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Abstract. This paper is devoted to polynomial isometries of Z, with coefficients in Q,. We reduce the study of
such a map to finite numbers of polynomial bijections and of polynomial isometries of Z,, with coefficients in Z,
which are well-known. These numbers do not depend on the degree of the polynomial but on its “order”, which

we introduce here.
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1. Introduction

If a set is an integral domain with an absolute value, we can compare isometries and poly-
nomial maps. Isometries of Z, Q, R and C are simple. Several authors have studied non-
polynomial isometries and various types of maps in p-adic Analysis and Fractal Geometry (see
for example [1,2,4,5,7,8,9]). Bishop [3] proved that all polynomial isometries of Q,, have degree
one and characterized them.

Polynomial isometries of Z, (with coefficients in Z,) are really more interesting ; for exam-

ple, almost any degree is possible, even with coefficients in F,. They are classified relatively to
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corresponding polynomial bijections and irreducible polynomials on F), (see [1,2] and section
3). Roughly, this criterium is about the behaviors of the polynomial and its derivative on F,:
we say that the complexity is 0.

Now, let f be a polynomial isometry of Z, with coefficients in Q,. Recall that Z, is a
union of p disjoint balls. On each ball, f induces a map that preserves distances, and so we
naturally deduce new polynomial isometries of Z,,. This process will be successful if we obtain
polynomials with coefficients in Z,, after a finite number of steps. In section 4.3, we reformulate
f and define its order, which is the main tool to prove this result (section 4.5). Moreover, it gives
an evaluation of the complexity of f (which is the number of steps used to study f); in particular,
we establish in section 4.9 that the complexity is, asymptotically, a logarithmic function of the
order. At the same time, we obtain the form of a polynomial isometry relative to its order and
its “’valuation” (which is defined in section 4.3).

This method is different from Anashin’s one [1] who uses interpolation series and reduces
the study of such an isometry to the study of a compatible and bijective function of Z/pXZ
where K is a logarithmic function of the degree of f. Our result is different too, since the order
and the complexity do not really depend on the degree: for a given order or complexity, the

degree of a F,-polynomial isometry of Z,, can be arbitrarily large.
2. Notations and definitions

e p is a prime integer and F,, = Z/pZ is the finite field of p elements.

e Z, is the ring of the p-adic integers a = (a@")peN = a®+ pa' + p*a® + ..., where the integers
a satisfy0<a' < p—1.

1
P]'
e The absolute value |.| is defined in Q, (and Z,) by:

e Q, is the field of the p-adic numbers: Q, =Z,|

|0| =0, and for any a # 0, | (@');ez| = p~* where k =Min{i € Z | @ #0}.
This absolute value is ultrametric: |a+b| <Max(|a|,|b|), then Z, is the union of the disjoint

balls B (i) for0<i< p—1.

e We define and use: X =x” —x,Y =X/pand Z=z""' — 1.
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e A S-polynomial is a polynomial with coefficients in the set S.

e We use Landau symbols O, o, and f ~ g means f — g = o(g).

e For any x € R there exists an unique integer n such that n < x < n+ 1. We use n = |x|, and
[x] =n+1if x> n,if notx =n = [x].

For general properties in p-adic analysis, see for example [6,12].
3. Z,-polynomial isometries of Z,

Here is the main result about Z,-polynomial isometries of Z,, (see [1,2]), the study of which

is reduced to the study of two F-polynomials on F,.

Let f: x+— ag+aix+ ...+ ax*, with a; € Z,. Reducing the powers of x using x” = x and
replacing a; with a; mod p, we obtain a F,-polynomial map f on F, with degree < p—1. By

the same way, f’ 18 calculated.

Proposition 3.1. f is an isometry of Z, exactly when

(1) f defines a bijection of¥p, and (2) ]/”\/ has no root in ¥,

Proof. If f is isometric, then we obtain (1) since | f(i) — £(j)| = | f(i) — £(j) |, and (2) since
£+ p2) = f(i+ p) | = [pe= )P (@) | = 2= |/p.

Conversely, if i # j, | f(i+pz) — f(j+p) | = | (i) = £(j)| = 1, then f is an isometry. O

This criterium can be combined with some well-known results about permutational polyno-
mials (see [10,11]) and other properties, to obtain a lot of interesting results: for example, f
cannot be an isometry if the degree of f is 2, 3 when —3 is a square, 4 if p #7, ¢ > 2 if ¢

divides p — 1...But for our purpose, we will only use the following
Corollary 3.1. There is no ¥ ,-polynomial isometry of Z, with degree 2, 3 when p # 3, 4 when

p > 5, gwhen g > 2 and q divides p — 1.

Proof. a) We use | f(x) — £(y)| = |x —y||b1 + ba(x+)|, where f = bg -+ b1x+ bax? (by # 0).
Withx=0and y = pif b =0, else x =0 and y = —b; /b we obtain | f(x) — f(y)| < |[x—y|.
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b) Without loss of generality, suppose f(x) = x + axx®> + azx® with p # 3 and a3z # 0. The
fO)—f)
y

— = h(x,y) = 1 4+ax(x+y) +az(x*> +xy+y?) must be 1 for any

absolute value of
p-adic integers x # y. Using x =¥’ +y and y = —x' +y/, h(x,y) = 1 +2a2.y' +az (x> +3y?).

