'_1‘2[; (n+1) (p((a+1) X,((l—|-1) x) (3 9)
~ Iy
for all x € X. Next we show that the sequence {]‘((L)an)} is a Cauchy sequence.
(a+ 1) n>0

For any m,n € N,m >n > 0 and x € X, it follows from (3.9) that

Hf(a+1 x) _fllat )" x|l
(a+1)> (a+1)2(m+1)

o (Fllat D) Flat+ )TN
Z( (a+1)% (a+ 1)2(+D) )HY

7 i 7 i1,y (P
SZ f((a‘*'l).x)_f((a‘i’l)' X) (3.10)
Sl (@t 12 (a1
S 1 i i\
sgm(fp((aﬂ)x,(aﬂ)@)
=Y (et i a1
‘a+1|2ﬁp = ’a+1|2ﬁpl
- 1y
for all x € X. It follows from (3.2) and (3.10) that the sequence {%} is a Cauchy
a n>0

sequence in Y, forall x € X. Since Y is a (B, p)-Banach space, the sequence {

F((a+ 1)”X)}
(a+ 1)2}’1 n>0
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converges for all x € X. Therefore, we can define a function F : X — Y by

_ o flla+ D)) 1 ny SO _ L f(a+1)"x)
)= fim £ = i ot (a0 - ) = i HEY

for all x € X. Taking m — o and n = 0 in (3.10), we have

(o)

IFe -l < —— ¥

la+ 17 £
o
|a—|—1|2ﬁp

ot 1|2ﬁpi o((a+1)x,(a+1)x)P

lP1 ()C,)C),

for all x € X. Therefore,

1
v Jat+1]F

f(0)
a+?2

=

—f(x) i (x,x)7,

P+
for all x € X, that is the function F satisfies (3.4). It follows from (3.5), (3.3) and (3.2) that

Do)l = Jim ¢ DG 1, a1

a+12”

< lim ;(P((CH— 1)"x, (a+1)")

for all x,y € X. Therefore, F satisfies (1.4), and so the function F is quadratic.

To prove the uniqueness of the quadratic function F, let us assume that there exists a quadratic
function G : X — Y which satisfies (1.4) and the inequality (3.4). Then it follows easly that by
setting x = y in (1.4), we have G((a+1)x) = (a+ 1)*G(x) and G((a+1)"x) = (a+1)*"G(x),
for all x € X and all n € N. Thus one proves by the last equality and (3.4) that

f((a+1)"x) ro i ) ,
‘W—G@ y " a1 @t D = Gllat 1y
1 1

Yi((a+1)"x,(a+1)"x),

< .
" a1 a+1)7Pr

for all x € X and all n € N. Therefore, letting n — oo, one has F(x) — G(x) = 0 for all x € X,

completing the proof of uniqueness.
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Theorem 3.2. Let ¢ : X2 — [0,00) and ¥, : X*> — [0,00) be two functions such that

(o]

X X

Wa(x2) = Y la+ 1P (o ) <o,
=0 (a+ 1) (a+1) (3.11)
. 2Bn X Y _
r}g}(}ola-i_” (p((a+1)n+17(a+1)n+1)_05
forall x,y € X. Let f : X — Y be a function such that
[Dr(x,2)]]y < @(x,y), (3.12)
for all x,y € X. Then there exists a unique quadratic function F : X — Y such that
1
1F(x) = f()]ly <Walx,x), (3.13)
forall x € X. The function F : X — Y is given by
F(x) = lim(a+ 1) f [ — (3.14)
N—s00 (Cl+ l)n )

forall x € X.

Proof. In this case, f(0) =0 since ) |a+1 lzﬁpi ©(0,0)” < oo, and so ¢(0,0) = 0 by assump-

i=0
tion. It follows from (3.6) with Jw in place of x and multiplying both sides by |a + 1|2B "
a
that
X X
1 2n . 1 2(n—|—l)
w171 (g ) - e 07 ()

<la+1)%P" a a

<la+1 (p((a+1)n+l’ (a_|_1)n+1)
for all x € X.

