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Abstract. This paper is concerned with the oscillation of solutions of impulsive neutral differential

equation with several positive and negative coefficients of the form

[2(t) = R(t)a(t — 7)) + > Pi(t)a(t — ) ZQ] z(t—0;) =0, t>tg,t#1ty

a(t)) = I(z(tr)), k=1,2,3,....
Our results are generalization of some known results in literature.An example is also given to illustrate
our results.
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1. Introduction

In recent years, the theory of impulsive differential equations received much attention
and a number of papers have been published in this field. This is due to wide possibilities
for their applications in control theory, physics, biology,population dynamics, economics,
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etc. For further applications and questions concerning existence and uniqueness of so-
lutions of impulsive differential equations one can refer [1, 2]. Oscillatory properties of
linear impulsive differential equations with a single constant delay were studied by Gopal-
samy and Zhang [3]. Later papers give more attention to oscillatory behaviour of linear
or nonlinear impulsive differential equations include Bainov et al.[4] and Chen et al.[5].
In [6, 7], Luo et al. and Graef et al. investigated the oscillation of neutral impulsive
differential equations with one or more delays. Recently, in [8, 9, 10],the authors studied
the oscillations of solutions of first order impulsive differential equation with positive and
negative coefficients. Motivated by the results of [9], in the present paper we obtain the
oscillation of impulsive differential equation with several positive and negative coefficients.
Our results are generalization of some known results in literature.

Consider following impulsive neutral differential equation with several positive and

negative coefficients of the form

m n

[2(t) = Rta(t =N + 3 POt —70) = 3 _Qs(a(t — o) =0, t>to,t # tx (1)
o) = L(z(ty), k=1,2,3,.... (1.2)

where

(A1) v>0,7,0; >0 ;

(A2) R € PC([tg,00),(0,00)), P;,Q; € C([to,00),(0,00)), i = 1,2...,m and j =
1,2...,n;

(A3) Ii(x) is continuous in (—oo, +00), and there exist positive numbers b, by, such that

b < B8 < pforx £0and k=1,2.....

2. Preliminaries

Throughout this paper, we always assume that (A1)-(A3) and



OSCILLATION OF IMPULSIVE NEUTRAL DIFFERENTIAL EQUATION.... 243

(A4) there exists a positive number p < m and a partition of the set {1,2,...,n} in to

p disjoint subsets Ji, Jo, ..., J, such that [ € J;, ; > o; with

Hi(t) = Bi(t) = > Qu(t —7i+01) 20, fori=1,2,...p;

led;
H;(t) = Py(t) for i=p+1,...m, H;(t) Z0 on (tx_1,tx] (k > 1) hold.

Let p = max{y,7;,0;} and § = min{y,7,0;},1 <i < m,1 < j < n. With equations

(1.1)and (1.2), one associates an initial condition of the form
2o +5) = B(s), 5 € [~p,0)], 2.1)

where ¢ € PC([—p,0], R) = {¢ : [-p,0] — R such that ¢ is continuous everywhere except
at the finite number of points n and ¢(n™) and ¢(n~) exist with ¢(n™) = ¢(n7)}.
A real valued function z(t) is said to be a solution of the initial value problem (1.1),(1.2)
and (2.1) if
(i) z(t) = o(t — tg) for tg — p < t < tg, x(t) is continuous for ¢t > ty and t # ty,
k=123 ...
(ii) [z(t) + R(t)z(t — ~)] is continuously differentiable for ¢ > ¢y, t # tx, t # tp + 7,
t#t+ 1, t#t,+0;, k=1,2,3,... and satisfies (1.1).
(iii) for t = tx, x(t}) and (¢, ) exist with (¢, ) = z(¢) and satisfies (1.2).
A solution of (1.1)-(1.2) is said to be non oscillatory if the solution is eventually positive or

eventually negative. Otherwise the solution is said to be oscillatory. Our results generalize

the results of [8].
3. Main results
Lemma 3.1. Assume that by =1, 0 <b, <1 fork=1,2,3,... and
R(t5) > R(ty) fork € By, ={k > 1,ty —v #tr, k < k} (3.1)

EkR(t—]:) > R(tk) fO’/’ k€ Ey = {k’ > 1ty —v = tE,E < k?} (32)
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where by, = bp when t, — v =ty (k < k). Let x(t) be a solution of (1.1) and (1.2) such
that x(t — p) > 0 fort >ty and let

2(t) = x(t) — Z Z/ (s — oy)ds, (3.3)

=1 leJ; T+"l
then z(t) is decreasing in [ty,00) and z(t}) < byz(ty,) for k=1,2,3,...

