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1. Introduction 

 There are many theories like theory of probability, theory of fuzzy sets, theory of 

intuitionistic fuzzy sets, theory of rough sets etc. which can be considered as mathematical 

tools for dealing with uncertain data, obtained in various fields of engineering, physics, 

computer science, economics, social science, medical science, and of many other diverse 

fields. But all these theories have their own difficulties. The most appropriate theory for 

dealing with uncertainties is the theory of fuzzy sets, introduced by L.A. Zadeh [51] in 1965. 

This theory brought a paradigmatic change in mathematics. But there exists difficulty, how to 

set the membership function in each particular case. The theory of intuitionistic fuzzy sets is a 

more generalized concept than the theory of fuzzy sets, but this theory has the same 

difficulties. All the above mentioned theories are successful to some extent in dealing with 

problems arising due to vagueness present in the real world. But there are also cases where 

these theories failed to give satisfactory results, possibly due to inadequacy of the 

parameterization tool in them. As a necessary supplement to the existing mathematical tools 

for handling uncertainty, in 1999, Molodtsov [34] initiated the concept of soft set via a 

set-valued mapping. The theory of soft sets is free from the difficulties mentioned above. 

Since its introduction, the concept of soft set has gained considerable attention and this 

concept has been studied in a series of works [1,12,17,18,19,20,21,32,35,36,48,49,50,52] 

including some successful applications in information processing [15,16,39,54], 

decision-making [9,13,33,38,42], demand analysis [11], forecasting [47], relations [10], 

algebraic structures of the set theory [1,2,4,12,21,22,23,24,25,26,27,28,29,41,45], topology 

[7,12,44,46,53], theory of BCK/BCI-algebras [22], operation research [6,14,30] etc. In recent 

times, researchers have contributed a lot towards fuzzification of soft theory. Maji et al. [37], 

introduced the concept of fuzzy soft set and some properties regarding fuzzy soft union, 

fuzzy soft intersection, complement of fuzzy soft set, De Morgan Law etc.  

2. Preliminaries 

Definition 2.1. [34] Let A⊆E. A pair (F, A) is called a soft set over U if and only if F is a 

mapping given by F : A →  P(U) such that F(e) = φ if e∉A and F(e) ≠ φ if e∈A, where φ 

stands for the empty set, U is an initial universe set, E is the set of parameters and P(U) is the 
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set of all subsets of U. Here F is called approximate function of the soft set (F, A) and the 

value F(e) is a set called e–element of the soft set. In other words, the soft set is a 

parameterized family of subsets of the set U. 

Definition 2.2. [51] A fuzzy set A in any arbitrary set U is defined by the mapping        

μA : U→ [0,1] = I [ or by A : U→ [0,1] = I ], where μA(u) or A(u) states the grade of 

belongingness (membership) of u in A. That is, a fuzzy set A in U can be represented by the 

set of ordered pairs A = { (u, μA(u)) : u ∈  U }. The family of all fuzzy sets in U is denoted 

by IU.  

Definition 2.3. [51] Let A and B be two fuzzy sets in U. That is, A, B∈  IU.   

1. A is contained in B, denoted by A≤B, if and only if A(u)≤B(u) for all u∈  U. 

2.  The union of A and B, denoted by A∨B, is a fuzzy set C defined as C(u) = (A∨B)(u) 

= Max{ A(u), B(u) } for each u∈U. 

3.  The intersection of A and B, denoted by A∧B, is a fuzzy set D defined as D(u) = 

(A∧B)(u) = Min{ A(u), B(u) } for each u∈U. 

4. The complement of a fuzzy set A is a fuzzy set, denoted by A′ , defined as A′ (u) = 1 

– A(u) for every u∈U.  

Definition 2.4. [37,43] Let U be an initial universe set, let E be a set of parameters, let A⊆E. 

A pair (F, A) is called a fuzzy soft set over U if and only if F is a mapping given by F : A 

→  IU such that F(e) = 0U if e∉A and F(e) ≠ 0U if e∈A, where 0U(u) = 0 for all u∈U. Here 

F is called approximate function of the fuzzy soft set (F, A) and the value F(e) is a fuzzy set 

called e–element of the fuzzy soft set (F, A). Thus a fuzzy soft set (F, A) over U can be 

represented by the set of ordered pairs (F, A) = { (e, F(e)) : e∈A, F(e)∈IU }. In other words, 

the fuzzy soft set is a parameterized family of fuzzy subsets of the set U. 

Definition 2.5. [8,9] A fuzzy soft set (F, A) over U is called a null fuzzy soft set, denoted by 

E0~ , if F(e) = 0U for all e∈A⊆E.  

Remark 1. According to the definition of fuzzy soft set, i.e., F(e)≠ 0U if e∈A⊆E, 0U does 

not belong to the co-domain of F. Therefore, the concept of null fuzzy soft set can be defined 

as follows. 

Definition 2.6. A fuzzy soft set (F, A) over U is called a null fuzzy soft set or an empty fuzzy 
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soft set, whenever A = φ.  

Definition 2.7. A fuzzy soft set (F, A) over U is said to be an A–universal fuzzy soft set if F(e) 

= 1U if e∈A, where 1U(u) = 1 for all u∈U. 

 An A–universal fuzzy soft set is denoted by 
A1~ . 

Definition 2.8. [43] A fuzzy soft set (F, A) over U is said to be an absolute fuzzy soft set or a 

universal fuzzy soft set if A = E and F(e) = 1U for all e∈E. 