The rest of proof is similar to proof of theorem 3.1. This completes the proof.

Theorem 3.3. Let ¢ : X — [0,00) and W5 : X*> — [0,00) be two functions such that

= K'o((a+1)x,(a+1)x) -

‘P3(X7'x> = Z 2Bi ’

=0 la+ 11 (3.15)
L Kp((at ) (et 1))
n—ree la+1|

forallx,y € X. Let f : X — Y be a function such that

[Dr () ly < @(x.y) (3.16)
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for all x,y € X. Then there exists a unique quadratic function F : X — Y such that

f(0) K
F(x fx < —Ws(x,x 3.17
o 22 s = gt 3.17)
forall x € X. The function F : X — Y is given by
_ i fla+ 1))
Proof. Letting y = x in (3.16), we get
[(@+1)*f(x) +af(0)— f((a+ Dx)||, < o(x,x) (3.19)
1
for all x € X. Multiplying both sides by ———=, we have
la+ 1P
fx)—f((a+1)x) 1
< O(x,x 3.20
e W o0
for all x € X, where
. f(0)
= — 3.21
7o = ) - 12 (321)

for all x € X. It follows from (3.20) with (a + 1)"x in place of x and multiplying both sides by

— that
|a+1|2[3n
flla+1)"%)  f(la+1)""x) 1 n n
H (a+1)2  (a+1)20tD) —|a+1|213<n+1)¢((a+1) * (a+1)"x) (3.22)
for all x € X. By itertive method, we get
‘f ((a+1)"x)  f(la+1)""x) ZlKl ((a+1)x, (a+1)'x)
a+12" (a1 [, = g 1|a+1|2ﬁ at11% (3.23)
I K"p((at1)"x, (a+1)"x) |
TIERT 2Bm
K"|a+1]| la+1]|

for all x € X and for any m > n > 0. Thus it follows that the sequence {%} 0
n

is a Cauchy sequence in Y, for all x € X. Since Y is a (B, p)-Banach space, the sequence

{%} 0 converges for all x € X. Therefore, we can define a mapping F' : X — Y by
n=

Fl) = tim ZOF D 1 (f((a—l— 1)) — &) ~ lim f((a+1)"x)

n—oo (a4 1) = (a+ 1) a+?2 (a+ 1)
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for all x € X. Taking m — o0 and n = 0 in (3.12), we have

~ ((a+1)ix (a+1)ix)
© (3.24)
= ——2¥3(x,x),
ja+ 1P
for all x € X. Therefore,
f(0) K
Fx)+—=—f)|| <——=3¥3(x,x),

for all x € X, that is the mapping F satisfies (3.17). It follows from (3.18), (3.16) and (3.15) that

Df((a-l— )"x, (a+1)"y)

IDe ey = lim \

(a+1)n Y

— lim ———[IDy((a+ 1%, (a+ 1)y

n=e g +1|2ﬁn HY

< lim ;w((ﬁ 1), (a+1)"y)

< lim ——((a+1)"x, (a+1)"y)

for all x,y € X. Therefore, F satisfies (1.4), and so the mapping F is quadratic.

To prove the uniqueness of the quadratic function F', let us assume that there exists a quadratic
function G : X — Y which satisfies (1.4) and the inequality (3.16). Then it follows easly that by
setting x = y in (1.4), we have G((a+ 1)x) = (a+ 1)>G(x) and G((a+1)"x) = (a+ 1)*"G(x),
for all x € X and all n € N. Thus one proves by the last equality and (3.17) that

‘fa—H x)

a+1)% ~Gl)

Y:m“ﬂ(a—kl)n x)=G((a+1)"x HY

1 K

< ) Yi((a+1)"x, (a+1)"x),
la+ 1P |a+ 1P (@t 1) (a+1)%)

for all x € X and all n € N. Therefore, letting n — oo, one has F(x) — G(x) = 0 for all x € X,

completing the proof of uniqueness.
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Theorem 3.4. Let ¢ : X — [0,00) and ¥y : X*> — [0,0) be two functions such that

