Available online at http://scik.org
J. Math. Comput. Sci. 4 (2014), No. 2, 257-266
ISSN: 1927-5307

CONVERGENCE OF THE VARIATIONAL ITERATION METHOD FOR SOLVING
FRACTIONAL KLEIN-GORDON EQUATION

H.R. MARASI'*, S. KARIMI?

1Department of Mathematics, University of Bonab, Bonab, Iran

2Shabestar Islamic Azad University, Shabestar, Iran

Copyright (©) 2014 Marasi and Karimi. This is an open access article distributed under the Creative Commons Attribution License, which

permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this study, the variational iteration method is implemented to solve linear and nonlinear fractional
Klein-Gordon equations. To illustrate the reliability of the method some examples are presented. The convergence

of the VIM solutions to the exact solutions is shown.
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1. Introduction

Nonlinear phenomena that appear in many areas of scientific fields such as solid state physic-
s, plasma physics, fluid dynamics, mathematical biology and chemical kinetics are modeled in
terms of nonlinear partial differential equations and in many scientific and engineering applica-
tions one of the corner stones of modeling are partial differential equations. For example, the

klein- Gordeon equations which are of the form

(0.1) e (x,1) + bu(x, 1) + g (u(x,1)) = f(x,1),
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with initial conditions
0.2) u(x,0) = h(x), u;(x,0) = k(x),

appears in modeling of problems in quantum field theory, relavistic physics, dispersive wave-
phenomena, plasma physic, nonlinear optics and applied physical sciences. The complexity of
the equations though requires the use of numerical and analytical methods in most cases. A
broad class of analytical solution and numerical solution methods were used to handle these
problems. Perturbation techniques are currently the main stream. Perturbation techniques are
based on the existence of small/large parameters, so-called perturbations quantities, but many
nonlinear problems in science and engineering do not contain such kind of perturbation quanti-
ties at all. Some non-perturbatiion techniques, such as the Lyapunov’s artificial small parameter
method [1], the §-expansion method [3], the Adomian’s decomposition method [4, 5] and the
homotopy perturbation method [2] have been developed. In 1978 Inokuti et al [6] proposed a
general lagrange multiplier method to solve nonlinear problems, which was intended to solve
problems in quantum mechanics. Subsequntly, in 1997 He [7] has modified this method to an
iterative method and named it variational iteration method (VIM). VIM has been presented by
many authors to be a powerful mathematical tool for solving various types of nonlinear prob-
lems which present a plenty of modern science branches [8]-[13]. This method has been applied
to solve many ordinary differential equations, partial differential equations and integral differen-
tial equations. VIM is very convenient, efficient and accurate. On the other hand recently there
is a increasing interest to study of the fractional differential equations because of their frequent
appearance in various applications in physics, biology, engineering, signal processing, system
identification, control theory, finance and fractional dynamics [14]-[16] and so a large number
of research papers devoted to the study of the solutions of fractional differential equations. In
this paper we consider the fractional Klein- Gordon equation

o

(0.3) %u(x,t) +bu(x,t) + g(u(x,1)) = f(x,1),

and try to show the convergence of variational iteration method in solving this equation.

2. Fractional calculus
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In this section we describe some necessary definitions and mathematical preliminaries of the

fractional calculus theory required for our subsequent development.

Definition 2.1. A real valued function f(x),x > 0, is said to be in the space Cy,,u € R if there
exists a real number p > u, such that f(x) = x” f(x) where fj(x) € C[0,o0) and it is said to be

in the space C}; iff('”) €eCy,meN.

Definition 2.2. The Riemann-Liouville fractional integral of order ¢ > 0, of a function f €

Cu(u = —1) is defined as

JOf(x) = )f(f( x—0)%1f()dt, o0>0,x>0,
JOf(x) = f(x),

0.4)

where I'(a) is the well-known gamma function. We mention only the following properties of
the operator J*:

For feCy,u>—1,00,f >0and y> —1

JEIB f(x) = JotB,

(0.5) JOIB f(x) = JBI% f(x),
T'(y+1
I = ey

Definition 2.3. Caputo fractional derivative operator D%of order « is defined in the following

form

—F(mlfa) Jix—tyme=lmindt, m—1<a<m,meN,

L5f(x), a=n.

0.6)  DYf(x)=

We need here two basic properties of the Caputo fractional derivative:

Ifm—1<a<m, meNandfeC], u>—1,then

(0.7) DT f(x) = f(x),

k
(04 201 +
(0.8) J*D% f(x Zf (0 F,x>o

3. Variational iteration method
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The principles of the variational iteration method and its applicability for various kinds of
differential equations can be found in [7]-[13]. To illustrate (VIM), we consider the general

nonlinear equation
Lu(x,1) +Nu(x,1) = g(x,1),

where L is a linear operator, N a nonlinear operator and g(x,t) a known analytical function.