- If p > 5, since a3 and 3 are invertible, we can use the translation: x” = x', y/ =y + ;723,
and so h(x,y) = z+az (x> +3y"?). Consider €: ¢+ t> and 1: t — —;—3 —3¢2, defined in F),.
The sets Im(€) and Im(n) have the same cardinal (p+ 1)/2, hence the equation £(x”) =n(y")
admits at least one solution in F, x F,,, and so A(a, ) = 0 mod p for a suitable couple (a, 3)
in Ffj. If a # B, f is not bijective. If & = B, | f(a) — f(a+p)| < % and f is not isometric.

- If p =2, we conclude easily since /(1,3) =0 mod 2.

(-x+—apt(x +x3) are in fact the F3-polynomial isometries of Z3 of degree 3.)

¢) If p > 5, the only normalized bijective F,-polynomials of degree 4 are defined for p =7 and
by f(x) = x* £ 3x (see [11]). But f/(x) = —3(x>=£ 1), then f'(1) =0 or f'(3) = 0.
d) There is no F-polynomial bijection of F, with degree g > 2 that divides p — 1, hence no

such isometry of Z, (see [11] or use Newton’s identities). ]

Examples
a) x — x +2x> +4x% is an isometry of Zs.

b) x—ag+ Y, a;x' is an isometry of Z, exactly when

i>1
aj=1mod?2and Y azir1 =) a=0mod 2.
i>1 i>1

4. Q,-polynomial isometries of Z,

4.1. Description

In this section, we tranform the expression of a Q,,-polynomial f to introduce its order (sec-
tion 4.3), which is our main tool to reduce the study of f to bijections of F, and Z,-polynomial
isometries of Z,. Separating the negative powers of p : f(x) = Py(x) + %Pl (xX)+...+ #Pk (x)
where Py, P, ...,P; are F,-polynomials, and F is a Z,-polynomial.

Since: V(x,y) € Zf,, | f(x) = f(y)| = |x—y|, we can consider that F is a F,-polynomial

without loss of generality. Observe that terms with any degree may disappear with this first

reduction.
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Now, using successive Euclidean divisions of each P, by X = x” —x:

1
f= footXfio+tX2fHro+X3f0+...+ E(fo,l +Xfii+X2H1+X3 0+ )

1 4.1
+'--+_k(fO,k‘|‘Xf1,k+X2f2.,k+X3f3,k+---)a
P

where f; ; are F,-polynomials with degree less than p — 1.

For the next sections, we need some properties of X, Y and Z.
4.2. Some properties of X =x” —x,Y =X /pand Z =z~ — 1

First, recall the following well-known result (see [7] for a proof):
Lemma 4.1. X = x” —x admits exactly p roots Bo, Bi, ... Bp—1 in Z,, with B; = i mod p.

Since the absolute value is ultrametric, we have: B (f;) = B<1(i). Hence we will use that

z,= |J B«(B).

0<i<p—1

Eventually we need some developments of Y = X /p and Z:

Lemma 4.2. For any root B of X inZ, and z in Z:
—1
Y(B+ pz) = —z+pBP_'z+p2pTBp_2zz +p*(5)BP 32+ 4Pl
(with the convention B' =0 if B = 0).

Proof. No difficulty, using B? = B. O
Using Z2 = 7z772X(z) — Z and zZ = X (z) = zP — z, we prove by induction:

Lemmad3.a)lfp>5and3<n<p-—1:
7n — Zananl _ZP*I’H’IX}’l*Z_'_ o (_l)nzprX_*_ (_1)n+lz.

b)Ifp=3:2>=X>—2X+Z andVn>4,7"= (—1)"((n—3)Z - 1)X>+2X - Z) + X3(—).

)lfp=22"=(Z-1)X+2 2*=X>+(1-2Z2)X — Z, and

Vn>5: Z":(—1)”“((”;3>Z—(n—3))X2+((n—2)Z—l)X+Z)+X3(—).
d) More generally, for o > 1,2 < B < p—1 and using [ = mod (p —1):

a(p—)-1
VALESD ClUal R Y 0. G S G DLl anyA
j=1
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ap+1 _ o a(p—1) a(p -1 Y] _1\ap+2
V4 = (Z OC)X + Yy a;z X -l-( 1) Z,
=1

—1)+Bp-2
Z70p+B — p=Byalp=1)+p-1 4 “ z)‘jrﬁ a7 X7+ (—1)ertBtlz,
j=1

where aj=a’;+b'Z, b’ =0 if j does not divide p — 1, a’; and b'; are in F .
4.3 Order and valuation

Let f be a Q,-polynomial isometry of Z, given by formula 4.1. Some terms can be easily
eliminated. Then we reformulate f and define its order.
+ For any root B of X in Z,: f(B) = foo(B) + l—l)foJ(ﬁ) +.oF #fo,k(ﬁ) € Z, hence, for any
1 <i<k, X divides the F,-polynomial f ;, the degree of which is less than p — 1. Then f,; = 0.

* For any root 8 of X in Z,, and any z and 7’ in Z,,, by Taylor’s formula:

£(B+p2)— F(B+p)| =3 ]z—2 | = %\z—z’|yf/<ﬁ)+p<z+z'>@+...\.

