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Abstract. This paper concerns with construct a new rough set structure for an ideal ordered topological spaces.
Properties of lower and upper approximation are extended to an ideal order topological approximation spaces. The
main aim of the rough set is reducing the boundary region by increasing the lower approximation and decreasing
the upper approximation. So, in this paper different new methods are proposed to reduce the boundary region.
The properties of these methods are obtained. Comparisons between the current approximations and the previous

approximations are introduced.
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1. Introduction

Rough set theory had been proposed by Pawlak [19] in the early of 1982. Rough set the-
ory has achieved a large amount of applications in various real-life fields, like economics, med-
ical diagnosis, biochemistry, environmental science, biology, chemistry, psychology, conflict
analysis, medicine, pharmacology, banking, market research, engineering, speech recognition,
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material science, information analysis, data analysis, data mining, linguistics, networking and
other fields can be found in [12, 13, 18].

The standard rough set theory starts from an equivalence relation. The theory is a new
mathematical tool to deal with vagueness and imperfect knowledge. It is dealing with vague-
ness(ambiguous) of the set by using the concept of the lower and upper approximations [19].
The set has the same lower and upper approximations, called crisp (exact) set, otherwise known
as rough (inexact) set. Therefore, the boundary region is defined as the difference between the
upper and lower approximations, and then the accuracy of the set or ambiguous depending on
the boundary region is empty or not respectively. Nonempty boundary region of a set means that
our knowledge about the set is not sufficient to define the set precisely. The main aim of rough
set is reducing the boundary region by increasing the lower approximation and decreasing the
upper approximation.

The original rough set theory introduced by Pawlak was based on an equivalence relation
on a finite universe X. For practice use, there have been some extensions on Pawlak’s original
concept. One extension is to replace the equivalence relation by an arbitrary binary relation
[2, 11, 21, 22]. If R is a binary general relation on X, then the pair (X, R) is called a generalized
approximation space in briefly “GAS” [1]. For example of this extension Abo-Table [2] and
Yao [21, 22].

The other direction is to study rough set via topological method [1, 9, 10, 12].

Topological spaces have been generalized by many ways. A topological ordered space
(X,7,p) is a set X endowed with both a topology T and a partially order relation p on X. The
study of order relations in topological spaces was initiated by Nachbin [16] in 1965. Approxi-
mation operators draw close links between rough set theory and topology.

El-Shafei et al. [3] introduced and investigated a new rough set in ordered topological s-
paces depended on a general binary relation and partially order relation. They used a general
binary relation to generate a topology Tz by using the subbase & = {xR : x € X} of the topology
Tg also they used partially order relation to construct the increasing and decreasing sets and
hence defined the lower and upper approximation by using the increasing and decreasing sets

[16].
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In this paper, after the preliminaries, the aim of Section 3 is to define the lower and upper
approximations of any set with respect to any relation by using the notion of .#-increasing (.¢ -
decreasing) sets [8]. The object of Sections 4 is to use the filter properties to present a new
method to define the lower and upper approximations by using the notion of increasing and
decreasing sets. We consider the filter which is generated by the after sets that has a nonempty
finite intersection. The main purpose of Section 5 is to use filter subbase to define the lower and
upper approximations of any set by using the notion of (.#-increasing and .#-decreasing) sets.
Some examples are given to illustrate the concepts. Moreover, the properties of all present con-
cepts are obtained. Furthermore, the current approximations are compared with the previous
approximations [3]. It’s therefore shown that the current approximations are more generally.

It’s shown that the present method decreases the boundary region.

2. Preliminaries

In this section, the needed definitions and results are given.

Definition 2.1. [16] Let (X,R) be a poset. A set A C X is said to be:

(1) Decreasing if for every a € A and x € X such that xRa, then x € A.

(2) Increasing if for every a € A and x € X such that aRx, then x € A.

Definition 2.2. [1] If R is a binary relation on X and A C X, then A is called “the after com-
posed’”( respectively after-c composed) set if A contains all the after ( respectively fore) sets for
all its elements, i.e., Ya € A,aR C A (respectively Ra C A), where aR = {b : (a,b) € R} and
Ra={b: (b,a) €R}.

Definition 2.3. [15] A subfamily § of P(X) is called a filter on X if:

(1) ¢o¢5.
(2) IfA1,Ar € §,then A|NAy € 5.
B)IfAcSandACBCX,thenBe 3.

Definition 2.4. [15] A subset B of P(X) is called a filter base if:



A GENERALIZATION OF ROUGH SETS IN TOPOLOGICAL ORDERED SPACES 281
(1) ¢ 5.
(2) If B1,B> € B, then B3 € B : B3 C B1 N B,.
A filter base *B can be turned into a filter by including all sets of P(X) which contains a set of

B, i.e., s ={A€P(X):ADB,BcB}.

Definition 2.5. [15] Let & C P(X). Then, & is called a filter-subbases on X if it satisfies the

finite intersection property, i.e., any finite subcollection of & has a non empty intersection.