According to variational iteration method, we can construct a correction functional as follows

0.9) Un1 (X,1) = un(x,t)Jr/Oll(é)(Lun(x, T) +Nitn(x,§) — 8(x,6))dS,

where A is a general lagrange multiplier, which can be identified optimally via variational theory
and i, is considered as a restricted variation, i.e. 0ii, = 0. Therefore, we first determine the
Lagrange multiplier that will be identified optimally via integration by parts. The initial guess ug
may be selected by any function that satisfies the two prescribed initial conditions (in this case).
The other components of the solution can easily be determined iteratively and consequently we

may obtain the exact solution by using

(0.10) u(x,t) = lim uy(x,1).

N k—voo

We consider the following time-fractional partial differential equation

(0.11) Diu(x,t) = f(u,ux,uxc) +8(x,1),

where D% = i—z is the Caputo derivative of order o, m € N, f is a nonlinear function and g is

the source function. The initial and boundary conditions associated with (0.11) are of the form

(0.12) O0<oa<1:u(x,0)=nh(x), u(xt)—0as|x| — oo, t >0,
and
du(x,0
(0.13) <o <2: u(x,0)=h(x), u(axt, ) =k(x), u(x,t) = 0as |x| = o0, 1 > 0.

The correction functional for Eq.(0.11) can be approximately expressed as follows

m

0.14) w1 (x,1) :uk(x,t)Jr/Otl(i)(%—mu(x,é)—f(ﬁk,(ﬁk)x,(ﬁk)xx)—g(xyé))dé,
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where A is the general Lagrange multiplier which can be identified optimally via variational the-
ory. Here iy, (i), (iix ) are considered variations, i.e., dii, = 0. Making the above functional

stationary,
t am
©O15  Supa(en) = Sug(r) +8 [ AE) gzl &) — sl E)E,

yields the following Lagrange multipliers

A=—1, for m=1,

A=E—t, for m=2.

Therefore, for m = 2 we obtain the following iteration formula

m

0.16) w1 (x,1) = wi(x,1) + /Ot(é —t)(aé—mu(x,é) — S (e, (i) (1)) — 8(x,§))dG -
For m = 1, we begin with the initial approximation

(0.17) uo(x,t) = h(x).

Also, for m = 2 we begin with the initial approximation

(0.18) uo(x,t) = h(x) +tk(x).

The correction functional (0.14) will give several approximations and the exact solution is ob-

tained as

(0.19) u(x,t) = lim uy(x,1).

k—roo

4. Numerical examples

Example 4.1. Consider the time-fractional partial differential Klein-Gordon equation
(0.20) Deu(x,t) —up+u=0, 1<a<2,
subject to the initial conditions

(0.21) u(x,0) =0, u(x,0) =x.
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To solve (0.20), by means of He’s variational iteration method, a correction functional for

Eq.(0.20) can be approximately expressed as follows

t 32 32
(022) uk+l(x=t) :uk(x7t)+/0 A(tvé){g_gzu(x’g)_Wﬁk(x7€)+ﬁk(x7é)}d§7

where A is the Lagrange multiplier and i, is considered as a restricted variation. Its stationary

conditions can be obtain by the followings

82
(0.23) 8—521(%5) =0,

d
(024) 1- xl(ta 5>|t:§ = 07
(0.25) A(t,8)]i—g = 0.

The Lagrange multiplier, therefore is of the form

(0.26) At,E)=E&—1.

So we have the following variational iteration formula

t o 2
021) (o) =) + [ (-0 (Grgulnd) - 5z lnE) +uln E)ae.

We start with an initial approximation
uo(x,1) = xt,

which satisfies the initial conditions (0.21) and obtain the following successive approximations
3
Xt
ul(xut) =Xl — ?7

(1) ) xt3 +xt5 x>
up(x,t) =xt— —+———5——-,
2 31 751 a2—9a+20

If we set o = 2 we get the followings

%)

3
ul(xat) =Xt — )g_]a
3 5
_ 3 t
uz(X,t) =Xt — x3_v+)€5—u
3 5 7
_ 5 1 4
u3(x,1) = xt — 5 + 5 — 7y,
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The approximate solution

(0.28) u = lim u, = xsint.
n—oo

is obtained, upon using the Taylor expansion of sin¢, which is the exact solution of the Eq.

(0.20) when a = 2.

Example 4.2. Consider the inhomogeneous linear time-fractional partial differential Klein-

Gordon equation

(0.29) D%u(x,t) — gy +u =2sinx, 1<a<2,
with the initial conditions

(0.30) u(x,0) = sinx, u;(x,0) = 1.

To solve (0.29), by means of He’s variational iteration method, a correction functional for

Eq.(0.29) can be approximately expressed as follows

82
(0.31)  wyyq(x,1) = ug(x,1) —1—/ {852 u(x 5)—ﬁﬁk(x,é)—i—ﬁk(x,f)—2sinx)d§,

where A is the Lagrange multiplier and ii, is considered as a restricted variation. The Lagrange
multiplier, can be identified as & —r . Hence, we have the following correction functional