Palw,x) = i (K’C“L 1|2ﬁ>i¢ ((a+)c1)i+l ’ (a+xl)"+1) =

i=0

28 X y
r}gilo(K'aH' ) (( +1)n+1’(a+1)n+1) 0

forall x,y € X. Let f : X — Y be a function such that

D)y < (x.)
forall x,y € X. Then there exists a unique quadratic function F' : X — Y such that
1F () = f()lly < K¥a(x,x)

forall x € X. The function F : X —Y is given by

F(x) = 1im(a+1)2”f( * )

n—reo (a+1)"
forall x € X.

(3.25)

(3.26)

(3.27)

(3.28)

Proof. In this case, f(0) = 0 since Z (K\a—k 1]2ﬁ> ¢ (0,0) < o0, and so ¢©(0,0) = 0 by as-

sumption. It follows from (3.19) and the similar method to (3.23) that

<a+uhf(milw)‘@+Lﬂﬁﬂf(@i%ﬁﬁ)m

< 2Bn X X
<lot 120 (e )

for all x € X. By itertive method, we get

f((a+1)"x) f((a+1)’"HX)
(@t )™ (at 12D

+

K|a+1|2ﬁ) . x
K" (P((a+l)m+1’(a+l)m+1

1 m—1 2B i X
< %(K’aﬂ”’ ) (P((a+1)i+l’(a+1)i+l)

for all x € X and for any m > n > 0. Therefore we see that a function F': X — Y defined by

P = fimla 1P ()

is well defined for all x € X. The rest assertion does through by the similar way to corresponding

part of theorem 3.3. This completes the proof.

In the following corollary, we get the stability of (1.4) in the sens of J.M. Rassias.
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Corollary 3.5. Let X be a quasi-a-normed space with (a,p)-norm ||.|| for fixed real num-
ber a with 0 < oo < 1. Let 8,%1,7, be real numbers such that Y1 >0, 8 >0, K|a+ 1|2ﬁ +
la+ 1|a(7/1+7/2) if1,»>0and K|a+ 1|a(71+72) # la+ 1|2B if 71,7 <0. Assume that a function

f: X — Y satisfies the inequality
DGy < 8™ Iyl ™ (3.29)

forallx,y € X and X\{0} if n1,7> < 0. Then there exists a unique quadratic function F : X —Y
wich satisfies (1.4) and the inequality

(

KS HXH(YI +7)
’a+ 1|a(71+72) _K|a+ 1’2137

if K|a—|—1|2ﬁ < |a_|_1|0‘(?’1+}’1)

and y,% >0
v K6||x||(7/1+7’2)
la+ 1|2ﬁ —Kla+ 1|0¢(71+72)’

e+ 29— 1o

if K|a_|_1|0‘(71+71) < |a+1|2ﬁ

and N, 72 <0
\

forall x € X and X\{0} if y1,7» <0, where f(0) =0 if 1,7 > 0. The function F is given by

,}gg(aﬂf”f((afl)n), if Kla+ 11 <la+1*“""and y,p >0

o fla+ 1)

forallx € X and X\{0} if 1,7 <O.

F(x)=
ifK|a+1|a(Y‘+YI) < |a+1|2ﬁand 7,7 <0

Proof.
() If 71,71 >0, and K |a+ 1P < |a+1|*"+) | we put x = y = 0 in (3.29) and get
£(0) =0. Let

@ (x,y) = & [l ™ [ly[|™

for all x,y € X. Then

N 4ol

X
((1—|— 1)i+l

W)=Y (Klat1#)'s

H ]
i=0

((1—|— 1)i+l

S (Kla+177)
- la+ 1|%n+n) &g 4 @n+n)i

< oo,
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for all x € X, and

lim (K|a+128)" X Y
nflo( la-+1] ) ‘P<(a+1)n+1’(a+1)n+1

N

y Y2

(a + l)n—H

— lim (K\a+1\2ﬁ

n—soo

n X
) 5H<a+1>"+1
8 [l 7 [ly|| 2 < Kla+1 )