Definition 2.6. [6] A non-empty collection % of subsets of a set X is called an ideal on X, if it

satisfies the following conditions:

(HVAe SandBe IS =AUBc J.
2)Ae S andBCA=Be /.

Definition 2.7. [8] Let (X,R) be a poset and .9 C P(X) be an ideal on X. Then, a set A C X is
called:

(1) .#-decreasing set iff RaNA' € .7 Ya € A, where Ra = {b: (b,a) € R}.

(2) .#-increasing set iff aiRNA' € .% Ya € A, where aR = {b : (a,b) € R}.

Proposition 2.1. [8] For every ideal .7 on X, any increasing set is .7 -increasing set.

Theorem 2.1. [8] Let (X,R) be a poset, ¥ C P(X) be an ideal on X and A C X. Then, T gip. =
{AC X :Ais I-inc set } is a topology on X, which is finer than the topology that is generated

by the increasing sets. In other words, Tiye C T g _ine-

The rough set theory was introduced by Pawlak based on an equivalence relation R on
a finite universe X. In the approximation space (X, R), he considered two operators, the lower
and upper approximations of subsets. Let A C X
R(A)={xeX:[x]g CA}.
RA)={xeX:[x]gNA#¢}.
Boundary, positive and negative regions are also defined:
BNg(A) =R(A) —R(A).
POSR(A) =R(A).
NEGgr(A) =X —R(A).
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Definition 2.8. [3] A triple (X, Tr,p), where T is the topology generated by any relation R and

p is a partially order relation, is called an order topological approximation space ”OTAS”.

Definition 2.9. [3] Let (X, Tg,p) be an OTAS ,A C X. Then, the lower, upper approximations,
boundary region and accuracy respectively are given by:

Ri,.(A) =U{G € tg : G is an increasing, G C A}.

Ryoo.(A) =U{G € 1z : G is a decreasing, G C A}.

EinC(A) —=N{F € T : F is an increasing, A C F}.

Edec(A) N{F € 1, : F is a decreasing, A C F}.

BNinc(A) = R™(A) \ Ry (A).

BNec(A) =Rd“< A)\Ryec(A).

\R (A)l
R . .
aec(A) = };}if EAil , o' is an increasing accuracy and 04 is a decreasing accuracy.

3. Rough set in ideal topological ordered spaces

In this section, we introduce a new rough set in ideal topological ordered spaces depends
on a general binary relation, partially order relation and ideal. We use a general binary relation
to generate a topology Tz by using the subbase & = {xR : x € X} of the topology 1 also define
the lower and upper approximations by using .#-increasing and .#-decreasing sets. These
new approximations are compared with El-Shafei et al.’s approximations [3]. It’s therefore
shown that the current approximations are more generally and reduce the boundary region by
increasing the lower approximation and decreasing the upper approximation. The lower and
upper approximations satisfy some properties in analogue of Pawalk’s spaces [19]. Moreover,
we give several examples and counter examples for comparison between the current approach

and the approach in [3].

Definition 3.1. A quadrable (X, tg,p,-¥), is said to be ideal order topological approximation
space (IOTAS, for short), where Tg is a topology generated by any relation R and p is a partially

order relation and .% an ideal on X .
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Definition 3.2. Let (X, 1, p,.#) be an IOTAS and A C X. Then, the lower, upper approxima-
tions, boundary region and accuracy respectively are given by:

Ry _in(A) =U{G € 1 : G is I -increasing, G C A}.

Ry 4ec(A) =U{G € 1 : G is #-decreasing, G C A}.
R (A) =N{F € 1, : F is .#-increasing, A C F}.
R e (A) =N{F € 1y : F is . -decreasing, A C F}.

BNy inc(A) = R” " (A)\ Ry _inc(A).

BN s _gec(A) :Fjidec( A)\R y_gec(A).

54 —inc( A |R7 Al
o (A) = e ﬁﬁf( i

,_ R
o’ ~dec(A) = l ? jﬁﬁ(A;},aﬂ inc is an ¥ -increasing accuracy and o ~9¢ is an .7 -decreasing
accuracy.

The following proposition presents the relationship between the current approximations

and El-Shafei et al.’s approximations [3].

Proposition 3.1. Let (X, tg,p,-¥) be an IOTAS and A C X. Then

(1 Rmc( ) C Rﬂ lnc( ) (_dec( ) C ]_e,ﬂ—dec(A))'
(2) Rﬂ—inc( ) 1_3 ( ) (Rf dec (A) C Edec(A))'
(3) BN.y—inc(A) € BNinc(A) (BN.7—gec(A) C BNyec(A)).-

(4) af—inc(A) > oci”"(A) ((X']_dec(A) > Otdec(A)).

Proof. The proof is straightforward from Definitions 2.9, 3.2 and Proposition 2.1.

It is noted from Proposition 3.1 that, Definition 3.2 reduces the boundary region by increas-
ing the lower approximation and decreasing the upper approximation with the comparison of
[3]. Moreover, it shows that the current accuracy is greater than the previous one in [3].

The following example is computed the lower, upper approximations, boundary region and
accuracy for all subset of X by using El-Shafei et al.’s Definition 2.9[3] and the present method

in Definition 3.2.