Choosing z = p* and 7 = 0 with A large enough, we obtain:

£ (B =1=1£50(B) ~ fio(B) — 5 f1.1(B) - #ﬁ,ﬁﬁ) e #fl,kw) !
For the same reasons: fi1 = fio=...= fix=0and | fy,— fio| = 1.
* In the equation | f(B+pz)—f(B+pZ)| = % |z—7'|, observe the following term using Lemma
4.2: LijJ“z(B +pz) = Lj (—1)7*2(pz)/*? = 0 mod p?. Hence no term %lel,j intervene in
this e{)]uation when [ > j+ 2, and we have the same conclusion with the condition f(Z ,,) CZ,.

To sum up:

Proposition 4.2. Any Q,-polynomial isometry of Z,, has the form :
f=foo+Xfio+X*fro+Xfr0+...+p0
+%(X2f271 X004 )+t i(XZfZ,k + X0 fap A X fap+ )+
where f; j are ¥ ,-polynomials with degree less than p — 1, f670 — f1,0 does not vanish on F,
and Q is a Z,-polynomial.

Moreover, there is no condition on f; j whenl — j > 2.
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Hence we assume from now that f; ; = 0if [ — j > 2, and that Q = 0. Then:

f= JfotXhi+ 1X2h2+ S XA+ X0 )+L3(X2f273 +X°f3+ X hy)
P p

1 _
+...+ —k(Xzfz,k X3 fpt A X A XA X )
)4

or: f=fot+rpYh +Y?hy+.)+Y2H+Y3f3+.)+ %(Yzfzg +Y3f34+..) + ... where we

4.2

use F-polynomials with degree less than p — 1. Finally, we gather the terms with same powers

of Y modulo p—1:
1 p=l
f= fo+p2H+2F+ ZF”+1+ +PZFJ+r 4.3
=

where, for 1 < j<p—Tland1<I[<r:

Hj = thj+Yj+p—1hj+p_1 +Yj+2(p—1)hj+2(p_1) +...

Ej Zijj(X)JrY”p_'fjer—l YT oty e

Fj,j+l Y/ f] J+l +Yj fj+ 1),j++(p—1) +...
with the former conditions : f; = f; j=0and | f)—h;|=1onF,.

Now we can define the order and the valuation of such a Q,,-polynomial:

Definition 4.1. If the last term in formula 4.3 does not vanish, we say that the order of f is r.

If the last term in formula 4.2 does not vanish, we say that the valuation of f is k.

Then the order of a Q,-polynomial is —1 or a natural. It does not depend on its degree, which
can be as big as we wish (terms of expression 4.1 may miss in expression 4.3), and it does not
depend on the biggest absolute value of its coefficients for the same reason.

Also, the valuation k is the ’useful” biggest absolute value of its coefficients since extra terms

%Xl/‘fllyk/ such that I’ > k€’ +2 may miss in formula 4.2.
p

4.4 Q,-polynomial isometries of order —1

p—1
In this section, f is a Q,-polynomial of order —1: f = fo+p ¥ Hj,
j=1
where Hj =Y/h;+Y/"P~1h; . 1 +..., fo and hy are F,-polynomials with degrees less than

p—1,and | f{—h;| =1 on F,,. Note that these conditions imply f(Z,) C Z,,.

First, suppose that f is isometric:
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- for any root B; of X, f(B;) = fo(Bi) = f(i) mod p, then fy induces a bijection of F ,;

- for any root 8 of X, the map fig: z+— (f(B + pz) — f(B))/p is a Qp-polynomial isometry
of Z,,. Using Lemma 4.2: H;(B + pz) = (—z+ pBP~z+...)/ (h;(B) +pzhi(B) +..) + ...
Interestingly, fig is a Z,-polynomial : z f(')(ﬁ)z—l—l;ii(—l)fhj(ﬁ)zj + p(...), hence is an
isometry if and only if conditions of Proposition 3.1 are satisfied.

Conversely, suppose that fp induces a bijection of F), and that each f|g is an isometry of Z,.

For any distinct roots f§ and B’ of X in Z,, and all z in Z,:

| f(B+pz)—f(B +pZ)|=|pfip(z) + (fo(B) — fo(B") — pfip ()| = 1.

Then, for any zand 7' inZ,,, | f(z) — f(z')| = |z—Z'|: f is an isometry of Z,. To sum up :
p—1
Proposition 4.3. Let f = fo+p Y. Hj be a Qp,-polynomial of order —1. Then f is isometric

j=1
exactly when:
(a) fo is a bijection of F),

(b) for any root B of X, fig : 7+ fé(ﬁ)z%—l%l(—l)jhj(ﬁ)zj + p(...) satisfies properties (1)

j=1
and (2) of Proposition 3.1:

— —1 .o
1) fig: 2 fo(B)z+ .Zl(—l)fzf(hj(ﬁ)+hj+p_1(ﬁ)+...) is a bijection of Zp,
]:

2) fig: 2 f3(B) —hi (B)+
—1

];gl (=172 ((j+ Dhj1(B)+ (j+ p)hjrp(B)+ (j+2p = Dhjyop1(B) +...)

has no root in ¥,

2
Corollary 4.2. A Qy-polynomial f = fo+Xh; + % hy + ... of order —1 is an isometry of Z,
if, and only if:

(i) fo is a bijection of Z, (ii) f}+ h1 has no root in F

(lll) hy4+hg+hg+...=0mod 2 (lv) hs+hs+h74+...=0mod 2

Observe that the condition | fj — h1| = 1 is included in (b)2) (using z = 0).