Proof. From (1.1) and (3.3) we have

Z(t) = (x(t) — R(t) ZZQ, 2t — o) +ZZQlt—n+al z(t —7)

i=1 leJ; i=1 leJ;
n p
= (2(t) = R()z(t =) = Y _Q;(D)a(t —05) + Y D Qult — 7+ o)a(t — 7).
j=1 i=1 leJ;
Hence
p
J(t) ==Y Pt)a(t—7) - Z P(t)x(t —7) +ZZQ, t— 7+ o)zt — 7). (3.4)
i=1 i=p+1 =1 leJ;
Using (A4) we get
A(t) == Hit)a(t — 1) <Oty <t <tper, k> 0. (3.5)
i=1
From (3.3) it follows that
18) = 2lt}) — ROt~ )~ 3% / t(s—o)ds.  (3.6)
i=1 leJ; Yt~ T+Ul
If k € Fyy, then
(1) = Ie(t)) — Rttt -3 [ (s - on)ds
t— T-‘y—O’l

i= IZGJ

< by(x(ty)) — R(ty)a(ty, — Z / 2(s — o7)ds

i=1 leJ; Yt T+f’l

< x(tr) — R(tg)x(ty, — Z Z/ (s —oy)ds

i=1 leJg; Yt~ T*"l

= 2(tx)
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If k € Fy, then

2(tF) = L(z(ty)) — Rtz (ty, — Z Z/ x(s — 0y)ds

i=1 leJg;, Tt~ Tz+€fl

< br(z(ty)) — R Z /t ) x(s — o7)ds

=1 leJ;

x(te) — OLR(GD)x(ty) — Z / (s —oy)ds
tp— TZ+O'l

=1 leJ;

= Jf(tk) - Z_)kR(tk tk - Z Z/ S - O'l)dS

i=1 leJg; Yt~ Tz+Ul

w(ty) — R(ty)x(ty — Z / z(s — oy)ds
te— Tz+0l

i=1 leJ;

Since iU Fo, = {1,2,3,...} we get 2(¢)) < 2(tx) k= 1,2,... This, together with (3.6)
implies that z(t) is decreasing in [tg, 00).

Finally,since b, < 1, if k € Ej, then
R(tf) > R(ty) > bR(tx) (3.7)

If follows, from (3.5) and (3.6), that

2(t) = Lu(x(ty)) — Rt x(ty — Z Z/ (s — oy)ds

i=1 leJ; Yt~ Tﬂr"l

< bk( (tk)) - ka(tk) tk - - bk Z Z/ S - O'l>d8

i=1 leJ; Yt~ Tz+¢7l

= ka<tk)

If ke Esy, then

beR(tF) > R(ty) > bpR(ty). (3.8)
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Thus, we have from (3.5) and (3.7)

StF) = L(a(te)) — R(E)a(te — Z Z/ (s — ou)ds

i=1 leJ;, Yt~ Tz+Ul

< bpa(ty) — R(E))(th) — }: / x(s — oy)ds
tp— Tz+Ul

i=1 leJ;

< bpx(ty) — ER(E))2(ty) Z / (s —oy)ds
t

i=1 leJ; Yt Tﬂ“’l

= bkl’(tk) - [_)kR< tk - Z Z/ S - O'l)dS

i=1 leJg; Yt~ Tz+Ul

< bkl‘(tk) - ka<tk) tk - - bk Z Z/ S - O'l>d8

i=1 1eJ; Yt~ TH‘Ul

= bkz(tk)

Therefore, z(t{) < bpz(t)), k =1,2,... and so the proof is complete.