Example 3.1. Let X = {a,b,c,d} and R = {(a,a),(a,d), (b,d),(c,c),(c,a),(d,b)}. Then,
§= {{b}a{d}v{avd}7{avc}}=ﬁ = {{a}7{b}7{d}={avd}7{aac}}7
= {X,¢,{a},{b},{d},{a,b},{a,c},{a,d},{b,d},{a,b,c},{a,b,d}.{a,c,d}},
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p= AU{(G,C),(G,d),(b,C),(d,C)}, and .9 = {¢,{C},{d},{c,d}}.

TABLE 1. Comparison between the boundary and accuracy by using El-Shafei

et al.’s Definition 2.9[3] and the current method in Definition 3.2 in the case of

increasing (. -increasing) sets.

M El-Shafei et al.’s method 2.9(3] The current method in Definition 3.2
Rine(A) | R™(A) | BNuc(A) | @"(A) | Ry () | R”™"(4) | BN ine(4) | 7" (4)
4 o o o 0 o 4 4 0
@ | ¢ [teedt|faear| o | @ | fact | {a 05
w | e e wal o | w | w 0 I
@ ] e @] @ | o 0 e} fc} 0
@ | e Jteay | et | 0 | @ | @ 0 I
{a,b} 0 X X 0 {a,b} {a,b,c} {c} 2/3
{a,c} 0 {a,c,d} | {a,c,d} 0 {a,c} {a,c} ¢ 1
{a,d} 0 {a,c,d} | {a,c,d} 0 {a,d} {a,c,d} {c} 1/3
{b,c} 0 {b,c} {b,c} 0 {b} {b,c} {c} 0.5
{b,d} o | {bed | bed | 0 {b,d} {b,d} P 1
{c,d} 0 {c,d} {c,d} 0 {d} {c,d} {c} 0.5
{a,b,c} 0 X X 0 {a,b,c} {a,b,c} ¢ 1
{a,b,d} 0 X X 0 {a,b,d} X {c} 0.75
{a,c,d} | {a,c,d} | {a,c,d} ¢ 1 {a,c,d} {a,c,d} ¢ 1
(bedy | ¢ |{bed| {bedt| 0 {b.d} | {bcd} {c} 2/3
X X b'e ¢ 1 X X P 1
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TABLE 2. Comparison between the boundary and accuracy by using El-Shafei
et al.’s method in Definition 2.9[3] and the current method in Definition 3.2 in

the case of decreasing (. -decreasing) sets.

s El-Shafei et al.’s method in Definition 2.9[3] The current method in Definition 3.2
RicA) | R*(4) | BNaec(#) | @(4) | Ry aecl) |[R” () | BN gec() | @”(4)
0 0 0 0 0 0 0 0 0
{a} {a} X {b,c,d} 0.25 {a} {a,b,c} {b,c} 1/3
w | m | w | e i 0} 5} 0 i
{c} ] X X 0 ] {a,b,c} {a,b,c} 0
(d} o X b% 0 P X X 0
{a,b} {a,b} X {c,d} 0.5 {a,b} {a,b,c} {c} 2/3
{a,c} {a} X {b,c,d} 0.25 {a} {a,b,c} {b,c} 1/3
{a,d} {a,d} X {b,c} 0.5 {a,d} X {b,c} 0.5
{b,c} {b} X {a,c,d} 0.25 {b} {a,b,c} {a,c} 1/3
mdy | b} X | {acd} 0.25 ) X {a,c,d} 0.25
{c.d} ¢ b's X 0 0 X X 0
{a,b,c} | {a,b} X {c,d} 0.5 {a,b,c} {a,b,c} ] 1
{a,b,d} | {a,b,d} | X {c} 0.75 {a.b,d} | {ab.d} P 1
{a,c.d} | {a,d} X {b,c} 0.5 {a,d} X {b,c} 0.5
{be,d} | {b} X | {acd} 025 {b} b's {a,c,d} 025
X X X s 1 X e 0 1

Proposition 3.2. Let (X, tg,p,-# ) be IOTAS and A,B C X. Then,

() Ry_;po(A) CACRT ™ (A) (R y_y0e(A) €A CR”(A)) equality hold if A = ¢ or
X.

2)ACB=R"""

(A) SR ™ (B)RT“(a) CRT ().
3) ACB= Ry 1nelA) SRy 1e(B) Ry gocA) SRy 4ee(B)).
(4) Rﬂ mC(AﬂB) R’ﬂ lnc( ) f lnc( )(F]_dec(AﬂB)CRJ_deC(A)ﬂFj_dec( ))
©) Ry-inlAUB) 2Ry il A) UR - ,,,c< )R-t AUB) 2R teclA) UR ().
© R” ™ (auB)=R" "(A)UR ) (B))
(D) Ry ineANB) =Ry _ine(A) Ry 1ne(B) Ry ec(ANB) =Ry 4oelA)NR 5 _goe(B))

(8) Rﬂ mc(R,ﬂ mc( )) DRJ mc(A> (Rﬂ—dec(R,ﬂ—dec(A)) DRJ dec(A

D) Ry ineRy—inc(A) SRy inc(A) (Ry—gec(Ry—gec(A)) S Ry gec(A)).