Eventually, we established that the study of f is equivalent to the study of one bijection of F),

and (at most) p Z,-polynomial isometries of Z,. We say that the complexity of f is I.
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Examples of Q,-polynomial isometries of Z,, of order —1:
: 234XX3X4X6X7X8
2 4 4 4 4 2 —2
(1)xr—>x+x+x+x+2+4+8+32+64+128 (p=2)
S(x —xp}=x+32V3, (p=3)
(111)X|—>x—|—5 (Bat +2:2 +2)(x° —x)3+51( L) —x)5, (p=5).

i) x—x+

4.5. The main tool

By the same arguments as in 4.4, we reduce the order of a Q,-polynomial step by step:

Proposition 4.4. For r > 0, the study of a Q,-polynomial isometry of Z, of order r can be
reduced to the study of one bijection of F), and at most p Qp-polynomial isometries of Z, of

order < r—1 and valuation < r-+1.

Iterating the process, the study of a Q,-polynomial isometry of Z,, of order r can be reduced

r+2

to the study of at most 1 + p+ ...+ p"*! bijections of F, and p"™“ Z,-polynomial isometries

of Z,,. This result will be improved in the next sections.
Proof: Let f = fo+p ZIH + Z Fj —|— 1 ilF gt ZIF _j+r given by formula 4.3.
If f is an isometry of 2;1, then fo clearly 1nduces a leeCtIOI’lpof F, and, for any root 8 of X in
Z,, f\ﬁ is an isometry of Z,,.

Conversely, suppose that f is a bijection of F), and that the maps f|g preserve distances
between points of Z,. Then f(B) = fo(B) belongs to Z,, and | fi5(z) — fig(0)| = |z| proves
f(B+pz)—f(B)| <lzl/p

gives f(Z,) C Z,,. Eventually, as seen in section 4.4, we deduce that f is an isometry of Z,,.

that fg(z) belongs to Z,, for any root 8

In order to conclude, we still have to evaluate G J(ﬁ + pz) where G j represents H;, F; or

Fj i+, using Lemma 4.2. This is nearly the same calculation as in 4.4, in which g represents

his fis OF any fi gy
Gj(B+pz) =Y/ (B+p2)g;(B+pz) +Y P (B +p2)gjep1(B+p2) +...
= (—z+pB" 24 p* (=) +...) (g;(B) + pzgi(B) + P> (=) +...)
H(=z+pBP e+ )P (g1 (B) + paglyp1 (B) + o)

= (—=1)/2dg;(B)+ (=) PP g (B A p ()
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Using Fj jir and Fj j1,—1, the last terms of the expression of f|g are:

1 P2t

Y (Qo(x)+01()X(2) + ()X () +..)

pr+1 =1

+I%p2_‘,l (Ro(z) + R1(2)X(2) + Ro(2)X*(2) +...) + ! ().

=1 prfl
where Q; and R; are F,-polynomials with degrees less than p — 1 (we used successive Euclidean
divisions by X in F,). Thanks to Proposition 4.2, the factors of X 0 and X! vanish since r+ 1 >1,
then Qg = Q1 = 0. Note that, if » > 1, we have also: Ry = R; = 0.

Let rewrite fig usingY =X /p: its order is less than r — 1. 0J

We see that f and f|g have the same degree and the same “real” valuation (defined as the
biggest power of 1/p in the expression 4.1 of f). The order is a better tool to elaborate a
process as Proposition 4.4 does and to evaluate the complexity of an isometry. For example, we
saw 1in section 4.4 that isometries of order —1 have complexity 1, while their “real” valuations
and degrees can nearly be any integer. Moreover, if the "useful” valuation of f is k, the valuation
of ﬂ B is less than r 4 1, which is better linked to the order of f after the first reductions.

We study the links between valuation, order and complexity in section 4.9.

Example: x — x + %(x2 —x)*+ %(x2 —x)" =x+ (Y3 +Y7)+2Y3 is a Qy-isometry of Z; of
order 0. Indeed, x — x is a bijection of F, and fjo = fjj =z z+ 7 + 78 are Z,-polynomial

isometries of Z,.

We can now study Q,,-polynomial isometries of Z, with bigger orders.
4.6. Q,-polynomial isometries of Z,, of order 0

We have to go further in the calculations of the proof of Proposition 4.4.
Let Gjbe Hjor Fjorany Fj jy;: G;j=Y/gi+Y/tr=lg, 4. ..
We define: G(x,y) = a);()yo‘gﬂa(p_l)(x),
00(G,B) = Gj(B,1) = (&) + 81 (p-1) + 812051 +---) (B):
01(Gj,B) = 02G(B,1) = (8j4(p—1) T 28 j42(p—1) +38j13(p—1) +---)(B), and s0 on:
04(Gj,B) = éazqéj(ﬁal)-

We omit 3 for simplicity when there is no ambiguity.
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p—1 p—1
Proposition 4.5. (p > 3) Let f = fo+p Y Hj+ ) Fjbe a Qp,-polynomial of order 0. If f is
j=1 j=1
an isometry of L, we have (modulo p):

(i) 60(Fj) = fi+ firp—1+ fitapp—1)+--- =0,
(ii) 01(Fj) = fi+p-1+2fj120p—1) T 3fjm30p-1) +--- =0,
(iii) 62(Fj) = fisa(p-1) +3fj43p-1) + 6fja(p-1) +--- =0,
(i) for 1 = (1),2: 05(F) — 64(F) + 05(F) + ... = 0
= fi3(p—1) T 3S114(p-1) T0S1450p-1) + 10f 16— 1) + 1SS 17(p-1) +- -
With these conditions, f is an isometry of L, exactly when f is a bijection on ¥, fi = 0 and

the following Z,-polynomials are isometries of Z,:

o o(B)e+ X (~1)ihj(B) — (@2(Fr, B) — s (Fr, B) - )ZX (2)

+X (=1)/(65 (Fj, B)e! + 61 (Fj, )z~ 'X ().

