Available online at http://scik.org
J. Math. Comput. Sci. 4 (2014), No. 2, 298-305
ISSN: 1927-5307

SPECTRAL RADIUS OF SLANT HANKEL OPERATORS

M. P. SINGH
Department of Mathematics, Manipur University, Canchipur, Imphal 795003, India

Copyright (©) 2014 M. P. Singh. This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. A slant Hankel operator S, with ¢ in L®(dD) is an operator on L*(dD) whose representing matrix
M = (o) is given by oy = (¢,z-%~/) where (,) is the usual inner product on L?>(dD). In this paper, the bounds

of spectral radius of the operator are determined. Also the point spectrum of the adjoint of the operator is identified.
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1. Introduction

Let D be the unit disc{z : |z| < 1} in the complex plane and let {z: |z| = 1}, the unit circle,
be the boundary D of D. Let ¢(z) = Y° .. a;z' be a bounded measurable function on the unit

circle.Then ¢ € L*(dD). The slant Hankel operator Sy is the operator on L?(dD) given by the

following matrix w.r.t. the usual basis {7’ : i € Z} of L*(dD):

a a aop
ag a_; a_»
(1.1)

a3 a_-4 da_s

a_e¢ a7
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The motivation of the construction of the matrix of the slant Hankel operator [4] has come

from the matrix of slant Toeplitz operator given in [2].
2. Spectral Radius of S

In this section, we attempt to determine an expression for the spectral radius of the operator

S¢. We begin by proving the following.

Theorem 2.1. Let ¢ in L*(dD) be essentially bounded away from 0. If < ¢, > is a sequence in
L=(9dD) such that ||¢, — @||.c — 0, then lim, o (Sy,) = r(Sy).

Proof: Take p > 1 and 8 > 1. Using lemma 3.1 [3], there exists an € > 0 such that 5|¢| < |y| <
pl¢| a.e. whenever ||y — ¢l < € for any L”(dD) function y. We can choose large integer N

such that ||¢, — ¢|| < € whenever n > N. Therefore, we have for each n > N,

810] <|on| <plol.

From [5], we have
) 1
(1.2) r(Se) = lim ||y |,

where y,, = S|¢|2( ). We can write for each n > N,

r(S59) < 1(Sg,) < 1(Spg)-
It gives

0r(Sy) < liminfr(Sy,) < limsup < pr(Sy).
n—yoo

n—sco

Making p,0 — 1, we get lim,, 0. (Sg,) = 7(S¢). For trigonometric polynomial ¢, it is shown
n [5], that

2rn—1 d@
r(Sy) = li

We can also have the same result for continuous ¢. This completes the proof.
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Corrollary 2.2. Let ¢ be a non-zero continuous function on dD. Then

2rn—1 d9
r(S¢) _r}grolo H|¢ 271:)

Now, we make use of Ergodic theory results. Consider the positive measure space (dD,A, 1),
where U is the normalized lebesgue measure 29 Let v be a function on @D defined as v(e®) =
¢29 Then v is a measure preserving continuous map. Also consider the composition operator
T on LP(dD),1 < p <« induced by v i.e. Tf = fov for any feLP(dD). It is also easy to see
that v is ergodic. Then by Birkhoff ergodic theorem, we have that
for any feLP(dD),1 < p < oo, —ZZ (])ka% [ a.e.

in L? and for some constant / i.e.
H— ZTk—al—>O as,n — oo,

But for each n,

27'612 ka
2wl do
= —2)*0)——
/ nkzof(( ) >27r
lnl 2
k 0
/277: de
Also,
27r1" | xdo 1!
AR - N P sl
=0

1=l
< =Y T -1, e
n=o

as n — oo, Therefore, [ = gﬂf%

Theorem 2.3. For any $peL>(9P), ¢Jo"loglol5z < r(Sp).

Proof. Since ¢ is bounded above,

27 do
—o0 < 1 — < oo,
_/0 0g|¢>|27r
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Without loss of generality, we can take

27 de
—o0 < 1 — < oo,
/0 0g|¢>|27t

Therefore, log|@| is integrable. So applying Birkhoff ergodic theorem to the L! function log |¢|,

we have
1" 2 do
-y —2)kg —>/ 1 —
nkZO og|p((—2)"6)] A og|@]
a.e. ondD. Therefore,
n-l k 1 Lyn—1; 2)kg
(1.3) TT1e((—2)6)]]n = enXizoloelo((=2]6)
k=0
(1.4) N i C T
a.e. on dD. Now from (1), we get

1
r(Sp) > limsup [|y,;"

n—oo
2r do .
= | no(1)—]2n
1er£p[/) o )27:]

2mn—1 |
= timsupl [ [T Io((-2F0)P5 1%
k=0

L. . . .
As f(x) = x2 is a concave function on [0, ), therefore using Lebesgue dominated convergence

theorem, we have for each n,

. 3" log|g|48 < ”(Sq))

Theorem 2.4. For any ¢€L*(dD), such that log |@| is integrable,

0p(Sh) C {A 1 |A| = elo™loelolszy,

Proof. Let A be an eigenvalue of S;. We show that 4 # 0. If possible, let 4 = 0. Then there
exists f # 0 in L?(dD) such that Sy =0. It gives #(0)f((—2)) =0a.e. 6. Therefore, we have
for almost every 0 in [0,27), f(—26) = 0 whenever ¢(8) # 0. But log|¢] is integrable and so
¢ #0a.e. ondD. Let E=60¢€[0,2x) : £(0) = 0. Then E is invariant under v and v is ergodic.