Lemma 3.2. Let the hypothesis of Lemma 3.1 hold and z(t) is defined by (3.3). Further-

more, suppose that

+§:§:/ s)ds < 1,¢ > to. (3.9)

i=1 lcJ; ﬁ*"l

If x(t) be a solution of (1.1) and (1.2)such that x(t — p) > 0 fort > to, then z(t) > 0 for

t> 1.
Proof. Firstly we claim that z(¢;) > 0 for £ = 1,2,.... If this is not the case, then
there exists some m > 1 such that z(¢,,) = —u < 0. By Lemma 3.1, 2(¢) is decreasing on

[to, 00), therefore z(t) < —u < 0 for t > t,,. From (3.3) we have

z(t) < —p+ R(t)x(t — v —i—ZZ/ x(s —oy)ds (3.10)

i=1 leJ; Trl‘o'l

We consider the following two possible cases.
Case (1):

If tlim supz(t) = +o00. Then there exists a sequence of points {a,}°, such that a, >
—00

tm +p, li_)m z(a,) = +oo and x(a,) = max{x(t),t,, <t < a,}. From (3.3) and (3.10) we
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obtain
z(an) < —p+ R(an)z(an, —7) + Z Z/ (s —oy)ds
i=1 lcJ; Y an— TerO'l
< —u+ | R(a, +ZZ/ dSI (an)
i=1 leJ; Y an— Tr‘rffl
< —u+ x(ay,), which is a contradiction.
Case (2):

If tlim supz(t) = L < 4+00. Choose a sequence of points {a,}>°; such that lim z(a,) =
—00 n—00
L and z(&,) = max{z(s) : a, —p < s < a, —0}. Then &, — 00 as n — oo and

lim supz(§,) < L. Thus we have,
n—oo

IN

%+22/

i=1 leJ; Y On— Ti+0]

z(an)

ds] z(&,)
< —p+ ()

taking the superior limit as n — oo, we get L < —u + L, which is also a contradiction.
Combining case (1) and case (2), we see that z(t;) > 0 for & > 1. Therefore, from (3.5),
z(tg) > 0.

To prove z(t) > 0 for t > ty, we first prove that z(t;) > 0, (k > 0). If it is not true,

then there exists some 7 > 0 such that z(t7) = 0. Thus from (3.5) we have

m

) = 2(£5) — /t " > Hils)als - m)ds

m

< (tw) — /tth S Hi(s)a(s — )ds < 0.

=1
This contradiction shows that z(tx) > 0 (k > 0). Therefore, from (3.5), we have z(t) >

2(tg+1) > 0, t € (t,tgy], (kK >0). So, z(t) > 0 for t > ty. The proof is complete.

Lemma 3.3. Let all the assumptions of Lemma 3.1 hold. Suppose that

/ s)ds > 1,1 > to.
t7-7,+0'l

= lleJ
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Furthermore, assume that the impulsive differential inequality
" —1 -
V') +p Y Hi(t)y(t) <0, t>T+pt#ty
i=1

y(th) =y(te), k=1,2,... (3.12)
y(t;) = bky’(tk), k= 1, 2, RN
has no eventually positive solution. If x(t) is a solution of (1.1) and (1.2) such that

x(t —p) >0 fort > ty, then z(t) eventually negative.

Proof. By Lemma 3.1, z(¢) is decreasing for ¢t > +t¢,. If z(t) is not
eventually negative, then z(t) is eventually positive. Let ¢; > ¢y + p be such that
z(t—p) >0, 2(t) > 0 for t > t;. Set M = 27 'min{z(t) : t; —p < t < t1}, then

M >0fort; —p< t <t;. We claim that

z(t) > M, t>t. (3.13)
If (3.13) does not hold, then there exists a t* > ¢; such that x(t*) = M and z(t) > M for
t1 —p <t <t* From (3.3), we have

M = z(t*) = 2(t*) + R(t)z(t* — ) + Z Z/ Qi(s)x(s — oy)ds

i=1 leJg; YU —Tito

R(t") +ZZ/;_ ) Qz(s)d5] M>M

i=1 leJ;

>

which is contradiction and so (3.13) holds. Noting that z(¢]) > 2(t) > 0 and from (3.7)
and (3.8) it follows that

s(t1) > 1)+ RtDatt =) + 1Y [ Quts)ats - ads

i=1 leJ; Y himTitol

> R(tD)x(ty — )" + Z Z / 1 Qi(s)z(s — oy)ds

i=1 leJj; Thi—Titol

> (R(tl) + iZ/tl Ql(s)ds> M > M.

i=1 leJ; Y hi—Titol

Repeating the above argument, by induction, we obtain

x(t)> M, t>ty—p
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st > M, k=1,2,...