Proof. In order to obtain ﬂ B> We calculate:

Fi(B+pz) = (=24 pBP 2+ p* () (fi(B) + pafi(B) + p*(...))
(=24 pB? et PP () (fiap1(B) + paf i p1 (B) + PP () +
= (= (i + 2 o1 + 27 frapeny )
—pB" (=) (it +2 G+ P = fjpr + 207G+ 20p = 1) 1) + )

+p(—=1) 7 i+ +zz(p_1)fj’-+2(p_1) +. )+ 2.

We will use Z and Lemma 4.3.
Fi+ 2 fipp1 + 20V fio 1)+ = 00(F)) + 01 (F))Z+ 02(F))Z* + ...

With simplified notations:

Z(oo+01Z+mZ* +...+ 0,2 + 0,27 1)

= Gon—i-G]ijlX(Z) —|—...+Gij(Z) —I—Xj(z)(Gj_HZ—i— Gj+222—|—...),

and eventually:
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* FI(B+pz) = —00z2— 01X —X.(02Z+03Z%+..)+...
= —00z— (01 4+ (02— 03+ 04+..)Z)X — (03 — 04 + OG5 +..)2P 2X> + X3 (..) + ...
* Fo(B+pz) = 0022 + 012X + X (02 + O3Z + 042> +...) + ...
=002+ 01X + (o + (03— 04+ ..)2)X>+X3 () + ...

« Fj(B + pz) = (~ 1)1 (00(F}, B2/ + 01(F}, B)z/~'X + 62(F}, B)z2X? + X3(...)) + ... for
3<j<p—-1

Then: fig(z) = fo(B)z+ % pgll Fi(B+ pz)+...1is a Q,-polynomial isometry of order —1 because
of Proposition 4.2 (the Coejfﬁcients of X° and X! vanish). The degrees of the polynomials are
less than p — 1, hence we get (i1)and (ii),

and 0»(Fy) — 03(F) + 04(F) — 05(F;) + ... = 0 mod p.

Moreover, there is no isometry of Z,, of degree 2 (Corollary 3.1). To apply the same method
to f|p leads to such isometries if the former coefficient of X 2 does not vanish modulo p. Then
(i11) and (iv) by the same arguments.

Note that jfj+(j+p—1)fjrp-1+... = joo(F;) —o1(F;) mod p and fi+ f}, , | +... =

0y (F;) =0 mod p. Finally the conclusion since the extra terms disappear modulo p in fip-

For [ = 1, equation (iv) can be deduced from (i)(ii)(iii) since f] = 0. [
Proposition 4.6. (p =2) Let f = fy+2H, + Fi be a Qx-polynomial of order 0. If f is an
isometry of Z,, we have (modulo 2):

(i') o+ fat fot+...=0, (ii’) 3+ fs+ f1+...=0,

(iii’) 3+ fat+ fr+fs+futfizt+..=0, (V') fs+fe+fo+ fio+..=0.

With these conditions, f is an isometry exactly when fy induces a bijection of ¥,, f1 =0, and

the two following ¥»-polynomials are isometries of Z:

e Sy (B E (kB — s~ 2305 — s +-- ) (B) ZX(2)

1

—(h—fitfa—)B) 2= (h—2hH13fa—4fs+.)(B) X(2)
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Proof: Here p — 1 = 1is odd. We use Y (2z) = —z+ 272, Y (1 +2z) = 7+ 2z%, Lemma 4.3, and
we adapt the calculations of Proposition 4.5 by switching f; with (—1)f; in F(2z), or f; with
(—1)=1f; in F{ (1 +22), to obtain (i’) to (iv’). Finally we conclude as in Proposition 4.5. [

Now we see that these necessary conditions may imply that the polynomials f; could vanish.

In other words, the order cannot be O if the useful valuation & is too small:

Corollary 4.3. There is no Qp-polynomial isometry of Z, with order r = 0 and valuation

k <3p.

Proof. For such an isometry, if k < j+3(p—1) and j > 2, there are at most three non-zero

terms in the expression of Fj = ) Y/ +n(p f i+n(p—1)- Then Fj = 0 because of (1), (i1) and (iii)
n>0

of Proposition 4.5.

For j = 1, we already know that f; = 0, and we verify the same result considering

):YH" f1+np : J1=0p=fap—1=f3p—2=0.

