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Abstract. In this article, we introduce the sequence space BV (M, p,r, A'), where p = (py) sequence of positive
reals, v = (v;) is any fixed sequence of non zero complex numbers, # € N is a fixed number and study some of the

properties and inclusion relations on this space.

Keywords: invariant mean; paranorm; orlicz function and difference sequence.

2010 Mathematics Subject Classification: 40C05.

1. Introduction

Let N, R and C be the sets of all natural, real and complex numbers respectively. We write
w={x=(x):xx €RorC},

the space of all real or complex sequences. Let /., ¢ and ¢y denote the Banach spaces of
bounded, convergent and null sequences respectively. The following subspaces of @ were first
introduced and discussed by Maddox [10-11]. I(p) = {x € @ : ¥ |xx|P¥ < oo},

k

lo(p) = {x € ® : sup |x;|Px < oo},
k
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c(p)={xcw: lilgn lxx — I[Pk =0, forsome [ € C }, co(p) = {xc @ lilgn |xg|Pe =0},
where p = (py) is a sequence of striclty positive real numbers. The idea of Difference sequence

sets
Xp={x=(x) €Ew: Ax= (xp —xp41) € X},
where X = [, ¢ or c¢g was introduced by Kizmaz [7]. Kizmaz [7] defined the sequence spaces,
lo(A) ={x=(x) € @: (Axy) € I},
(D) ={x= () € 0: (Axy) € ¢},
co(D) ={x=(x) € 0: (Lxx) €co},
where Ax = (x; —xx+1). These are Banach spaces with the norm
[l = et | 4[] Ax]|oo.
After then Et [4] defined the sequence spaces
(D) = {x = (1) € 01 (A°x) € L},
o(A?) = {x=(w) € 0: (A’x) € c},
CQ(AZ) = {x = (xk) cw: (Azxk) S C()},

where (A%x) = (A%x;) = (Axg — Axpy ). The sequence spaces lo(A?), c(A?) and co(A?) are

Banach spaces with the norm
[l = bt o] 4[| A% |-
After then R. Colak and M. Et [5] defined the sequence spaces
loo(A™) = {x = (x¢) € @ : (A"xr) € I},
(A" ={x=(x) € 0: (A"xy) € ¢},
co(A™) ={x=(x) € @: (A"x;) € o},

where m € N,

on = (xk)7

Ax = (X — Xg41),
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A"x = (A" g — A" gy,

and so that
U . |m
A"xy = Z(_l)l | Mt
i=0 i

and showed that these are Banach spaces with the norm

m
[l a = Y il =+ [[A"] .
i=1

Esi and Isik [3] defined the sequence spaces
(A5, ) = {x = (x¢) € @ suplimk™*| Allxg % < 5> 0},
(A, s,p) ={x=(x) € @ : k*|Allxy — L|P* — 0(k — o), s > 0, forsome L},

co(AY,s,p) ={x=(x) € @ : k| Al xp|Px — 0(k — o0),s > 0},

where p = (py) is a sequence of striclty positive real numbers, v = (v¢) is any fixed sequence of

non zero complex numbers, m € N is a fixed number,

Agxk = (Vka), Dyxy = (kak — Vi 1Xk+1)

and
-1 -1
Alxg = (AF X — A7 xp1)
and so that
UL .| m
A’v"xk = Z (—l)l Vi+iXk+i-
i=0 i

When s=0, m=1, v=(1,1,1,.......) and p; = 1 for all k € N, they are just l(A),c(A) and co(A)
defined by Kizmaz[7]. When s=0 and p; = 1 for all kK € N, they are the following sequence
spaces defined by Et and Esi[6]

lo(AV) ={x= () € 0: (A)Vxx) € I},
c(AY)={x= () € w: (AVx) € c},
co(A)) ={x= () € 0: (AVxx) € co}-

The concept of paranorm is closely related to linear metric spaces.It is a generalization of that

of absolute value.(see[11]) Let X be a linear space. A function g : X — R is called paranorm,
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if for all x,y,z € X,

(PD g(x) =0 if x=#6,

(P2) g(—x) = g(x),

(P3) g(x+y) < g(x)+2(v),

(P4) If (A,) is a sequence of scalars with 4, — A (n — o) and x,,,a € X with x, — a (n — o0) ,
in the sense that g(x, —a) — 0 (n — o) , in the sense that g(A,x, — Aa) — 0 (n — ).

An Orlicz function is a function M : [0,00) — [0, ), which is continuous, non-decreasing
and convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) — oo as x — oo; see [2],[14] and the
references therein.

Lindenstrauss and Tzafriri[8] used the idea of Orlicz functions to construct the sequence
space

y={xcw: ZM(%) < oo, for some p > 0}.
k=1
The space ¢y, is a Banach space with the norm

||x|| =inf{p >0 ZM(’);—]“) <1}
k=1

The space £y is closely related to the space [, which is an Orlicz sequence space with M (x) = x”
for 1 < p < oo,

An Orlicz function M is said to satisfy A, condition for all values of x if there exists a
constant K > 0 such that M(Lx) < KLM (x) for all values of L > 1.
A sequence space E is said to be solid or normal if (x;) € E implies (ogx;) € E for all sequence
of scalars (o) with |og| < 1 for all k € N.