 An absolute fuzzy soft set is denoted by 
E1~ . 

Definition 2.9. [37] A fuzzy soft set (F, A) is said to be a fuzzy soft subset of a fuzzy soft set 

(G, B) over a common universe U if A⊆B and F(e)≤G(e) for all e∈A. 

 We redefine fuzzy soft subset as follows. 

Definition 2.10. A fuzzy soft set (F, A) is said to be a fuzzy soft subset of a fuzzy soft set (G, 

B) over a common universe U if either F(e) = 0U for all e∈A or A⊆B and F(e)≤G(e) for all 

e∈A. 

 If a fuzzy soft set (F, A) is a fuzzy soft subset of a fuzzy soft set (G, B) we write (F, A)⊆~ (G, 

B). 

 (F, A) is said to be a fuzzy soft superset of a fuzzy soft set (G, B) if (G, B) is a fuzzy soft 

subset of (F, A) and we write (F, A)⊇~ (G, B). 

Definition 2.11. [43] Two fuzzy soft sets (F, A) and (G, B) over a common universe are said 

to be equal, denoted by (F, A) = (G, B), if (F, A)⊆~ (G, B) and (G, B)⊆~ (F, A). That is, if 

F(e)≤G(e) and G(e)≤F(e) for all e∈E. 

Definition 2.12. [5,43] The intersection of two fuzzy soft sets (F, A) and (G, B) over a 

common universe U is the fuzzy soft set (H, C) where C = A∩B and H(e) = F(e)∧G(e) for 

all e∈C and we write (H, C) = (F, A)∩~ (G, B). 

 In particular, if A∩B = φ or F(e)∧G(e) = 0U for every e∈A∩B, then H(e) = 0U. 

Definition 2.13. [37] The union of two fuzzy soft sets (F, A) and (G, B) over a common 

universe U is the fuzzy soft set (H, C) where C = A∪B and for all e∈C, H(e) = F(e) if e 

∈A – B, H(e) = G(e) if e∈B – A, H(e) = F(e)∨G(e) if e∈A∩B. In this case we write (H, C) 
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= (F, A)∪~ (G, B). 

Definition 2.14. [37] The complement of a fuzzy soft set (F, A), denoted by (F, A)C, is 

defined as (F, A)C = (FC, ¬A), where FC : ¬A →  IU is a mapping given by FC(e) = 

(F(¬e))C for all e∈¬A.   

 Alternatively, the complement of a fuzzy soft set can be defined as follows. 

Definition 2.15. [46] The fuzzy soft complement of a fuzzy soft set (F, A), denoted by (F, 

A)C, is defined as (F, A)C = (FC, A), where FC(e) = 1 – F(e) for every e∈A. Clearly, ((F, A)C)C 

= (F, A) and (
E1~ )C = 

E0~  and (
E0~ )C = 

E1~ .  

Proposition 2.1. Let (F, A) be a fuzzy soft set over (U, E). Then   

1. (F, A)∪~ (F, A) = (F, A), (F, A)∩~ (F, A) = (F, A) 

2.  (F, A)∪~
E0~  = (F, A), (F, A)∩~

E0~  = 
E0~  

3.  (F, A)∪~
E1~  = 

E1~ , (F, A)∩~
E1~  = (F, A) 

4. (F, A)∪~ (F, A)C = 
E1~ , (F, A)∩~ (F, A)C = 

E0~   

Proposition 2.2. Let (F, A), (G B), (H, C) be fuzzy soft sets over (U, E). Then   

1. (F, A)∪~ (G B) = (G, B)∪~ (F, A), (F, A)∩~ (G, B) = (G, B)∩~ (F, A)   

2. ((F, A)∪~ (G, B))C = (G, B)C∩~ (F, A)C, ((F, A)∩~ (G, B))C = (G, B)C∪~ (F, A)C 

3. ((F, A)∪~ (G, B))∪~ (H, C) = (F, A)∪~ ((G, B)∪~ (H, C)), ((F, A)∩~ (G, B))∩~ (H, C) = 

(F, A) ∩~ ((G, B)∩~ (H, C)) 

4. (F, A)∪~ ((G, B)∩~ (H, C)) = ((F, A)∪~ (G B))∩~ ((F, A)∪~ (H, C)), (F, A)∩~ ((G, 

B))∪~ (H, C)) = ((F, A) ∩~ (G, B))∪~ ((F, A)∩~ (H, C))     

Definition 2.16. [43,46] A fuzzy soft topology τ  on (U, E) is a family of fuzzy soft sets 

over (U, E), satisfying the following properties:    

1.  
E0~ , 

E1~ ∈τ   

2.  If (F, A), (G B) ∈τ  then (F, A)∩~ (G, B) ∈τ . 
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3. If (F, A)α∈τ , ∀α∈Λ  then 
Λ∈

∪
α

~ (F, A)α∈τ . 

Definition 2.17. [ 43] If τ is a fuzzy soft topology on (U, E), the triple (U, E, τ ) is said to be 

a fuzzy soft topological space. Each member of τ is called a fuzzy soft open set in        

(U, E, τ ).  

Definition 2.18. [40] Let (U, E, τ ) be a fuzzy soft topological space. A fuzzy soft set is 

called fuzzy soft closed if its complement is a member of τ .  