Also, Proposition 4.5 (iv) gives F> =0if F> = Z y2+n(p—1) f2+n (p—1) has only four terms.
n=0

So the first possible non-zero term Fj in a polynomial isometry of order O is F3 if p > 5 and

k>3p,or Fjif p=3and k > 9, or F} if p =2 and k > 6 thanks to Proposition 4.6. O

Examples of Q,-polynomial isometries of Z,, of order 0:
x> x3 x3 x* x X6

A A, A A A7 =2 k=
x>—>x+2+4+8+16+32+64 (p=2,k=06)
& 3X3 X6  x7 X3 3X7 ke
x|—>x+7+ ?+3_2+128 xr—>x+§+ 78 (p=2,k=17)
x3 .x3 x°
X x+ 27+ 7, (p=3,k=9
32 33 3 ( )

4.7. Q,-polynomial isometries of Z, of order 1

Again, we need to extend the calculations of Proposition 4.5. In particular, we will use that
no Z,-polynomial isometries of Z, with degree 3 exists if p # 3. For p = 3, we just adapt the

results of Proposition 4.5 switching f; with f; ;1 1, as explained in the proof of Corollary 4.4.
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p—1 p—1 1 p—1

Proposition 4.7. (p #3) Let f = fo+p L Hi+ Y Fj+ ? Y. Fj i1 be a Qy-polynomial of
J= j=1 J=1

order 1. If f is an isometry of L), then fy is a bijection of ¥, fi = f12 =0, and we have the

following equalities modulo p if p > 5:

(i) 60(Fj j+1) = fjj+1 + fisp—1,j4p+... =0,

(i) 01(Fj j+1) = fitp—1,j+p T 2L 1200 1), j+2p-1+ - =0,
(iii) 02(Fj j+1) = fis2(p-1).j+2p—1 + 3 j43(p-1),j43p—2+ - = 0,
(iv) 03(Fj j+1) = fiv3(p-1),j+3p—2 T 4fjvap-1),jrap3+--- =0,

(v) for 1 = (1),2,3: 64(F111) — 05(F1141) + 06(Frp41) +... =0
= frrap—1)arap—3 41501 015p—4+ 101 6(p—1) 1 r6p-5+ - -
For p = 2, we obtain equations (i’) to (iv’) of Proposition 4.6 switching f; with f; 11, and two

new equalities mod 2:

(v’) fo.7+ fio,11 + fia15+ fig,19 + ... = 0, (vi’) f1.8+ fir,12+ fis,16 + fi920+... =0
Provided these conditions, f is an isometry exactly when the useful parts of f|g are Z,-polynomial

isometries of 1.

Proof. In order to obtain fig, let note G; = Fj ;1 and g; = fj 41, and calculate F; ;41 (B + pz).
Using Lemma 4.3, we obtain the coefficients of X 0 x, x2 (as in Proposition 4.5), and finally
the coefficient of X>:

xfor j=1and p > 5: Zp_3(—64—|-65—66—l—...),

s« for j=1and p=2: 6l+06((Z—2)+05(—3Z+3)+0{(6Z—4)+...) and the same equations
with o/,

xfor j=2and p>5: 2" 2(04 — 05+ 05— 07 +...),

«for j=3and p >5: 03+ (04 — 05+ 06— 07+...)Z,

x for j >4 and p > 5: ©3.

Now, for suitable polynomials, fg is given by:

fip(z) = fé(ﬁ)wé (Gl (B + pz)+ G2 (B + pz) +IEI G;(B +pZ)) +...

Jj=3

= %(Q0+Q1X+Q2X2+Q3X3+...) +%(R0+R1X+R2X2+...) +3.
p
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So we obtain a Q,-polynomial isometry. Then Qp = Q1 = Ry = R = 0 because of Proposition
4.2. Moreover, the valuation of f| B is smaller than 3p, then its order is —1 (Corollary 4.3),
hence Q> = 0. Eventually, since no Z,-polynomial isometry of Z, with degree 3 exists (p # 3),

we obtain Q3 = 0 mod p considering (fig) 5 - Eventually the result.

B
For [ =1, (i) to (iv) and f; = 0 give equation (v). O
Corollary 4.4. If p # 3, there is no Q,-polynomial isometry of Z, of order 1 and valuation

k < 4p. There is no Q3-polynomial isometry of Z3 of order 1 and valuation k < 9.

Proof. x If p > 5, suppose that k < j+4(p—1) and j > 3: there are at most four non-zero terms
in the expression Fj j11 = Z yJj+n(p f 4n(p—1)- Then Fj ji1 = 0 because of Proposition 4.7
(1) to (iv).

For j=1, fip =0then f, pi1 = fop-12p = f3p—23p—1 = fap-34p—2=0.

Proposition 4.7 (v) gives F» 3 = )é y2np=1 g, tn(p—1) =0and F34 =0.

So the first possible non-zero terrigl([)7 j.j+1 shouldbe Fy s when k > 4p+1 (with fy4(,—1)4p+1)s
then k >4p+1.

If p =2, equations (i’) to (vi’) give Fj » = Z yltn f14n,24n = 0, since the first non zero term
should be f3 9, then k > 9. "~

If p = 3, we have the same results as in Proposition 4.5 switching f; with f; ;. 1, otherwise
we obtain a polynomial isometry of order 0 and valuation 2 < 9 (if the coefficient of X does
not vanish), which would contradict Corollary 4.3. The first possible non-zero term should be
f9,10, so k > 10. O

Examples of Q,-polynomial isometries of Z,, of order 1:

X% x* x6 X P
1 2

8 5
X+3—7

3.4 1 3 5 1
*x»—>x—|—3—3X E(ZX +X)—|—3—5

7 X9 — —
4.8. Q,-polynomial isometries of Z,, of order 2

Again, we extend the former calculations and use that no Z,-polynomial isometries of Z,

with degree 4 exists if p > 5.