A sequence space E is said to be symmetric if (x;(x)) € E whenever (x;) € E where (k) is
a permutation on N.
Let o be an injection on the set of positive integers N into itself having no finite orbits and T be
the operator defined on /. by T'(x) = (xg(x))- A positive linear functional functional @, with
||®|| = 1, is called a o-mean or an invariant mean if ®(x) = ®(Tx) for all x € .
A sequence x is said to be o-convergent, denoted by x € Vy, if ®(x) takes the same value, called

o — limux, for all c-means ®. We have

Vo ={x=(x): Z tmn(x) = L uniformly in n, L = ¢ — limx},
m=1
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where for m > 0,n > 0.

tn(x) = ;and 11 , =0,

where 6" (k) denotes the m'” iterate of ¢ at n. In particular, if o is the translation, a G-mean
is often called a Banach limit and Vi reduces to f, the set of almost convergent sequences; see

[9]1,[15],[16] and the references therein. Mursaleen [12] defined the sequence space

BVs ={x €l Z |@mn(x)| < oo,uniformly in n},
where
Om.n(X) = tmn(X) = tm—1.2(%)
assuming that

tmn(x) =0, form =-1.

A straight forward calculation shows that

| m
mmeD) Z.](X j —Xg5j—1 )(le),
Om.n (x) = (m+1) J=1 &) o=

Xp, (m=0).

Note that for any sequence x,y and scalar A we have

(X +Y) = P (X) + O () @and P (Ax) = A P ().

After then Khan[17] introduced and studied the space

|¢mn( )l

- 1
BVs(M,p,r) = {x= (xx) Z m_ ) ———)]P¥ < oo uniformly in n, p > 0},

where M is an Orlicz function, p = (py) is any sequence of strictly positive real numbers and

r > 0. Recently Khan and Ebadullah[18] introduced and studied the sequence space

BVs(M,p,r,A\) = )]P¥ < oo uniformly in n, p > 0}.

- ‘(Pm n(Ax)|
w: X oy

Subsequently the spaces of invariant mean and Orlicz function have been studied by various

authors; see [1],[2],[9],[12],[13],[14],[15],[16],[17] and the references therein.

2. Main Results
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In this article, we introduce the sequence space

BV (M. por ) = {x = () : Y a1 9mn(2v)]

)]P¥ < oo uniformly in n, p > 0},
=, m" p
m=
where u € N is a fixed number, v = (v;) is any fixed sequence of non zero complex numbers
and study some of the properties and inclusion relations on this space.
Let M be an Orlicz function, p = (py) be any sequence of strictly positive real numbers, u € N

be a fixed number and r > 0. Now we define the sequence spaces as follows:

We have
1 \¢m,n(AX)\

BVs(M,p,r,\) = {x = (x¢) Z — )]P¥ < oo uniformly in n, p > 0}.
m’
m=1

For M(x) = x we get

(o)

BVs(p,1r, ) = {x = (xz) Z \(Pmn (Akx)|Pk < oo uniformly in n}.

For p; = 1, for all m, we get

1 |¢’mn(A x)|

BVs(M,r,A}) = {x = (xz) Z — )] < oo uniformly in n, p > 0}.
m’
m=1

For r =0 we get

BVO-(M,p,Au) {X— xk i "Pmn A x)'

m=1

)]P¥ < oo uniformly in n, p > 0}.

For M(x) = x and r=0 we get

BVs(p, Ay) = {x= (%) Z | (Alx) [Pk < oo uniformly in n, p > 0}.

For p; = 1, for all m and r=0, we get

BVs(M,AY) = {x = (x¢) : )] < oo uniformly in n, p > 0}.

(0 | Pmn(AVX)]
) [M( P

m=1
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For M(x) = x, p; = 1, for all m and r=0, we get

BVs(AY) = {x = (x) Z Omn(Dyx)| < oo uniformly inn}.

Theorem 2.1. The sequence space BVs(M, p,r, AY) is a linear space over the field C of complex

numbers.

Proof. Let x,y € BVs(M,p,r,AY%) and , B € C then there exists positive numbers p; and p;

such that
L1 (AVO ]
L M ) <o
and
[P (AIY) ]\ 1
L <

uniformly in n. Define p3 = max(2|a|p;, 2|B|p2). Since M is non decreasing and convex we

have

5 L g @malS8) B ma( 1)

p3 i

i mi |a¢mnp<3 v 4 ‘B(pm,l;)iA\’fy)‘)]pk
bt s

uniformly in n. This proves that BV (M, p,r, AY) is a linear space over the field C of complex

numbers.