Proof.

1.: Straightforward.

2.: Let x & R7™ mc(B). Then, 3 F € ‘L'I/Q,F is Z-increasing, F DO BOAx¢F =x ¢
R7 ™).
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3.: Similar to part 2.
4.: Itis directly from part 2.
S.: Itis directly from part 3.
-7 —inc -7 —inc -7 —inc =7 —inc
6.: R (AUB) DR (A)UR (B) (by part 4) and to prove R (AUB) C
R7 ™ (A)URT ™ (B), letx R (A) UR” ™ (B). Then, x ¢ R” " (A) and x ¢

Fjiinc(B) = dF,F, € TR,F1,F2 are . -increasing, such thatx € F,F] DA, x & F,F, D
B=x¢ F|UF,, (Which is .# —inc by Theorem 2.1), F{UF, DAUB:ngRﬁ lm(AU
B). Then, R” ™ B).Hence, RZ ™ (AUB)=R” ™ (4)U
ffmc(B)'

=7 — znc( =7 — mc(

AUB)CR A)UR
7

7.: Similar to No. 6.

8.: Itis directly from part 1.

9.: Itis directly from part 1.

Example 3.1 shows that the inclusion in Proposition 3.2 parts 1,4 and 5 can not be replaced
by equality relation (for part 1, if A = {a,b}, R’ mc( ) = {a,b,c}. Then, R’ mc A) € A,
take A = {b,c},R s _jnc(A) = {b}. Then, AZ R, ,,.(A). Also, if A= {a,b},R’~ d“(A) =
{a,b,c}. Then, R "“(A) ¢ A, andif A = {b,c},R y_4oc(A) = {b}. Then, AZ Ry 4.(A). In
a similar way, we can add examples to part 4 and 5 ). Moreover, the converse of parts 2 and 3
is not necessarily true (i.e., R7™ mC(A) crR’ mc( ) # A C B, take A = {a,c},B = {a,b}, then
R']_mc( A)={a,c}, R” "¢(B) = {a,b,c}. Therefore, RT ") C rR7™ " (B) but A ¢B.Ina
=7~ dec(A)CRf 9 gy 4 A CB),

similar way, we can add examples to show that R

4. Generalized rough sets via filter by using increasing and decreasing sets

In this section, we introduce a new rough set in ordered topological filters. We consider
the filter which is generated by the after sets that has a nonempty finite intersection. To con-
struct the filter g, let & = {xR : x € X} be a subbase of a filter §x also we used partially order
relation to construct the increasing and decreasing sets and hence define the lower and upper ap-
proximation by using the increasing and decreasing sets. The current approximations decrease

the boundary region with the comparison of El-Shafei et al.’s approximations [3].
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Definition 4.1. A rriple (X,Sg,p), is said to be generalized order topological approximation

space (GOTAS, for short), where §g is a filter generated by any relation R and p is a partially

ordered relation.

Definition 4.2. Let (X,§r,p) be a GOTAS and A C X. Then, the lower, upper approximations,

boundary region and accuracy respectively are given by:

Riinc(A) = U{G € Fr : G is increasing,G C A}.
Rigec(A) =U{G € §r : Gisdecreasing,G C A}.

R*inC(A) _ N{H € §g: H isanincreasing,A C H}.

X if not exists H € 3;3 : H is an increasing,A C H.

R*dec(A) _ N{H € S;Q : H is a decreasing,A C H}.
X if not exists H € Fp, : H is a decreasing, A C H.
BN.inc(A) = R (A)\ Ryjnc(A).
BN, gec(A) = R™(A)\ Regec(A)-

inc |R*mc( )|
(X* <A) |R*mc( |

)
xdec |R*dec( )|
“ I e )

The relationship between the topology Tz which is generated by the subbase & = {xR :
x € X} and the filter §g which is generated by the same subbase is presented in the following

lemma.
Lemma 4.1. In any GOTAS (X,r,p), we have that tg \ ¢ C Fg.

Proof. Straightforward.
The following proposition presents the relationship between the current approximations and

the approximations in [3] (Definition 2.9).

Proposition 4.1. Let (X,3g,p) be a GOTAS and A C X. Then,

(1) Binc(A> - R*inc(A) (Edec(A) C R*dec(A)>'
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2) R*i”"(A) C Rinc(A) (R*d“(A) C Ryec(A)).
(3) BN*inc(A) - BNinC(A) (BN*dec(A) - BNdec(A))'
(4) a*inc(A) > ainc(A) (a*dec(A) > adec(A))_

Proof. The proof is straightforward from Definitions 2.9, 4.2 and Lemma 4.1.
The following example is computed the lower, upper approximation, boundary region and
accuracy for all subset of X by using El-Shafei et al.’s Definition 2.9[3] and the present method

in Definition 4.2.