So, m(E) =0 or m(E) = 1 where m is the normalized lebesgue measure on dD. Using the fact
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that v is onto in [0,27), we have m(E) # 0. Therefore, m(E) = 1. It implies f = 0 a.e. on dD,

a contradiction. Therefore A ## 0. Corresponding to the eigenvalue A ,there exists a unit vector

g # 0in L2(dD) such that S58 = Ag. It gives #(0)g((—2)0) = 1g(0) ae. 08]0,27) : g(0) # 0.
Consider E; = {0¢[0,27) : g(6) # 0}. Then E| is also invariant under v and Vv is ergodic.

Therefore,m(E;) =0 or m(E;) = 1. But g # 0 and so m(E;| # 0). Hence m(E;) = 1. Thus, we

get g #0a.e. on dD. As (E}) is invariant under v, gov" # 0 a.e. on dD for every n.

Now we have for each n,

n—1
[TTIe((=2)"6)llls((—2)"6)| = [A]"|¢(6)]
k=0
a.e. 0.
But gov" # 0 a.e. on dD and therefore

5(6)]
8((—2)6)|n

=
I
>

n—1
(1.5) [Tl
k=0

a.e. 0. Now we show that

5(6)]
8((—2)"6)|»
gl

lgov] —

— [

a.e. 6 on dD. By the definition of g, log = log|¢| —log|A| and so log|¢| —log|A| is

integrable. Therefore by Birkhoff ergodic theorem, we have,

1 2)k0)| g
=Y log —% log 21—
2 2016)[ " Jap % [goV]
a.e. 0. So,
1 ok
|g(9)|n - = 12" 11 ((<( 2>+?2‘ —>l
1g((—=2)"0)|x

a.e. 0. Therefore, we get

| =e o log|ol95
Hence,
0p(Sy) C (A1 [A] = e re¥lEzy,

Let us consider the mapping 7(e®) = ¢%® for 6 in [0,27). Using Theorem [3,4.1] we can have

the following consequences.
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Corollary 2.5.Let ¢ be an invertible L*(dD) function such that log|¢| is integrable. If 6,,(A5) N
o) (S;“b) = (,then there exists functions f,g in L>(dD) such that

g(fot) = f(gov)a.e.,ondD

Corollary 2.6. Let ¢ be an invertible L*(dD) function such that log |@| is integrable. Then for
any A such that |A| # ejgnlogW%,S(p — A is invertible iff S — A is onto.

*

3. Isometry of S 0

In this section, we assume that S;']; is an isometry. Here is one characterization for ¢.

Theorem 3.1. For a L*(dD) function ¢Sy is an isometry iff 10(0)]>+|0(0+7)]> =2 ae. 6
in [0,27).

Proof. Let f be any L?(9dD) function. Then

13415
B 2n 5 2d9
= [Tle@)Pir-20)PT

2 0(5)P o5+ )
_ /0 [ .

2 do
2
JIf(—=26)] o

2
= HMV/gHZa

0V216(0 )2
where g(6) = £(~6) and (0) = [*XPEZE0 S ae 0 in [0,27). But, [|Mygllz = |z
iff [y| =1 a.e. on dD. Also, ||f]|2 = ||g||2- Using the above theorem, we can easily check that

i6
S* is an isometry for each complex number o where ) = 2t
da y p $a(0) N TR

Theorem 3.2. Let ¢ be an invertible L(dD) function such that log|@| is integrable. Then
op(Se) N{u : [u| =1} # 0 if and only if ¢ = l[%]for some |A| =1 and f in L*(dD) with
|lfl=1ae. on 8DandS}‘,f=Xf.
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Proof.

do 277:
(A log[¢(0)|5_ = —{/‘ ogl¢(5 2n41/ log|o (5 —%ﬂﬂ

1 (27 0 do
= 5[ reloGlle (3 +mIS,

g 0P 0+ TP d
), o

< ]
2 27r

But S:; is an isometry and using Theorem 2.1, we get

2r 27:
1
A og|o(6 _2/

Therefore,

oI 10g]0(8)48 ¢

Suppose 6, (S5) N{u : [it| =1} # 0. Then by Theorem 1.4, we have

olo oglo(0)]58 _ 1

2 2
Therefore, the set {0¢€[0,27) : [¢(0)9(0 +7)| = 19(6)] +|2¢(9)+”| } has measure 1. So, we have
10(6)| = [¢(0 + )| ae. 6. It gives [¢] =1 ae. on dD. Let ueoy(Sy)be such that [u| = 1.
Then, there exists non-zero g in L?(dD) such that S58 = Hg. So, we have |gov| = [g| a.e. and
so |glov = |g|. Since v is ergodic, we can take without loss of generality that [g| = 1 a.e. on

dD. Hence, we have ¢ = A fov] where A =t and f = 3.
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