Proposition 4.8. (p > 5) Let f be a Q,-polynomial of order 2:
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p—1 p—1
f= fo+pZH+ZF+1 Z J+1+L2_Z Fj j+2-
p

If f is an isometry of Z,, then fo is a bl]ectzon of Fp, fi=fiz2 = fi3z =0, and we have the

following equalities modulo p:
(i) 60(Fj,j+2) = O1(Fj j+2) = 02(Fj j+2) = O3(Fj j42) = O4(Fj,j42) =0,
(i) for 1 = (1),2,3,4: 05(Fj 112) — 06(Fi142) + 07 (F142) +... =0
= Ji+5(p—1)0+5p-3) T3 16(p—1)0+6p—4) T 15 f117(p—-1).047p—5) + -

Corollary 4.5. There is no Qp-polynomial isometry of Z,, of order r = 2 and
valuationk <5Sp+1ifp>5 k< 13ifp=3, k<9ifp=2.

Proof. Same proof as for Corollary 4.4 when p # 3. If p = 3, the coefficients of X must vanish

modulo p, otherwise we obtain isometries with order 0 and valuation 3. We calculate it:

in F13: 04— 05+06—...+Z(05s —206+307+...)
=fon+4finiz+...+Z(fir,3+5f315+...)

inFrg:z(04—05+06—...) = fioi2+4f1214+ - . ..

Eventually, the first non zero term should be f5 14, hence k > 14. Ol

In fact, laborious calculations show that there is no Q3-polynomial isometry of Z3 of order 2

and valuation k£ < 16.

Examples of Q p-polynomial isometries of Z,, of order 2:

3x2 X6  x® A
XX +T+§+2_7+F (p=2,k=10)

X2 X342x* x5 Xx042x° X7 2X7+2X8+2X10

X+ 2x+ = 3 +3—3+¥+3—7+¥+ 29 310
2X°+X")  xUgx2yxB3 xlyox2yx3 g,
+ 311 + 312 313 +314(X +X )
X13 —|—X14+2X15 +X16 2X15 X15
T 315 + 316 + 317’ (p=3,k=17)

4.9. Valuation, order, and complexity

Let us come back to the expression 4.2 of a Q,-polynomial isometry of Z,. Propositions 4.2

and 4.4 can be really improved: many terms vanish thanks to Corollaries 4.2 to 4.5. We estimate



242 MARTIAL AUFRANC

the complexity of Q,-polynomial isometries of any order, which permits simplifications of the
expressions of the corresponding isometries.

From now, r, k and A4 are respectively the order, the valuation and the complexity of a Q-
polynomial isometry f of Z,: the study of f is reduced to study if at mostn, =1+p+...+ prl
F,-polynomials are bijections of F,, and n; = z p-polynomials are isometries of Z,,.

We are going to define an increasing sequence (v,) by choosing the best possible values such
a way that: k < v, implies r < n. For example, using Corollary 4.5, we choose vi =5p+ 1 if
p>Sandvy =4p+1if p <3.

First, we conclude for r < p — 3 and give the possible form of isometries.

Proposition 4.9. We assume thatr < p—3 (orr <1 ifp <3).

x Ifk <3p, thenr=—1, A =1and f = fo+Xh| + Z —XJ+1h -
=1p’
xIfp#3andk <4p,orp=3andk <9, thenr<0(s0v0:4p, or9, and A =2), and

1

f=fo+Xh + X2h2+Z (XJf + X ).
2 p/

xlfp>5andk <5p+1, (orp=2andk <9, orp—3andk§13),thenr§1(s0v1:5p+l,

ordp+1ifp<3),A=2and
f= f0+Xh1+lX2h2+p X2+ Xhs) + ):3p (XI fioj+ X f5+ X R,
J
xIf p>5and k < v, thenr <nand A =2, where:

forn<p-5v,=4p+n(p+1) ifn+3 divides p—1, else v, =3p+n(p+1),

vp,4:p2+p—4, vp,3:p2+p—3 and

f=fo+Xh+ lx% + L (X4 X)L (X2 o5+ X2 fy + Xha) 4.
P p
1
+n—+2(X2f2,n+2 + X3 fapsat o A X f + Xy )
p
1
+— S (C a3+ X oz T A X fa + X ) +
p

1 _ _
+—k(Xk ek X ik X A X ).
P

Proof. The first items are consequences of Corollaries 4.3 to 4.5.

Now, supposep>5andr—3 hencek>v1+1—5p+2
Let f = fo+pZH+ZF+ ZF]+1+ ZF]+2+ ZFJ+3-
P’ P

1
Then‘f‘ﬁ:_4(QO+Q]X+...+Q5X5) _3(R0+~'-+R4X4)—f—_”
P p
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where Qg = Q1 = Ry = R| = 0 according to Proposition 4.2.

Since 4 < 3p, the order of f‘ g is —1, then O» = 03 = Q4 = 0, which gives the equalities of
Proposition 4.8 relatively to F-polynomials f; ;3. The first non zero term should be fs, 5,3,
hence k > 5p + 3, except when 5 divides p — 1 (Corollary 3.1). In this last situation, Q5 = 0
and, using Lemma 4.3 a) and the coefficients of X~/ in Z", we have 6y = ... = o5 = 0 and
0 — 05+ 07 — ... = 0 for j from (1) to 5, eventually k > 6p + 3.