Proposition 2.3. [40] Let (U, E, τ ) be a fuzzy soft topological space and let τ ′be the 

collection of all fuzzy soft closed sets. Then   

1. 
E0~ , 

E1~ ∈τ ′   

2.  If (F, A), (G B) ∈τ ′ then (F, A)∪~ (G, B)∈τ ′ . 

3. If (F, A)α ∈τ ′ , ∀α ∈Λ  then
Λ∈

∩
α

~ (F, A)α∈τ ′ . 

Definition 2.19. [40,46] Let (U, E, τ ) be a fuzzy soft topological space. Let (F, A) be a 

fuzzy soft set over (U, E). Then the fuzzy soft closure of (F, A), denoted by ),( AF , is 

defined as the intersection of all fuzzy soft closed sets which contain (F, A). That is, 

),( AF =∩~ { (G, B) : (G, B) is fuzzy soft closed and (F, A)⊆~ (G, B)}. Clearly, ),( AF  is the 

smallest fuzzy soft closed set over (U, E) which contains (F, A). It is also clear that ),( AF  

is fuzzy soft closed and (F, A)⊆~ ),( AF . 

Definition 2.20. [40,46] Let (U, E, τ ) be a fuzzy soft topological space. Let (F, A) be a 

fuzzy soft set over (U, E). Then the fuzzy soft interior of (F, A), denoted by (F, A)o, is defined 

as the union of all fuzzy soft open sets which are contained in (F, A). That is, (F, A)o = 

∪~ { (G, B) : (G, B) is fuzzy soft open and (G, B)⊆~ (F, A) }. Clearly, (F, A)o is the largest 

fuzzy soft open set over (U, E) which is contained in (F, A). It is also clear that (F, A)o is 

fuzzy soft open and (F, A)o⊆~ (F, A). 

3. Compact Fuzzy Soft Topological Spaces 

 In this section we define fuzzy soft cover of a fuzzy soft set over (U, E). We also define 

finite intersection property (FIP) of a family of fuzzy soft sets over (U, E). Then we define 
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compact fuzzy soft topological spaces and we characterize compactness in terms of FIP and 

fuzzy soft mappings. 

Definition 3.1. A familyζ of fuzzy soft sets is said to be a cover of a fuzzy soft set (F, A) if 

(F, A)⊆~
Λ∈

∪
α

~ { (F, A)α : (F, A)α∈ζ , α ∈Λ}. A subcover of ζ is a subfamily of ζ  which 

is also a cover. 

Definition 3.2. A familyζ of fuzzy soft sets is said to have finite intersection property (FIP) 

if the intersection of the members of each finite subfamily of ζ is not null fuzzy soft set.  

Definition 3.3. A fuzzy soft topological space (U, E, τ ) is said to be fuzzy soft compact if 

each cover of 
E1~  by fuzzy soft open sets over (U, E) has a finite subcover.  

Theorem 3.1. A fuzzy soft topological space (U, E, τ ) is compact if and only if each family 

of fuzzy soft closed sets with finite intersection property has a non-null intersection.  

Proof. 

 Let ψ be a family of fuzzy soft sets in a fuzzy soft topological space(U, E, τ ). Then ψ is a 

cover of 
E1~  if and only if one of the following conditions holds.  

1. 
Λ∈

∪
α

~ { (F, A)α : (F, A)α∈ψ } = 
E1~ .  

2. (
Λ∈

∪
α

~ { (F, A)α : (F, A)α∈ψ })C = (
E1~ )C = 

E0~ . 

3. 
Λ∈

∩
α

~ { ((F, A)α)C : (F, A)α∈ψ } = 
E0~ .  

 Hence the fuzzy soft topological space (U, E, τ ) is compact if and only if each family of 

fuzzy soft open sets over (U, E) such that no finite subfamily covers 
E1~ , fails to be a cover 

and this is true if and only if each family of fuzzy soft closed sets which has the finite 

intersection property (FIP) has a non-null intersection. 

Definition 3.4. [31] Let FSS(U, E1) and FSS(V, E2) be the families of all fuzzy soft sets over 

(U, E1) and (V, E2) respectively. Let u : U →V and p : E1 →  E2 be two functions. Then fpu 

is called a fuzzy soft mapping from FSS(U, E1) to FSS(V, E2), denoted by fpu : FSS(U, E1) 

→  FSS(V, E2) and defined as follows:  

(1) Let (F, A) be a fuzzy soft set in FSS(U, E1). Then the image of (F, A) under the fuzzy soft 
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mapping fpu is the fuzzy soft set over (V, E2) defined by fpu((F, A)), where  

fpu((F, A))(e2)(y)  = 
Aepeyux ∩∈∈ −−

∨∨
)()( 2

1
1

1
( F(e1))(x) if u-1(y) ≠ φ, p-1(e2)∩A ≠ φ  

               =  0V otherwise.  

(2) Let (G, B) be a fuzzy soft set in FSS(V, E2). Then the preimage (inverse image) of (G, B) 

under the fuzzy soft mapping fpu is the fuzzy soft set over (U, E1) defined by f -1
pu((G, B)), 

where 

f -1pu((G, B))(e1)(x)  =  G(p(e1))(u(x)) for p(e1)∈B 

                 =  0U otherwise.  

Definition 3.5. If p and u are injective in definition 3.4, then the fuzzy soft mapping fpu is said 

to be injective. If p and u are surjective then the fuzzy soft mapping fpu is said to be surjective. 

If p and u are constant then fpu is called constant.  