Example 4.1. Let X = {a,b,c,d} R= AU{(a,b), (a,c), (b,a), (b,c),(c,a),(c,b),(c,d),(d,c)},
¢ ={X,{c,d},{a,b,c}},B ={X {c},{c,d},{a,b,c}},

= {X,0,{c},{c,d},{a,b,c}},Tp = {X,0,{d},{a,b},{a,b,d}},

Sk ={X,{c},{a,c},{b,c},{c,d},{a,b,c},{a,c,d},{b,c,d}},

Fr = {0.{a},{b} . {d},{a,b},{a,d},{b,d},{a,b,d}},

p =AU{(a,c),(a,d),(b,c),(d,c)}, and I ={¢,{c},{d},{c,d}}.

TABLE 3. Comparison between the boundary and accuracy by using El-Shafei
et al.’s method in Definition 2.9[3] and the current method in Definition 4.2 in

the case of increasing set.

4 El-Shafei et al.’s method in Definition 2.9[3] The current method in Definition 4.2
Rine(A) |[R™(A) | BNuc(A) | @™ (A) | Reinc(A) | R"™(A) | BNuinc(A) | a*"(4)
¢ ¢ ¢ 0 ¢ ¢ ¢ 0
{a} X X 0 ¢ X X 0
{b} X X 0 [ X X 0
{c} {c} X {a,b,d} 0.25 {c} X {a,b,d} 0.25
{d} ¢ X X 0 ¢ X X 0
{a,b} ¢ X X 0 ¢ X X 0
{a,c} {c} X {a,b,d} 0.25 {c} X {a,b,d} 0.25
{a,d} ¢ X X 0 ¢ X X 0
{b,c} {c} X {a,b,d} 0.25 {b,c} X {a,d} 0.5
{ba}y | ¢ X X 0 ) b e X 0
{c,d} {c,d} X {a,b} 0.5 {c,d} X {a,b} 0.5
{a,b,c} {c} X {a,b,d} 0.25 {b,c} X {a,d} 0.5
{a,b,d} ¢ X X 0 ¢ X X 0
{a,c,d} | {c,d} X {a,b} 0.5 {a,c,d} X {b} 0.75
{b,c,d} || {c,d} X {a,b} 0.5 {b,c,d} X {a} 0.75
X X X 0 1 X X ¢ 1
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TABLE 4. Comparison between the boundary and accuracy by using El-Shafei
et al.’s method in Definition 2.9[3] and the current method in Definition 4.2 in

the case of decreasing set.

El-Shafei et al.’s method in Definition2.9[3] The current method in Definition 4.2

! Riee(A) | R (A) | BNueold) | 0%(A) || Ruee(A) | R“(A) | BN.gocl4) | @*“()
¢ 0 ¢ 0 0 0 0 ¢ 0
@ | o | tab) | fab 0 o | @ | (@ 0
{v} ¢ {a,b} | {ab} 0 ¢ {v} {0} 0
{c} ¢ b b's 0 0 b b's 0
@ | o 0 o | tadt | faaqy | 0
{ab) | ¢ | {ab} | {ab} 0 o | fab) | fapy | 0
{a,c} ) X X 0 {a,c} X {b,d} 0.5
{a,d} 0 X X 0 0 {a,d} | {a,d} 0
{b,c} 0 X X 0 0 X X 0
{b,d} ¢ {a,b,d} | {a,b,d} 0 ¢ {a,b,d} | {a,b,d} 0
{c,d} ¢ X X 0 ¢ b X 0
{a,b,c} () X X 0 {a,c} X {b,d} 0.5
{a,b,d} ¢ {a,b,d} | {a,b,d} 0 ¢ {a,b,d} | {a,b,d} 0
{a,c,d} () X X 0 {a,c} X {b,d} 0.5
{bedy| ¢ X X 0 0 X X 0
X X X 0 1 X 0 1

Proposition 4.2. Ler (X,Fg,p) be a GOTAS and A,B C X. Then,
(1) Rujne(A) CA CR™(A) (Rygec(A) CA C R (A)
(2) A C B = R*"™(A) C R"™(B) (R""“(A) C R*'*“(B)

), equality hold if A = ¢ or X.
)-

(3) ACB= R*inc<A) - R*inc(B) (R*dec(A) - R*dec(B))'

(4) R*" (AN B) C R*"™(A) NR*"™(B) (R*“(ANB) C R*°(A) NR*(B)).
(5) Riinc(AUB) 2 Ruine(A) URsine(B) (Ridec(AUB) 2 Redec(A) N Redec(B))-
(6) R*™(AUB) = R*"™(A) UR*™ (B) (R*““(AUB) = R*<°(A) UR*%*(B)).
(7) Reinc(ANB) = Ruinc(A) (A) MRy gec(B))-

(8) R*inC(R*an(A>) > *mc( )(R*dec R*deC( )) QR*deC<A)).
(Reine(

)
)
Riinc(A) N Ryinc(B) (Ridec(ANB) = Rugec
(
D) Riine(Rinc(A)) € Ruine(A) (Regec(R

*dec( )) - R*dec‘(A))'