Hence, vo = 6p+2 if 5 divides p — 1, otherwise vy = 5p +2.

Suppose r =n+1 < p—4: the valuation kK’ of f\p satisfies k' <r+1 < 3p, hence the order of
f|[; is —1. With similar notations, Qp = ... = Q0,42 =0. By Lemma4.3a), 6y =... = 0,12 =0
and 6,13 — Oyq4+...=0for j= (1) ton+2, plus Q,+3 =0 if n+ 3 divides p — 1. The first
non zero term should be f,, 34 (413)(p—1), 2044+ (n+3)(p—1) Withk > n(p+1) +3p+1 for the first
case (v, =3p+n(p+1)); for the second one, k > n(p+1)+4p+1andv, =4p+n(p+1).

In particular, v, 5 = p? — p, for p—2 does not divide p — 1.

If r = p— 3, Corollary 3.1 gives Qg = .. = Q,_1 = 0. The first non-zero term should be
Fie o) (p-1).p-2+(p 1) (p—1)- S0 k = PP+ p=3.

If r = p—2, we have the same equations (for example, x — x + x” is an isometry of degree

P)-Hencek2p2+p—2andvp_3:p2+p—3_ 0

Now, we estimate v, and the corresponding complexity for n > p — 2.

We first need to solve equations Qg = Q1 = ... = Qy = 0 for any natural N > p, where the
first term of the expression of f|g is % (Qo+ 01X +...). Asseen for N = p— 1 in Proposition
4.9, we have to calculate the coefﬁcﬁ:nt of XV in g which is the coefficient of X N=Jin Fj jyp.

The notation 0; + ... means 6; +a20;4+1 +a30;13 + . .. for suitable a; and o; = 6;(F; j+,). By

induction and using Lemma 4.3 e), we obtain:

Lemma 4.4. Equations Qg = Q1 = ... = Oy = 0 imply:
xifa(p—1)<N<(a+1)(p—1),
foralll1<j<p—-1l:0p=01=...=0ONtg-1=0=Onta+ -
forall (1)< j<N—a(p—1): ontgqt1+...=0,

xIfN=a(p—1), forall1 <j<p—-1:00=..=0Nn1q-1=0=0Onia+...
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Then the first non-zero term of such an isometry of order r should be

Jus (N+a+1)(p—1) -+ (N-+a+1)(p—1)+ (for the first case andu =N —a(p—1)+1) or

Jl+(N+rat1)(p—1),1+(N+a)(p—1)+r (for the second case since fi = 0).

Hence its valuation satisfies: k > (N + 1)p+r. This is the main tool we use to build (v,),
which improves formula 4.2 for bigger values of the order, and gives an asymptotic evaluation

of the complexity:

Proposition 4.10. To study if a Qp-polynomial of order r is an isometry of Z, can be reduced
to study if at most ny, ¥ ,-polynomials are bijections of ¥, and n; Z,-polynomials are isometries
of Zp, where n, < (1+p)(1+ %) ni < p*+ g(p2 — 1), and where the complexity satisfies :
A, tog,(r).

Proof. + We proved in Proposition 4.9 that v, 3 = p? + p — 3. The same method gives similar
results as long as the order of f|g satisfies r < —1, where its valuationis K =r+1and ¥ <r—1
(Proposition 4.2). This happens as long as p—1 < r < 3p—2 since K < 3p and so ¥ = —1.
Then Qp=.. = Q,+1 =0and k > (r+2)p+r as seen after Lemma 4.4.

So,if Ay =p—-2<r<3p—-2=A3,v,=(p+1)r+3pand A =2.

* Let define V, on [A2,A3[ by Va(r) = (p+ 1)r+3p. Let suppose that ¢ > 4, A, < A,
Vy—1(r) =v, = ay_1r+ PBy—1 for rin [A,_1,A,[ where the complexity A is ¢ — 1. To build A,
and V, on [A;,A4+1[ on which A = ¢, we consider f of order r = y+ 1, with A, <y <A,
and such that the order ' of fig satisfies ' < A, and so k' = r+1 <V, 1(A; —1): then we

choose Ayy1 =V,—1(Ag—1)—1. Then, ' =r+ 1>V, (¥ —1)+1=0y— 1 (r = 1)+ By—1+1
r+0y—1 _ﬁq—l

whenr >A, j,and: Q=01 =...=Qy=0wherer+1-N=| G |+ 1. Then
—
k > (N +1)p+r as seen after Lemma 4.4 and finally we can choose V,(y) = o,y + B, where
N 1 o B
(Xq = (1 — m)p‘f’ 1 and ﬁq = (1 —f—w)p

By induction, we built (A4),>3 and v such that A, < r < Ag4 implies v, = o;r + B, with the

former formulae.

1—p4 11 —
1—pa!
Aq Ag-1

Now we estimate A, = ay_2(Ag—1 — 1) + B4—> — 1, using
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3p—2 4 (1—pkpk—3—242pk2

I=p = (1-p9)(1-p72)
estimation of A since: r € [A,,Ap+1[= A =n.

Ag= (1 _Pq_z)

~ Lp? with L > 0, which gives the

Finally, we estimate p)‘ usingA; <r,np=14+p+... —I—p’l_l and n; = pl. 0
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