Theorem 3.2. [31] Let (F, A)∈FSS(U, E1), { (F, A)α : ∀α ∈Λ }⊂  FSS(U, E1) and (G, 

B)∈FSS(V, E2), { (G, B)α : ∀α ∈Λ }⊂FSS(V, E2), where Λ  is an index set. Then 

1. If (F, A)1⊆~ (F, A)2 , then fpu((F, A)1)⊆~ fpu((F, A)2). 

2. If (G, B)1⊆~ (G, B)2 , then f -1pu ((G, B)1)⊆~ f -1pu ((G, B)2). 

3. fpu(
Λ∈

∪
α

~ (F, A)α) =
Λ∈

∪
α

~  fpu((F, A)α). 

4. fpu(
Λ∈

∩
α

~ (F, A)α)⊆~
Λ∈

∩
α

~ fpu((F, A)α). 

5. f -1pu(
Λ∈

∪
α

~ (G, B)α) =
Λ∈

∪
α

~ f -1pu ((G, B)α).    

6. f -1pu(
Λ∈

∩
α

~ (G, B)α) =
Λ∈

∩
α

~ f -1pu ((G, B)α).   

7.  f -1pu( 21~E
) =

11~E
, f -1pu( 20~E

) =
10~E
. 

8. fpu ( 10~E
) =

20~E
 , fpu ( 11~E

)⊆~
21~E
. 

Theorem 3.3. Let (F, A)∈FSS(U, E1), { (F, A)α : ∀α ∈ Λ }⊂  FSS(U, E1) and (G, 

B)∈FSS(V, E2), { (G, B)α : ∀α ∈Λ }⊂FSS(V, E2), where Λ  is an index set. Then 

1. fpu(
Λ∈

∩
α

~ (F, A)α) =
Λ∈

∩
α

~ fpu((F, A)α), if fpu is injective. 

2. fpu ( 11~E
) =

21~E
 if fpu is surjective. 
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3. f -1pu((F, A)C) = (f -1pu (F, A))C. 

Proof. 

 Obvious. 

Definition 3.6. [3] Let (U, E1, 1τ ) and (V, E2, 2τ ) be two fuzzy soft topological spaces. A 

fuzzy soft mapping fpu : (U, E1, 1τ )→ (V, E2, 2τ ) is called fuzzy soft continuous if f -1pu((G, 

B))∈ 1τ  for all (G, B)∈ 2τ . 

Theorem 3.4. Let fpu be a fuzzy soft continuous function carrying a compact fuzzy soft 

topological space (U, E1, 1τ ) onto a fuzzy soft topological space (V, E2, 2τ ). Then (V, E2, 2τ ) 

is fuzzy soft compact. 

Proof. 

 Let ψ = {(G, B)α : ∀α ∈Λ} be a cover of 
21~E
 by fuzzy soft open sets. Since fpu is fuzzy 

soft continuous, the family of all fuzzy soft sets of the form f -1pu ((G, B)α) for (G, B)α∈ψ, is a 

fuzzy soft open cover of 
11~E
which has a finite subcover (since (U, E1, 1τ ) is compact). 

However, since fpu is surjective, then it is easily seen that fpu(f -1
pu (G, B)) = (G, B) for any 

fuzzy soft set (G, B) over (V, E2). Thus, the family of images of members of the subcover is a 

finite subfamily of ψ which covers 
21~E
. Consequently, (V, E2, 2τ ) is fuzzy soft compact. 

4. Fuzzy Soft Semi-compact Sets, Fuzzy Soft Semi-closed Sets 

 In this section, we introduce fuzzy soft semi-open and fuzzy soft semi-closed sets. Various 

notions related to these structures are studied and characterized. 

Definition 4.1. Let (U, E, τ ) be a fuzzy soft topological space. A fuzzy soft set (F, A) in (U, 

E, τ ) is said to be fuzzy soft semi-open set if there exists a fuzzy soft open set (G, B) such 

that (G, B) ⊆~ (F, A)⊆~ ),( BG . 

 Definition 4.2. A fuzzy soft set (H, A) in a fuzzy soft topological space (U, E, τ ) is said to 

be a fuzzy soft semi-closed set if there exists a fuzzy soft closed set (G, B) such that (G, 

B)o⊆~ (H, A)⊆~ (G, B). 

Remark 4.1. Every fuzzy soft open (closed) set is a fuzzy soft semi-open (semi-closed) set 
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but not conversely. 

Remark 4.2. 
E0~  and 

E1~  are always fuzzy soft semi-closed and fuzzy soft semi-open. 

 From now on, we shall denote the family of all fuzzy soft semi-open sets and fuzzy soft 

semi-closed sets over (U, E) by FSSOS(U, E) and FSSCS(U, E) respectively. 

Theorem 4.1. Arbitrary unions of fuzzy soft semi-open sets are fuzzy soft semi-open. 

Proof. 

Let {(G, A)α : ∀α ∈Λ} be an arbitrary collection of fuzzy soft semi-open sets of a fuzzy 

soft topological space (U, E, τ ). Then there exists fuzzy soft open sets {(H, A)α : ∀α ∈Λ} 

such that (H, A)α⊆~ (G, A)α ⊆~ α),( AH  for each α ∈Λ . Hence
Λ∈

∪
α

~ (H, A)α ⊆~
Λ∈

∪
α

~ (G, A)α 

⊆~
αα

),(~ AH
Λ∈

∪  and 
Λ∈

∪
α

~ (H, A)α is a fuzzy soft open set. Hence
Λ∈

∪
α

~ (G, A)α is a fuzzy soft 

semi-open set. 