= lim
‘a_‘_l’a(')’l‘f")’l)

n—soo |a_|_ 1|0‘(‘}’1+?’1)

=0

for all x,y € X. By Theorem 3.4, there exists a unique quadratic mapping F : X — Y

such that
1F(x) = f(x)ly < K¥a(x,x)
OK Jx ")
T at 120 kg 1P
for all x € X.

@) If 71,71 <0, and K |a+ 1|*" 1) < g+ 1P Let

@ (x,y) = & [l " fly[|™

for all x,y € X\{0}. Then

W0 =z( K ) 5 e 1] a1

S\ Ja+1*
= § ||| i (K‘Hl‘a(%m)zﬁ)"
i=0
8 flcf ™

- 1—|a+ 1|0‘(}’1+}’1)*2ﬁ
< oo,

for all x € X\ {0}, and

n

. K . _ n

lim = ) 8@ 1) (@ 1)) = Tim 8 7 ] (K o+ 190728 )
>\ |la+1]| n—yeo

=0
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forall x,y € X\{0}. By Theorem 3.3, there exists a unique quadratic mapping F : X — Y

such that
K
1F ) = fW)ly < ———35¥3(x.x)
la+1|
_ 5K||x\|(7’1+7’2)
la+ 1|2ﬁ —Kla+ 1|OC(Y1+Y2)
for all x € X\{0}.

This completes the proof.

The following corollary, we obtain a stability result of (1.4) in the sens of Rassias.

Corollary 3.6. Let X be a quasi-a.-normed space with (&, p)-norm ||.|| for fixed real number o

with 0 < a < 1. Let 8, y be real numbers such that 6 > 0, K |a+ 1|213 # la+1|" ify> 0 and

Kla+ 1" # |la+1|* if y < 0. Assume that a function f : X — Y satisfies the inequality

D)y < 8 (Il + Iy17) (3.30)

forall x € X and X\{0} if y < 0. Then there exists a unique quadratic function F : X — Y wich

satisfies (1.4) and the inequality

2K 8 ||x||"
Il . if Kla+12 <|a+1"and y>0
F(x)_&_f(x) la+ 1" —K|a+ 1
a+?2 v 2K S ||x||”

la+ 1P —Kl|a+1|"%
forall x € X and X\{0} if y <0, where f(0) =0 if y > 0. The function F is given by

lim(a+1)>f(——— ), if Kla+1 <|a+1/and y>0
Flx)=4{""" (a+1)
ll’l
fim U@+ ") if Kla+1/"*<la+1*and y<o0

n—yoo (a—}-l)zn ’
forall x € X and X\{0} if y < 0.

Proof. If y > 0, we put x =y = 0 in (3.30) and get f(0) = 0. Let
@(x,y) =8 (|lx[I"+[I¥[I")
for all x € X. Then applying Theorem 3.4 and Theorem 3.3, we obtain the desired results.

In Corollary 3.7, we obtain the stability of (1.4) in the sens of Hyers-Ulam.

if Kla+1/"<]a+1*Pand y<o0
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Corollary 3.7. Assume that for some 0 > 0 a function f : X — Y satisfies the inequality
|Ds(x,y)]|y, <6 (3.31)

forall x,y € X. Then there exists a unique quadratic function F : X — Y wich satisfies (1.4) and

the inequality

Ko
vy Ja+1P -k

f(0)

- - i K 1%
) , if K<la+1]

IF) £

for all x € X. The function F is given by

_ o fllat 1))
Flo) = Jim, (a+1)%

forall x € X.

Proof. Let ¢(x,y) := 6. Then ¢ satisfies the condition (3.15), and so we get the desired result.
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