Proof. The proof is similar to Proposition 3.2.
Example 4.1 shows that the inclusion in Proposition 4.2 parts 1,4 and 5 can not be re-
placed by equality relation (for part 1, if A = {d},R*"™(A) = X,Rin.(A) = ¢, also if A =
{d},R*“(A) = X,Rugec(A) = @. Then, R*™(A) € A € Ryjne(A) and also R*“(A) ¢ A ¢

R.gec(A)). In a similar way, we can add examples to part 4 and 5 ). Moreover, the converse of
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parts 2 and 3 is not necessarily true (i.e., Ry(A) C Ryjne(B) A A C B, take A = {a,b,c},B =
{b,c,d}, then R, ;,.(A) = {b,c},Ryinc(B) = {b,c,d}. Therefore, R;n.(A) C Ryjne(B) but A ¢ B.

In a similar way, we can add examples to show that R...(A) C R.4.(B) but A  B).

5. Generalized rough sets via filter by using .7 -increasing and

# -decreasing sets

The main purpose of this section is to use a subbase of a filter to define the lower and upper
approximations of any set with respect to any relation by using the notion of .#-increasing and
#-decreasing sets instead of increasing and decreasing sets. Moreover, comparisons between
the current approximations in this section, Sections 3, 4 and the previous approximations in [3]

are introduced.

Definition 5.1. A quadrable (X,Fr,p,-¥) is said to be generalized ideal order topological
approximation space (GIOTAS, for short), where §g is a filter generated by any relation R and

p is a partially ordered relation.

Definition 5.2. Let (X,3g,p,-#) be a GIOTAS and A C X. Then, the lower, upper approxima-
tions, boundary region and accuracy of a set A with respect to a relation R by using the notion

of Z -increasing and . -decreasing sets are given by:
Rig inc(A) =U{G € Fr: Gis I —increasing,G C A}.

Ry _gec(A) =U{G € §r:Gis I —decreasing,G C A}.
N{H € %',R :H is; % —increasing,A C H}.

X if not exists H € S/R :His . —increasing,A C H.

R*’]fdec(A) _ N{H € 5"}? :His % —decreasing,A CH}.
X if not exists H € 3}6 :His % —decreasing,A C H.
BN, s ine(A) = R"""(A) \ Re.s_inc(A).

%7 —
BNy gec(A) = R* 79 (A)\ Ry _dec(A).
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*ffirw( ) _ |R*ffinc(A)| )
|R*ffinc(A)|

x5 —dec |R*ffdec(A)‘
o A) = ———=—,
( ) |R*‘]_dec(A)‘

o

The following proposition presents the relationship between El-Shafei et al.’s method in

Definition 2.9[3] and the current approximations in Definition 5.2.

Proposition 5.1. Let (X,§g,p,-¥) be a GIOTAS and A C X. Then,
(D Binc(A) CR.y- inc(A) Bdec(A) CR.y- dEC(A))'
(2) R*ﬂfinC(A) C RmC (A) R*ﬂfdeC(A) C ]_edeC(A))
(3) BN*ﬂ—inc(A) - BNiﬂC(A) (BN*ﬂ—dec(A) - BNdec(A)>'
(4) a*/finC(A) > ainc(A) (a*ffdeC(A) > adec(A)).

(
(

Proof. The proof is straightforward from Definitions 2.9, 5.2, Propositions 2.1 and Lemma
4.1.
The following proposition presents the relationship between the current approximations in

Definitions 3.2 and 5.2.

Proposition 5.2. Let (X,§g,p,.#) be a GIOTAS and A C X. Then,

Ry dec( )CR*f dec(A))'

R*f deC( )CRJ dec(A)).
(3) BN*,ﬂ—inc(A) C BNJ—inC(A) (BN*f—dec(A) - BNﬂ—dec(A))'

4) a*ﬂ—inc<A) > aﬂ—inc(A) (a*ﬂ—deC(A) > aﬂ—dec(A»_

(D Bﬂ—inc(A) CRiy- inc( )
2) R*J—inC(A) CRJ znc( )

(
(

Proof. The proof is straightforward from Definitions 3.2, 5.2 and Lemma 4.1.
The following proposition presents the relationship between the current approximations in

Definitions 4.2 and 5.2.

Proposition 5.3. Let (X,§g,p,-¥) be a GIOTAS and A C X. Then,
(D R*inc(A) C R*ﬂ—inc(A> (R*dec(A) C R*ﬂ—dec(A»'
) R*ﬂfinC(A) C R*inc(A> (R*ﬂfdeC(A> C R*dec(A>)-
(3) BN*f—inc(A) C BN*inc(A> (BN*f—dec(A) C BN*deC(A))'
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(4) Qg —inc (A) 2 Olyinc (A> (a*ﬂ—dec (A) 2 Olidec (A))
Proof. The proof is straightforward from Definitions 4.2, 5.2 and Proposition 2.1.