Remark 4.3. Arbitrary intersections of fuzzy soft semi-closed sets are fuzzy soft semi-closed 

sets.  

Theorem 4.2. If a fuzzy soft semi-open set (G, A) is such that (G, A)⊆~ (K, A) ⊆~ ),( AG , then 

(K, A) is also fuzzy soft semi-open. 

Proof. 

 Since (G, A) is fuzzy soft semi-open, there exists a fuzzy soft open set (H, A) such that   

(H, A)⊆~ (G, A)⊆~ ),( AH . Then by hypothesis (H, A)⊆~ (K, A) and ),( AG ⊆~ ),( AH . This 

implies (K, A)⊆~ ),( AG ⊆~ ),( AH . So (H, A)⊆~ (K, A) ⊆~ ),( AH . Consequently, (K, A) is a 

fuzzy soft semi-open set. 

Theorem 4.3. If a fuzzy soft semi-closed set (G, A) is such that (G, A)o⊆~ (K, A)⊆~ (G, A), then 

(K, A) is also fuzzy soft semi-closed. 

Proof. 

 As (G, A) is fuzzy soft semi-closed there exists a fuzzy soft closed set (H, A) such that    

(H, A)o ⊆~ (G, A)⊆~ (H, A). Then by hypothesis (K, A)⊆~ (H, A) and (H, A)o⊆~ (G, A)o. This 

implies (H, A)o ⊆~ (G, A)o ⊆~ (K, A). So (H, A)o⊆~ (K, A) ⊆~ (H, A). Consequently, (K, A) is 

a fuzzy soft semi-closed set. 
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Definition 4.3. Let (U, E, τ ) be a fuzzy soft topological space and (G, A) be a fuzzy soft set 

over (U, E ). Then 

1. the fuzzy soft semi-closure of (G, A) is a fuzzy soft set, denoted by fsscl(G, A), 

defined as the intersection of all fuzzy soft semi-closed sets which contain (G, A). 

That is, fsscl(G, A) = ∩~ {(S, A) : (G, A)⊆~ (S, A), where (S, A)∈FSSCS(U, E)}.  

2. the fuzzy soft semi-interior of (G, A) is a fuzzy soft set, denoted by fssint(G, A), 

defined as the union of all fuzzy soft semi-open sets contained in (G, A). That is,  

fssint(G, A) =∪~ {(S, A) : (S, A)⊆~ (G, A), where (S, A)∈FSSOS(U, E)}. 

Clearly, fsscl(G, A) is the smallest fuzzy soft semi-closed set containing (G, A) and fssint(G, 

A) is the largest fuzzy soft semi-open set contained in (G, A). 

Theorem 4.4. Let (U, E, τ ) be a fuzzy soft topological space. Let (G, A) and (K, A) be two 

fuzzy soft sets over (U, E ). Then 

1.  (G, A)∈FSSCS(U, E)⇔  (G, A) = fsscl(G, A).  

2. (G, A)∈FSSOS(U, E)⇔  (G, A) = fssint(G, A).  

3. (fsscl(G, A))C = fssint(G, A)C. 

4. (fssint(G, A))C = fsscl(G, A)C. 

5. (G, A)⊆~ (K, A) ⇒ fssint(G, A)⊆~ fssint(K, A). 

6. (G, A)⊆~ (K, A) ⇒ fsscl(G, A)⊆~ fsscl(K, A). 

7. fsscl
E0~ =

E0~  and fsscl
E1~ =

E1~ . 

8. fssint
E0~ =

E0~  and fssint
E1~ =

E1~ . 

9. fsscl((G, A)∪~ (K, A)) = fsscl(G, A)∪~ fsscl(K, A)). 

10. fssint((G, A)∩~ (K, A)) = fssint(G, A)∩~ fssint(K, A)). 

11. fsscl((G, A)∩~ (K, A))⊆~ fsscl(G, A)∩~ fsscl(K, A)). 

12. fssint((G, A)∪~ (K, A))⊆~  fssint(G, A)∪~ fssint(K, A)). 

13. fsscl(fsscl(G, A)) = fsscl(G, A). 

14. fssint(fssint(G, A)) = fssint(G, A). 
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Proof. 

 Let (G, A) and (K, A) be two fuzzy soft sets over (U, E ).  

(1) Let (G, A) be a fuzzy soft semi-closed set. Then (G, A) is the smallest fuzzy soft 

semi-closed set containing itself and hence (G, A) = fsscl(G, A). 

Conversely, if (G, A)=fsscl(G, A) and fsscl(G, A)∈FSSCS(U, E), then (G, A)∈FSSCS(U, E). 

(2) Similar to (1). 

(3) (fsscl(G, A))C = (∩~ {(S, A) : (G, A)⊆~ (S, A), where (S, A)∈FSSCS(U, E)})C 

 =∪~ {(S, A)C : (G, A)⊆~ (S, A), where (S, A)∈FSSCS(U, E)} 

 =∪~ {(S, A)C : (S, A)C ⊆~ (G, A)C, where (S, A)C∈FSSOS(U, E)} 

 = fssint(G, A)C. 

(4) Similar to (3). 

(5) Follows from the definition. 

(6) Follows from the definition. 

(7) Since 
E0~  and 

E1~  are fuzzy soft semi-closed sets, we have fsscl
E0~ =

E0~  and fsscl
E1~ =

E1~ . 