Because z(t) > 0 and z(¢) is decreasing, tlim z(t) exists.
—00

Let tlim 2(t) = a. There are two possible cases.
—00

Case (1):

a = 0. Let T; > t; such that z(t) < % for t > T,. Then for any ¢ > T} we have

1 t+p o
—/ z(u)du < M < z(t), tel[t,i+p].
P JE

Case (2):
a > 0, then z(t) > a for t > ty. From (3.3) and (3.11) we get

z(t) > a+ R(t)x(t — ) + Z Z/ Qu(s)x(s — ay)ds

i=1 leJ; t—7;+0;

Za+<R(t)+ZZ/t Ql(s)ds>M2a+M, t >ty
i— t—7i+o;

By induction, it is easy to see that x(t) > na + M for t > ty + (n — 1)p

(n =1,2,3,...) and so lim z(t) = oo, which implies that there exists a T > T such

t—o00

that

%/Ttﬂ)z(u)du <2z(t) < z(t), te[T,T+p].

Combining case 1 and case 2, we see that
1 t+p
x(t)>—/ z(u)du, te [T, T+ p].
Let k* = min{k > 0,t;, > T + p}, we claim that
1 t+p
() > —/ (w)du, 1€ [T +p,te]. (3.14)

Otherwise, there exists a t* € (T + p, tj+] such that

z(t*) = l/tﬂrpz(u)alu,

T
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Then from (3.3) we have

t*+p
1/ z(u)du = z(t*) = z(t*) + R(t")z(t" — ) —I—ZZ/ x(s —oy)ds

pJr i=1 leJ; Tz+°'l
]. t*+p 1 t*
> —/ z(u)du + —1—22/ —/ z(u)du
P Ji i—1 1eg, /" —n+al PJr
1 t*+p
> —/ z(u)du.
PJr

z(th) > 2(th) + R(t5)x(th. — ) + Z Z/ Qi(s)x(s — oy)ds

i=1 leJ; Y LTt

Zl/ttf*H (u )du+< () +ZZ/

p i=1 leJ; Ytk Tz*"l

1 tpx+p
> —/ z(u)du.

PJr

Similarly,when k* € Es;, we have also

1 tk*-‘rp
z(th) > —/ z(u)du.

pJr

Repeating the above procedure, by induction, we can see that
1 t+p
x(t) > —/ z(u)du, t>T. (3.15)
Thus, for t > T + p, we obtain

1 t+p—T; 1 t

x(t—n)>—/ z(u)duz—/ z(w)du, i=1,2,...,m.
pJr P

By (3.5) and (3.15) we get

z/(t)g_liHi(t)/tz(u)duﬁO, t>T+p, t#t

Let y(t) = / z(u)du then y(t) = y(ty)

1
y/<t,—:) P (tk> < bkz(tk) = bky (tk) for k= 1, 2, 3, e
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Thus y(t) > 0 for t > T + p and y(¢) satisfies (3.12) which contradicts the assumption
that (3.12) has no eventually positive solution. So z(t) is eventually negative. The proof

is complete.

Lemma 3.4. Consider the impulsive differential inequality
Y'(t) +GOy(t) <0, t=to,t # 1
y(th) > y(te), k=1,2,3,...

vt <ay(t), k=1,2,3,..., (3.16)

where 0 <ty <t; <ty <--- <t <... are fired points with klim l, = 00,
—00

G(t) € PC([ty, ), RT] and ¢, > 0. If

i

e tit1 1
Z/ ——G(t)dt = 0o, where ¢, = 1.
o Jt CoC1...C;

Then inequality (3.16) has no solution y(t) such that y(t) > 0 fort > t,.