8“‘ Pk
(0.32)  ugpq(x,1) = uy(x,t +/ aga u(x,6) — ﬁuk(x,é)—Fuk(X,é) — 2sinx)dé&.
We start with an initial approximation

uo(x,t) = sinx+t1,

which satisfies the initial conditions (0.30) and obtain the following successive approximations

t3
up(x,t) =sinx+1— —,
3l
( l) "y l‘3 L2 t5 N ISfoc
ur\x = sinx —_ = e
2 35 ' T(6-a)
B 7 1 84 260 202

uz(x, t)—smx+t—§—|—40+%+ - a(r(6—a)+r(8—a) _1“(8_05)+F(8—(X))
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24(7—a) 1(71-2a)
T8—a) T(8—2a)

If we set a = 2 we get the followings
. 3

uy(x,1) = sinx+1— %4,
. 3 5

up(x,1) =sinx+1 -5+ 5,

. 3 5 7
u3(X,t) :smx—f—t—%+%_%_

The approximate solution

(0.33) u = lim u, = sinx+ sinft,
n—oo

is obtained, upon using the Taylor expansion of sin#, which is the exact solution of the Eq.

(0.29) when a = 2.

Example 4.3. Consider the non-linear time-fractional partial differential Klein-Gordon equa-

tion

(0.34) Du(x,t) —up+u> =2x* =202 + x4, 1<a<2,
with the initial conditions

(0.35) u(x,0) =0,u,(x,0) =0.

To solve (0.34) by means of He’s variational iteration method, a correction functional for
Eq.(0.34) can be approximately expressed as follows
(0.36)

! 9 9% %) 2 2 Ag4
Mk+1<x,t) = Mk(x,t) +~/0 A‘(taé){a_gzu(x7§) - ﬁuk(xaé) +uk(x7§) —2x +2€ —X g )dé,

where A is the Lagrange multiplier and ii, is considered as a restricted variation. The Lagrange
multiplier, can be identified as & —¢ . Hence, we have the following correction functional
(0.37)

' 9% 9’ 2 2 2 4g4
uk+1(x7t) = I/lk(X,[) +/0 (g _t>(a€_auk(xa 5) - W”k(xa 5) +uk(x7§) —2x +2€ —X 5 )dé
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We start with an initial approximation

uo(x,1) = x°12,

which satisfies the initial conditions (0.35), the following approximation is obtained in the first

iteration
2t4—05x2
rcs—a)’

and the rest of the components of the iteration formula can be obtained using the Mathematica

uy (x,1) = 20%2x% —

program. If we set @ = 2 we get the followings

uy(x,t) = x*t2,
ur(x,1) = x*t2,
usz(x,t) = x*t,

So the approximate solution

(0.38) u=lim u, = x°1°,
n—oo

is obtained which is the exact solution of the Eq. (0.34) when o = 2.

Conflict of Interests

The authors declare that there is no conflict of interests.

REFERENCES

[1] A.M. Lyapunov, General problem on stability of motion, Taylor Francis. London (1992).

[2] J.H. He, Approximate analytical solution for seepage flow with fractional derivatives in porous media. Com-
put. Meth. Appl. Mech. Eng. 167 (1998), 57-68.

[3] A.V. Karmishin, A.l. Zhukov, V.G. Kolosov, Methods of dynamics calculation and testing for thin-walled
structures, Mashinostroyenie. Moscow (1990).

[4] G. Adomian, Solving frontier problems of physics: The decomposition method, Kluwer Academic. Dordrecht
(1994).

[5] H.R. Marasi, M. Nikbakht, Adomian decompositiom method for boundary value problems, Aus. J. Basic.
Appl. Sci. 5 (2011), 2106-2111.

[6] M. Inokuti, H. Sekine, T. Mura, General use of the Lagrange multiplier in nonlinear mathematical physics,

in: S. Nemat-Nasser (Ed.), Variational method in the mechanics of solids, Pergamon Press. Oxford (1978).



266 H.R. MARASI S. KARIMI

[7] J.H. He, A new approach to nonlinear partial differential equations, Commun. Nonlinear Sci. Numer. Simul.
2 (1997), 230-235.
[8] J.H. He, Variational iteration method t a kind of non-linear analytical technique: some examples, Int. J.
Non-Linear. Mech. 34 (1999), 699-708.
[9] B. Batiha, M.S.M. Noorani, I. Hashim, Variational iteration method for solving multispecies Lotka-Volterra
equations, Comput. Math. Appl. 54 (2007), 903-909.
[10] A.M. Wazwaz, A comparison between the variational iteration method and Adomian decomposition method,
J. Comput. Appl. Math. 207 (2007), 129-136.
[11] L.N. Zhang, J.H. He, Resonance in sirospun yarn spinning using a variational iteration method, Comput.
Math. Appl. 54 (2007), 1064-1066.
[12] L.M.B. Assas, Variational iteration method for solving coupled-KdV equations, Chaos Solitons Fractals 38
(2008), 1225-1228.
[13] A.H.A. Ali, K.R. Raslan, Variational iteration method for solving biharmonic equations, Phys. Lett. A. 370
(2007), 441-448.
[14] K.S. Miller, B. Ross, An introduction to the fractional calculus and fractional differential equations, Wiley.
New York (1993).
[15] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and applications of fractional differential equations, Else-
vier. San Diego (2006).

[16] I. Podlubny, Fractional differential equations, Academic Press. San Diego (1999).