(8) Since 
E0~  and 

E1~  are fuzzy soft semi-open sets, we have fssint
E0~ =

E0~  and fssint
E1~ =

E1~ . 

(9) We have (G, A)⊆~ (G, A)∪~ (K, A) and (K, A)⊆~ (G, A)∪~ (K, A). Then by (6), fsscl(G, 

A)⊆~ fsscl((G, A)∪~ (K, A)) and fsscl(K, A)⊆~ fsscl((G, A)∪~ (K, A)) which implies fsscl(K, 

A)∪~ fsscl(G, A⊆~ fsscl((G, A)∪~ (K, A)). Now fsscl(K, A), fsscl(G, A)∈FSSCS(U, E). Then 

(G, A)⊆~ fsscl(G, A) and (K, A)⊆~ fsscl(K, A). So (G, A)∪~ (K, A)⊆~ fsscl(G, A)∪~ fsscl(K, A). 

That is, fsscl(G, A)∪~ fsscl(K, A) is a fuzzy soft semi-closed set containing (G, A)∪~ (K, A). 

But fsscl((G, A)∪~ (K, A)) is the smallest fuzzy soft semi-closed set containing (G, A)∪~ (K, 

A). Hence fsscl((G, A)∪~ (K, A))⊆~ fsscl(G, A)∪~ fsscl(K, A). Therefore, fsscl((G, A)∪~ (K, A)) 

= fsscl(G, A)∪~ fsscl(K, A). 

(10) Similar to (9). 

(11) We have (G, A)∩~ (K, A)⊆~ (G, A) and (G, A)∩~ (K, A)⊆~ (K, A). So fsscl((G, A)∩~ (K, 
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A))⊆~ fsscl(G, A) and fsscl((G, A)∩~ (K, A))⊆~ fsscl(K, A). Hence fsscl((G, A)∩~ (K, A))⊆~  

fsscl(G, A)∩~ fsscl(K, A). 

(12) Similar to (11). 

(13) Since fsscl(G, A)∈FSSCS(U, E) so by (1) fsscl(fsscl(G, A)) = fsscl(G, A). 

(14) Since fssint(G, A)∈FSSOS(U, E) so by (2) fssint(fssint(G, A)) = fssint(G, A). 

 

Theorem 4.5. If (G, A) is any fuzzy soft set in a fuzzy soft topological space (U, E, τ ), then 

the following are equivalent. 

(1) (G, A) is a fuzzy soft semi-closed set. 

(2) ( ),( AG )o⊆~ (G, A). 

(3) oCAG )),(( ⊇~ (G, A)C. 

(4) (G, A)C is a fuzzy soft semi-open set. 

Proof. 

 (1)⇒ (2) If (G, A) is a fuzzy soft semi-closed set, then there exists a fuzzy soft closed set 

(H, A) such that (H, A)o⊆~ (G, A)⊆~ (H, A) and therefore, (H, A)o⊆~ (G, A)⊆~ ),( AG ⊆~ (H, A). 

By the property of interior, we have ( ),( AG )o⊆~ (H, A)o⊆~ (G, A). 

(2)⇒ (3) ( ),( AG )o⊆~ (G, A) implies (G, A)C⊆~ (( ),( AG )o)C implies oCAG )),(( ⊇~ (G, A)C. 

(3)⇒ (4) ((G, A)C)o is a fuzzy soft open set such that ((G, A)C)o⊆~ (G, A)C⊆~ oCAG )),(( . So 

(G, A)C is a fuzzy soft semi-open set. 

(4)⇒ (1) As (G, A)C is fuzzy soft semi-open set there exists a fuzzy soft semi-open set (H, A) 

such that (H, A)⊆~ (G, A)C⊆~ ),( AH . Then (H, A)C is fuzzy soft closed set such that (G, 

A)⊆~ (H, A)C and (G, A)C⊆~ ),( AH and therefore, ((H, A)C)o⊆~ (G, A). Hence (G, A) is a fuzzy 

soft semi-closed set. 

5. Fuzzy Soft Semi-continuous Functions 

 In this section the concepts of various fuzzy soft functions between two fuzzy soft 

topological spaces are introduced and several properties of these functions are studied.  
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Definition 5.1. Let (U, E1, 1τ ) and (V, E2, 2τ ) be two fuzzy soft topological spaces. A fuzzy 

soft function f : (U, E1, 1τ )→ (V, E2, 2τ ) is said to be  

1. fuzzy soft semi-continuous if for each fuzzy soft open set (G, B) over (V, E2),       

f -1((G, B)) is a fuzzy soft semi-open set over (U, E1). 

2. fuzzy soft irresolute if for each fuzzy soft semi-open set (G, B) over (V, E2), f -1((G, B)) 

is a fuzzy soft semi-open set over (U, E1). 

3. fuzzy soft semi-open function if for each fuzzy soft open set (G, B) over (U, E1),      

f ((G, B)) is a fuzzy soft semi-open set over (V, E2). 

4. fuzzy soft semi-closed function if for each fuzzy soft closed set (F, A) over (U, E1),   

f ((F, A)) is a fuzzy soft semi-closed set over (V, E2). 

Remark 5.1. (1) A fuzzy soft function f : (U, E1, 1τ ) → (V, E2, 2τ ) is fuzzy soft 

semi-continuous if for each fuzzy soft closed set (F, B) over (V, E2), f -1((F, B)) is a fuzzy soft 

semi-closed set over (U, E1). 

(2) A fuzzy soft semi-continuous function is fuzzy soft irresolute. 