Theorem 2.2. For any Orlicz function M and a bounded sequence p = (py) of strictly positive

real numbers, BVs(M, p,r, AY) is a paranormed space with

s(2) = int {p (Y (20 <1 niformty in )

n>1 1 M P

where K = max(1, suppy,).
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Proof. It is clear that g(Ak%x) = —g(Alx). Since M(0) =0, we get inf{ppfk} =0, for Alx =
0. Now for a=f=1, we get g(Akx+ Aly) < g(Akx)+ g(Aky). For the continuity of scalar
multiplication let / # 0 be any complex number. Then by the definition we have

|

urn e PE
gUALx) = inf{px -(n; M

LAY
M)]pk)% <1, uniformly in n}

g(lAyx) = inf{(ms)%k : (i %[M(M
= m=1"M (‘l’s)

where s = \Il)_|' Since |1|Px < max(1,|/|/"), we have

>~

)I7%)

< 1, uniformly in n},

" . b o 1 |G (LAVX)|
1) < max(1, 1) inf{s% - (X Cip(Pn e

g(IA"x) < max(1,]l|f)g(/x). Therefore g(I/\"x) converges to zero when g(/\“x) converges

)]p")% <1, uniformly in n}

to zero in BVs(M, p,r, A"). Now let x be fixed element in BV(M, p,r, A"). There exists p > 0

such that
’ - 1 n,n Au = . .
g(Aix) = inf{plfk () —r[M(M)]”)I]< < 1, uniformly in n}.
n>1 el m P
Now
o | (LAY 1 . .
g(IAYx) = 12€{pp7k : (Z %[M(w)]”)ll< < 1, uniformly inn} — 0 as [ — 0.
n= m=1

This completes the proof.

Theorem 2.3. Suppose that 0 < p,, < t,,, < oo for each m € N and r > 0. Then
(a) BVs(M,p, A7) C BV (M, 1, A7)
(b) BV (M, A\Y) C BV (M, 1, AY).

Proof. (a) Suppose that x € BVs(M, p, A"). This implies that [M (Mﬂ)]pk) <1
for sufficiently large value of 1, say i > mg for some fixed mo € N. Since M is non decreasing,

we have

ity < o
m=nmy p m=nmy p

Hence x € BV (M, t,AY).

(b) The proof is trivial.
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Corollary 2.4. 0 < P, < 1 for each m, then BVs(M,p, A%) C BVs(M,AY)
If Py > 1 forallm, then BVs(M,\Y%) C BVs(M,p, AY).

Theorem 2.5. The sequence space BVs(M, p,r, A") is solid.
Proof. Let x € BVs(M, p,r, A"). This implies that

;
m=1" p

Let oy be a sequence of scalars such that |ay| < 1 for all m € N. Then the result follows from

)Pk < oo

the following inequality.

- L | P n (D)) Pr - L |G (A3x)] Pk — oo
3, M= < Y MR R <o

Hence ax € BVs(M, p,r, AY) for all sequence of scalars () with || < 1 for all m € N when-

ever x € BVg(M, p,r, AY).
Corollary 2.6. The sequence space BVs(M, p,r,AY) is monotone.

Theorem 2.7. Let M1, M, be Orlicz function satisfying /\, condition and
r,r1, 12 > 0. Then we have

(a) If r > 1 then BVg(My, p,r, A¥) C BVs(MOM, p,r, AY),

(b) BVs(My, p,r, AY)NBVs(Ma, p,r, A*) C BVs (M| + My, p,r, AY),
(c)If ry < rythen BVs(M,p,ri,A%) C BVs(M,p,ry, AY).

Proof. (a) Since M is continuous at 0 from right, for € > 0 there exists 0 < § < 1 such that

0 <c¢ <6 implies M(c) < €.

If we define
m,n Au
I :{mEN:Ml(W’i)—Vx”) < 6 for some p > 0,
m,n Au
Izz{mEN:MI(M)’i)—VxN) > 0 for some p > 0,
when
vy oA
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we get

MM : < M : .
(g (P20 < (S (9 S
Hence for x € BVG(Ml,p,r, AY)and r > 1
d n,n mn m,n Au
m=1"M p mel) m P melz P
| mn | 2M 2M
Y — [MoMm; CLTIC NS ——_—_ Y — +max({ 1}h { 1}”)
m=1M P m= lm
where 0 < h =infp; < pr < H = sup py < oo.
k
(b) The proof follows from the following inequality
—[(My + M) (=20 < C— LR L S ] Pk_|_C Pk
-+ b (P < o (O gy (S S

(c) The proof is straightforward.

Corollary 2.8. Let M be an Orlicz function satisfying /\, condition. Then we have

(a) If r > 1 then BVs(p,r,AY) C BVs(M, p,r,AY),
(b) BVs(M, p,AY%) C BVs(M, p,r, AY),
(c) BVs(p, AAY) € BVs(p, 1, ),
(d) BVs(M,AY) C BV (M, r, A).

Proof. The proof is straightforward.
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