Proposition 5.4. Let (X,§g,p,-¥) be a GIOTAS and A,B C X. Then,
(1) R s—ine(A) CACR™"(A) (Rs s —gec(A) CA C R 9(A)), equality hold if A = ¢
orX.
(2) AC B = R ~n(A) C R*~¢(B) (R*~n(A) C R**~4e¢(B)).
(3) ACB=Riy—inc(A) CRis—inc(B) (Re.s—dec(A) C Ris—dec(B)).
(4) R* "¢ (ANB) C R~ (A)UR*” " (B) (R* ~4°°(ANB) C R* 4 (A) UR** ~4e¢ (B
DRy —inc(A)NRs.7—inc(B) (Re.s—dec(AUB) D Ri g ec(A
R~ (A)UR* " (B) (R** ¢ (AUB) = R** ~4°¢(A
(

(5) Ri7—inc(AUB )
( )=

(D) Ri.7—inc(ANB) =Ry 7 _inc(A) "R s —ine(B) (Rs.s—aec(ANB) =Ry _aec(A) Ry 7 —gec (B
( )
( ) €

) )
) )
(6) R*ﬂ*inc AUB) )
)= )
(8) R*ﬂfinc R*/ mC(A)) D) Rhﬂ*ii’lC(A) (R* I — dec(R*ﬁ deC( ) D) R*f deC(A)).
9) Riy—inc(Res— mc( )) gR*ﬂ—inc(A) (R*f—dec( * J— dec( ) Rig_ dec(A))
Proof. The proof is similar to Proposition 3.2.

Example 4.1 shows that the inclusion in Proposition 5.4 parts 1,4 and 5 can not be replaced
by equality relation. Moreover, the converse of parts 3 and 2 is not necessarily true.

By using Example 4.1 we calculate the lower, upper approximation, boundary region and

and accuracy by using El-Shafei et al.’s method 2.9[3] and the current approximations in Defi-

nitions 3.2, 4.2 and 5.2 as shown in the following tables.
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TS PUR T e uonmuys(
Ul poyjowl JULLIND Y} pue [¢]g g UONIUYS( Ul poyiaul s, Te 19 19JeysS-1q Jo uosuedwos ayy ym uonewrxoidde 1oddn oy Sursearoop

pue uonewrxoidde 1omof oY) Jursearour Aq uoIdal AIepunoq 9y} S9ONpal g'¢ UONIULYQ(] Ul POYIdUI JUILIND Y} JBY) SMOUS G J[qeL,

I [ X X I [ X X I [ X X I [ X X X
L0 {r} X {poq} SL0 {r} x | {p9q} S0 {a‘v} X {r} S0 {a‘v} x | {po} |[{r>iq}
SL0 {a} X {pov} SL0 {4} x | {pow} S0 {a‘v} X {r*} S0 {a‘v} x | {p™} |[{pp}
0 {r‘q‘v} {p‘q‘'r} o 0 X X 0 0 {pia'v} | {p‘q'n} [ 0 X X o | {r‘q'r}
SL'0 {r} X {o%q'n} S0 {pv} X {o'q} SLO {r} X {gn} || szo |{plav}| x Pt | e}
S0 {q‘v} X {r} S0 {q‘v} X {po} S0 {a‘v} X {p} $0 {q‘v} x | {po} || {p9}
0 {r'a} {r'a} ¢ 0 X X ¢ 0 {paw} | {pa'v} o 0 X X o {r'q}
S0 {p*v} X {o'q} S0 {p*r} X {o'a} ST0 {pta‘v} X {0} szo | {par}| X {2} {o'q}
0 {pv} {pv} ¢ 0 X X ¢ 0 {pia'vy | {r'q'n} [ 0 X X 0 {pv}
S0 {r‘q} X {0} sco | {r‘an} X {2} ST0 {r‘q‘v} X {0} sco | {pavy| x {2} {or}
0 {a‘v} {q‘v} ¢ 0 X b o 0 {a‘v} {a‘v} [ 0 X b ¢ {a‘v}
0 {r} {r} o 0 X X 0 0 {r} {r} o 0 b X o {r}
ST0 {r‘q‘v} X {2} sco | {r‘q'r} X {2} S0 {rq'v} X {2} sco | {pavy| x {2} {2}
0 {a} {a} ¢ 0 X X ¢ 0 {a‘r} {a‘r} o 0 X X 0 {a}
0 {r} {r} ¢ 0 X X 0 0 {a‘r} {a‘r} o 0 X X 0 {r}
0 0 o o 0 0 0 o 0 [ [ [ 0 9 0 9 9

(W70 | (W) NG | (V) dl | (V)78 || (V)00 | (W)NE | (V) o] | (V)F | (Vowg— o0 | (V)N | (W), M| (W)ZF | (V)owp | (V)NG | (V) | (V) v

T°S uonIuYaQ Ul POYIAW JUILIND A, T UONIUYS Ul POYIAU JUILIND YL, T°€ UONIUYAQ Ul POYIAW JUILIND Y, [€]6°C poow s,'[e 19 19JeyS-Id

"J9S (SUISBAIOUL- 4°) SUISBAIOUL JO ISBI AY) Ul 7'C PUR 7'f ‘7°¢ suonmuyd ur suonewrxoidde juarmod