Theorem 5.1. A fuzzy soft function f : (U, E1, 1τ ) → (V, E2, 2τ ) is fuzzy soft 

semi-continuous if and only if  f(fsscl(F, A))⊆~ )),(( AFf  for every fuzzy soft set (F, A) over  

(U, E1). 

Proof. 

 Let a fuzzy soft function f : (U, E1, 1τ )→ (V, E2, 2τ ) be fuzzy soft semi-continuous. Now 

)),(( AFf  is a fuzzy soft closed set over (V, E2). So, by fuzzy soft semi-continuity of f,      

f -1( )),(( AFf ) is fuzzy soft semi-closed and(F, A)⊆~  f -1( )),(( AFf ). But fsscl(F, A) is the 

smallest fuzzy soft semi-closed set containing (F, A). So fsscl(F, A)⊆~  f -1( )),(( AFf ). Hence 

f(fsscl(F, A))⊆~ )),(( AFf . 

Conversely, let (F, B) be any fuzzy soft closed set over (V, E2). Then f -1((F, B))∈  (U, E1, 1τ ) 

which implies f(fsscl(f -1((F, B)))⊆~ ))),((( 1 BFff − . So f(fsscl(f -1((F, B)))⊆~  ),( BF = (F, B). 

Therefore, fsscl(f -1((F, B)) = f -1((F, B)). That is, f -1((F, B)) is fuzzy soft semi-closed over   
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(U, E1). Hence f is fuzzy soft semi-continuous. 

Theorem 5.2. A fuzzy soft function f : (U, E1, 1τ ) → (V, E2, 2τ ) is fuzzy soft 

semi-continuous if and only if f -1((H, B))o⊆~ fssint(f -1((H, B))) for every fuzzy soft set (H, B) 

over (V, E2). 

Proof. 

 Let a fuzzy soft function f : (U, E1, 1τ )→ (V, E2, 2τ ) is fuzzy soft semi-continuous. Let   

(G, A) be a fuzzy soft set over (U, E1). Now (f((G, A)))o is a fuzzy soft open set over (V, E2). 

Let f((G, A)) = (H, B) so that (G, A) = f -1(H, B). Now by fuzzy semi-continuity of f, f -1((H, 

B))o is fuzzy soft semi-open over (U, E1) and f -1((H, B))o⊆~ (G, A). As fssint((G, A)) is the 

largest fuzzy soft semi-open set contained in (G, A), f -1((H, B))o⊆~ fssint((G, A)). That is,    

f -1((H, B))o⊆~ fssint(f -1(H, B)). 

Conversely, let us consider a fuzzy soft open set (G, B). Then f -1((G, B))o⊆~ fssint(f -1((G, B))) 

implies f -1(G, B)⊆~ fssint(f -1((G, B))). Hence f -1(G, B) is fuzzy soft semi-open and 

consequently f is fuzzy soft semi-continuous. 

Theorem 5.3. A fuzzy soft function f : (U, E1, 1τ )→ (V, E2, 2τ ) is fuzzy soft semi-open if 

and only if f((F, A)o)⊆~ fssint(f((F, A))) for every fuzzy soft set (F, A) over (U, E1). 

Proof. 

 Let a fuzzy soft function f : (U, E1, 1τ )→ (V, E2, 2τ ) is fuzzy soft semi-open. Then    

f((F, A)o) = fssint(f ((F, A)o))⊆~ fssint(f((F, A))). 

Conversely, let (F, A) be a fuzzy soft open set over (U, E1). Then by hypothesis, f((F, A)) = 

f((F, A)o)⊆~ fssint(f((F, A))) which implies f((F, A)) is a fuzzy soft semi-open set over (V, E2). 

Hence f is fuzzy soft semi-open. 

Theorem 5.4. Let a fuzzy soft function f : (U, E1, 1τ )→ (V, E2, 2τ ) is fuzzy soft semi-open. 

If (K, B) is a fuzzy soft set and (F, A) is a fuzzy soft closed set containing f -1(K, B) then there 

exists a fuzzy soft semi-closed set (H, B) such that (K, B)⊆~ (H, B) and f -1(H, B)⊆~ (F, A).  
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Proof. 

 Let (H, B) = (f((F, A)C))C. Now f -1(K, B)⊆~ (F, A) implies f((F, A)C)⊆~ (K, B)C. Then (F, A)C 

is fuzzy soft open. So f((F, A)C) is fuzzy soft semi-open. Therefore, (H, B) is fuzzy soft 

semi-closed and (K, B)⊆~ (H, B) and f -1(H, B)⊆~ (F, A). 

Theorem 5.5. A fuzzy soft function f : (U, E1, 1τ )→ (V, E2, 2τ ) is fuzzy soft semi-closed if 

and only if fsscl(f((F, A)))⊆~ f ( ),( AF ) for every fuzzy soft set (F, A) over (U, E1). 

6. Fuzzy Soft Semicompact Topological Spaces 

 In this section the notion of fuzzy soft semi-compact topological space is introduced along 

with its characterizations. 

Definition 6.1. A cover of a fuzzy soft set is said to be a fuzzy soft semi-open cover if every 

member of the cover is a fuzzy soft semi-open set. 

Definition 6.2. A fuzzy soft topological space (U, E, τ ) is said to be fuzzy soft 

semi-compact if each cover of 
E1~  by fuzzy soft semi-open sets over (U, E) has a finite 

subcover. 