Proof. Proof of this Lemma follows form the similar arguments to that of Theorem 1 in

[5] by letting ¢(z) = x.We omit the details.

Theorem 3.5. Assume that all the conditions of Lemma 3.1. hold and
p t
R(t)+ ) Z/ Qu(s)ds = 1, > t. (3.17)
,_ t—

Further assume that (3.12) has no eventually positive solution, then every solution of (1.1)

and (1.2) oscillates.

Proof. Suppose that (1.1) and (1.2) has a non oscillatory solution z(¢). Without the
loss of generality, we assume that x(t — p) > 0 for ¢ > ¢;.Then by Lemma 3.2, z(t) > 0
for ¢t > ty, while Lemma 3.3 implies z(¢) < 0. This is a contradiction and hence every
solution of (1.1) and (1.2) oscillates.

From Lemma 3.4. and Theorem 3.5 it is easy to see that the following Theorem 3.6 is

true.
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Theorem 3.6. Let all the conditions of Lemma 3.1 and (3.17) hold.If

tr o0 1 tryj+1
G(t)dt + —/ G(t)dt = oo, (3.18)
[0+p ]z:; brbr_l’_]_ .. b7"+] t’r+j
where G(t) = p~* ZH , 1 =min{k > 1,t;, > to + p}, then every solution of (1.1)

and (1.2) oscillates.

Proof. By Lemma 3.4. and condition (3.18), the second order impulsive differential

inequality (3.16) has no positive solution. Therefore by theorem 3.5, every solution of

(1.1) and (1.2) oscillates.

Corollary 3.7. Assume that there exists a constant 8 > 0 such that

1 t B
2> <ﬂ> k=12,
by tr

and

/ tPG(t)dt = +oo
to

then every solution of (1.1) and (1.2) oscillates.

Proof. From (3.19), we have
tr > 1 brtjt1
G(t)dt + —/ G(t)dt
/to+p ( ) Z bTbT+1 e b’l"+] tr+j ( )

t,«+1 1 trqnt1 o
— dt t)dt
/,n T b br+1 br+n / ( )
r+1

| V

tr+n

1 8 frentt
([ cwa s [T G
I r r+n

I\/

1 trq1 brpnt1

> — (/ P G(t)dt + - - - +/ tﬁa(t)dt)
t’l‘ tr tr+n
1 t7‘+n+1 /3

= tPG(t)dt.

(3.19)

(3.20)

Let n — +o0.It follows from (3.20) we see that (3.18) holds.By Theorem 3.6. we get that

all solutions of (1.1)- (1.2) oscillate.

Remark 3.8. When m =1 and n = 1 the results of this paper reduce to the results of

[3].
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Example 4.1. Consider the impulsive neutral differential equation

[ﬂﬂ—&@ﬁ—2w+(§+%)x@—$—ix@—m—éﬂt—n—O,tz&t#b(4n
(k) kilx(k’), k=56, (4.2)

Here ty =k, m=1,n=2p=1,J; = {1,2}, v =
Pi(t) = 241, Q:(t) =  and Q2(t) = 5.Clearly (Al)-

7_1—30-1:270-2:17 R(t):%7
3)hold.

(A

Hy(t) = Pi(t) — Z Qi(t — 1 +0y)

le{1,2}

1(t) = Qu(t — 11+ 0y) — Qat — 71+ 02)

Therefore, H;(t) = P;(t) — ZQl(t —T;,4+0;) >0, fori=1,2...,p holds.

led;
/ s)ds = 0.5 + Z /
i= 1l€J ¢ Tﬁ"l i=1 leJ; V1 TﬂL"l
=05+ ) / Qi(s)ds
le{1,2y VTt

t t
=05+ / Q1(s)ds + / Qa(s)ds
t—T11+01 t—T1+02

t t 1
:O.5+/ —ds+/ —ds = 1.
1t—14 t—28

By Corollary 3.7, all solutions of (4.1) and (4.2) oscillate.
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