Ay} pue [¢]6 7 uonmuyd( Ul poyiouw s, Te 19 1_JeyS-[g suisn Aq AdeIndoe pue Arepunoq ay) udamiaq uosuedwo)) ¢ 419V
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TS PuUR T'p T°E suontugaqg
Ul PoyIowW JUaLINd dY) pue [¢]6'Z UOnIUYyd( Ul poyldw s [e 19 10Jeys-1q jo uosuedwos ay) pim uonewrxoidde raddn oy Surseardop

pue uonewrxoidde 1omof ay) Surseardur AQ UOISAI ATepunoq dY) SAONPAI 7'C UONIUYI( Ul POYIdW JULIND AY) JBY) SMOUS 9 J[qel,

I [ X X I 0 X X I [ X X I 0 X X X
0 X X 0 0 X X 0 0 X X o 0 X X o | {roq}
0 {r‘q} X {ow} S0 {rq} X {ov} 0 X X [ 0 X X o | {por}
0 {r‘q‘n} {pqv} 9 0 {p'q'v} | {p'q'v} 9 0 {r‘q'n} {r‘q'n} 0 0 {ptq'n} |{pav}| ¢ | {r‘an}
SLO {r} X {o‘q'n} S0 {rq} X {o‘n} SL0 {r} X {o4q'v} 0 X X [ {o¢q'v}
0 X X 9 0 X X 9 0 X X 0 0 X X [ {ro}
0 {rq‘v} {pqv} 9 0 {p'q'v} | {p'q'v} 9 0 {r‘q'n} {r‘q'n} 0 0 {ptqv} |{pa'v}| ¢ {r‘q}
0 X X 0 0 X X 0 0 X X o 0 X X ¢ {o'a}
0 {pv} {pv} [ 0 {pv} | {pv} ¢ 0 {piav} | {p'q'v} [ 0 X X [ {pv}
S0 {r‘q} X {o'v} S0 {rq} X {ov} 0 X X 0 0 X X [ {or}
0 {g'v} {g'v} 0 0 {a'r} | {q'v} 0 0 {a'v} {g'v} 0 0 {gr} | {an} [ {q'r}
0 {pv} {pv} [ 0 {pv} | {pv} [ 0 {piav} | {p'q'v} [ 0 X X [ {r}
0 X X [ 0 X X [ 0 X X [ 0 X X ¢ {2}
0 {4} {4} 0 0 {a} {a} 0 0 {a'r} {g'v} 0 0 {av} | {a'n} [ {a}
0 {r} {r} [ 0 {r} {r} [ 0 {a‘r} {a‘r} 0 0 {a‘'v} | {a'v} [ {r}
0 [ [ [ 0 [ [ [ 0 [ [ ¢ 0 [ 9 9 [

(V)oop— s | (V)P7TNG | (V)op ol | (V)77 | (V)ops0 | (V)PNG | (V)oopd] | (V)P | (V)aap— o0 | (V)?P7INE | (V) 8 | (V)PP | (V)oopo | (V)ING | (V)8 | (V)PF v

'S UONIUYI(T Ul POYIOU JUDLIND YT, T UONIUYI(T UT POYIOU JUDLIND Y, '€ UONIUYI(T UI POYIOU JUDLIN Y, [€]6'C powowr s,'[e 10 12§eyS-1

"19S (SUISBAIOAP- 4°) SUISLAIOAP JO ASLD AY) UI T°C PUR 7§ ‘7 ¢ suonmuyo ur suonewrxoidde juarmd

oy} pue [¢]6 " UONIUY( Ul POYIdW S, Tk 39 1_JeyS-[H Suisn Aq AoBINOOR pue Arepunoq 9y} uoamlaq uosedwo) ‘9 A1dV],



A GENERALIZATION OF ROUGH SETS IN TOPOLOGICAL ORDERED SPACES 295

6. Conclusion

The information systems contains data about objects of interest, characterized by a finite
set of attributes [5, 7, 14, 20]. It is often interesting to discover some dependency relation-
ships (patterns) among attributes. For a long time, many mathematicians believed that abstract
topological structures are far from application fields in general and specially computer sciences
and developments of rough set theory as a new mathematical tool to deal with vagueness and
uncertainty in information. Lower and upper approximations are the main rough set tools for
defining uncertain concepts in information systems. Most constructions of these approximation-
s and their generalizations depend only on one relation resulted from the available information.
In rough set theory basic concepts are based on a special type of topological structures known
by partition (clo-open quasi discrete) topology. However, the original rough set theory does
not consider attributes with preference-ordered domains, that is, criteria. In fact, in many real-
world situations, we are often faced with the problems in which the ordering of properties of
the considered attributes plays a crucial role. In this paper, we initiated an application for or-
dered topological space in the context of rough set approximation. The approximation space
approached depend on general binary relation, partially order relation, ideal and filter concepts.
The approximations suggested in this paper are based simultaneously on an order relation on
the collection of information system objects and the topology generated on these objects by the
relation resulted from information system. These approximations can play a significant role in
the problem of decision making and optimizations, where order of objects is essential in such

problem:s.
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