Remark 6.1. Every fuzzy soft compact space is fuzzy soft semi-compact. 

Theorem 6.1. A fuzzy soft topological space (U, E, τ ) is fuzzy soft semi-compact if and 

only if each family of fuzzy soft semi-closed sets with finite intersection property (FIP) has a 

nonempty intersection. 

Proof: Let {(F, A)α : α ∈Λ} be a collection of fuzzy soft semi-closed sets with finite 

intersection property (FIP). If possible let 
Λ∈

∩
α

~ (F, A)α = E0~ . Then
Λ∈

∪
α

~ ((F, A)α)C = 
E1~ . So, 

the collection {((F, A)α)C : α ∈Λ} forms a fuzzy soft semi-open cover of 
E1~  which is fuzzy 

soft semi-compact. So, there exists a finite subcollection oΛ  of Λ  for which     

oΛ∈
∪

α

~ ((F, A)α)C=
E1~  which implies

oΛ∈
∩

α

~ (F, A)α = E0~  a contradiction. 

Conversely, if possible, let (U, E, τ ) is not fuzzy soft semi-compact. Then there exists a 

cover {(G, A)α : α ∈Λ} of 
E1~  by fuzzy soft semi-open sets such that for every finite 
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subcollection oΛ  of Λ , we have
oΛ∈

∪
α

~ (G, A)α ≠
E1~ . This implies 

oΛ∈
∩

α

~ ((G, A)α)C ≠ 
E0~ . 

Hence {((G, A)α)C: α ∈Λ} has the finite intersection property (FIP). So, by hypothesis, 

Λ∈
∩
α

~ ((G, A)α)C ≠ 
E0~ . This implies

Λ∈
∪
α

~ (G, A)α ≠ 
E1~ , a contradiction, since {(G, A)α : α ∈Λ} 

is a cover of 
E1~  by fuzzy soft semi-open sets. 

 

Theorem 6.2. A fuzzy soft topological space (U, E, τ ) is fuzzy soft semi-compact if and only 

if every family ψ of fuzzy soft sets with the finite intersection property (FIP) is such that 

ψ∈
∩

),(

~
AG

 fsscl(G, A) ≠ 
E0~ . 

Proof. 

 Let (U, E, τ ) be fuzzy soft semi-compact and if possible, let 
ψ∈

∩
),(

~
AG

 fsscl(G, A) = 
E0~  

for some family ψ of fuzzy soft sets with the finite intersection property (FIP). So 

ψ∈
∪

),(

~
AG

( fsscl(G, A))C =
E1~ . This implies γ = {(fsscl(G, A))C : (G, A) ∈  ψ } is a cover of 

E1~  

by fuzzy soft semi-open sets over (U, E). Then by fuzzy soft semi-compactness of 
E1~ , there 

exists a finite subcover λ (say) of γ. That is, 
λ∈

∪
),(

~
AG

( fsscl(G, A))C =
E1~  which implies 

λ∈
∪

),(

~
AG

(G, A)C =
E1~ . So 

λ∈
∩

),(

~
AG

(G, A) = 
E0~ , a contradiction. Hence 

ψ∈
∩

),(

~
AG

 fsscl(G, A) 

≠ 
E0~ . 

Conversely, we have 
ψ∈

∩
),(

~
AG

 fsscl(G, A) ≠ 
E0~ , for every family ψ of fuzzy soft sets with 

the finite intersection property (FIP). Let us assume that (U, E, τ ) is not fuzzy soft 

semi-compact. Then there exists a family γ of fuzzy soft semi-open sets which covers 
E1~  

without a finite subcover. So for every finite subfamily λ (say) of γ we have that,   

λ∈
∪

),(

~
AG

(G, A) ≠ 
E1~ ⇒

λ∈
∩

),(

~
AG

(G, A)C ≠
E0~  implies {(G, A))C : (G, A) ∈  γ } is a family of 

fuzzy soft sets with the finite intersection property (FIP). Now 
γ∈

∪
),(

~
AG

(G, A) =
E1~  

implies
γ∈

∩
),(

~
AG

(G, A)C =
E0~  implies 

γ∈
∩

),(

~
AG

 (fsscl(G, A)C) = 
E0~ , a contradiction.  

Theorem 6.3. Fuzzy soft semi-continuous image of a fuzzy soft semi-compact space is fuzzy 

soft compact. 



442                       P. GAIN, R. CHAKRABORTY AND M. PAL 

Proof. 

 Let a fuzzy soft function f : (U, E1, 1τ )→ (V, E2, 2τ ) is fuzzy soft semi-continuous. Let 

{(G, B)α : α ∈Λ} be a cover of 
21~E
 by fuzzy soft open sets over (V, E2). This implies     

{ f -1(G, B)α : α ∈Λ} forms a cover of 
11~E
 by fuzzy soft semi-open sets over (U, E1). So 

there exists a finite subset oΛ  of Λ  such that { f -1(G, B)α : α ∈ oΛ } is a cover of 
11~E
 by 

fuzzy soft semi-open sets over (U, E1). Therefore, {(G, B)α : α ∈ oΛ } forms a finite cover of 

21~E
 by fuzzy soft open sets over (V, E2). 

Conclusion              

 In this article both the concepts of compactness and semi-compactness in fuzzy soft 

environment have been sketched and discussed. As the concept of compactness of a space is 

one of the central and important concept, the notions and results given in this article may lead 

to some interesting in-depth analytical study and research using lattice-valued approaches to 

fuzzy soft topology.  
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