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Abstract. The notion of ideal convergence was introduced first by Kostryko et al [16] as a generalization
of statistical convergence. In this paper we introduce a new class of generalized difference double sequence
spaces using the concept of ideal, lacunary convergence and sequence of Orlicz functions in n-normed

space. Further we obtain various inclusion relations involving these sequence spaces.
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1. Introduction

The notion of ideal convergence was introduced first by Kostyrko et.al.[16] as an in-
teresting generalization of statistical convergence which was further studied in topological

spaces. A family I C 2 of subsets a nonempty set Y is said to be an ideal in Y if
(1) 0 eI,

(2) A,Belimply AUB € [;
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(3) Ae I,BC Aimply B € I,

while an admissible ideal I further satisfies {z} € I for each z € Y.
Given I C 2" be a nontrivial ideal in N. The sequence (z;) in X is said to be [ —convergent

to £ € X, if for each € > 0 the set A(e) = {j € N: ||z; — {|| > €} belongs to I.

The concept of 2-normed spaces was initially introduced by Gahler[4,6] in the mid
of 1960’s as an interesting nonlinear generalization of a normed linear space which was

subsequently studied by many authors see for instance[6,10,12,14].

Definition 1.1.[3] Let n € N and X be real vector space of dimension d, where n < d.
An n-norm on X is a function ||.,...,.]| : X x X x ... x X — R on X" which satisfy the

following four conditions:

1) ||z1, e, ..., x,|| = 0 if and only if 2y, 29, ..., z, are linearly dependent;
2) |1, z2, ..., ,|| is invariant under permutation:

3

(1)
(2)
(3) |laxy, za, ..., zn|| = |a||x1, T2, ..., ]|, for any a € R:
(4) ||z + 2, 22, ..oy xal| < ||z, T2, ooy || + |2, T2, ..., 0|
is called an n —norm on X, and the pair (X, ||., ., ..., .||) is then called an n-normed

space.

Example 1.1. As a standard example of an n-normed space we may take R" being
equipped with the n-norm ||x1, s, ..., z,,|| p = the volume of the n-dimensional parallelop-

iped spaned by the vectors xq, xs, ..., x, which may be given explicitly by the formula

||ZE1,[L’2, ...,ZL‘nHE = |det(ZE”)|,
where x; = (x4, o, ..., Tip) € R" for each i = 1,2, ..., n.

Example 1.2. Let (X, ||.,.,...,.|]) be an n-normed space of dimension d > n > 2 and

{a1, as, ..., a, } be a linearly independent set in X. Then the following function |., ., ..., .||cc
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defined by

lx1, o, ..., Tplloo = max{||z1, T2, ..., Tp_1,ai]| 11 =1,2,...,n}

defines an (n — 1)—norm on X with respect to {a1, as, ..., a,}.

Example 1.3. Let n € N and (X, (.,.)) be a real inner product space of dimension d > n,

then the following function ||.,.,...,.[|s on X x ... x X(n factor) defined by

N|=

H'Tlu T2, ..., xn”S = [det(<x27 l']))]

is an n-norm on X. Let w, [, c and ¢y denote the spaces of all, bounded, convergent and

null sequences = = (z;) with complex terms, respectively normed by

]| = sup |-
k

Kizmaz [15], defined the difference sequences l(A), c(A) and ¢o(A) as follows:

Z(A) ={z = (xp) : (Azxy) € Z},

for Z = I, c and ¢y, where Az = (Axy) = (x) — xp41), for all £ € N.

The above spaces are Banach spaces, normed by

Izlla = lza] 4 sup [ Az

The notion of difference sequence spaces was generalized by Et. and Colak[1] as follows:

Z(A™) = {x = (x) : (A"xy) € Z},
for Z = Iy, c and ¢y, where n € N, (A"z;,) = (A" 1z, — A" 12;,1) and so that
i n

A"xk = Z(—l)v Lhay-

v=0 v
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An Orlicz Function is a function M : [0,00) — [0,00) which is continuous, nonde-

creasing and convex with M (0) =0, M(z) > 0 for > 0 and M(z) — oo, as x — o0.

Lindenstrauss and Tzafriri [17] used the idea of Orlicz sequence space;
Iy = {me:ZM(@) < 00, forsomep>0}
k=1 P
which is Banach space with the norm

Ha:HM:inf{p>0:ZM(|x—pk|> < 1}.

k=1
Orlicz function has been studied by V.A.Khan[7,8,9], V.A.Khan and S.Tabassum[10,11,12,13,14]

and many others.

Throughout, a double sequence x = (z,i) is a double infinite array of elements xj;, for
J, k € N. Double sequences have been studied by V.A.Khan[9], V.A.Khan and S. Tabas-
sum|10,11,12,13,14], Moricz and Rhoades[18] and many others.

By a lacunary sequence 6 = (k,.), r=0,1,2,... where k, = 0, we mean an increasing se-

quence of non negative integers h, = (k, —k,_1) — oo(r — 00). The intervals determined

by 6 are denoted by I = (k._1, k] and ratio kkrl will be denoted by g,.

r—

The space of lacunary strongly convergent sequence Ny was defined by Freedman et al.[2]

as follows

.1
Ny = {x = (z;) : lim h_rz |z; — L| = 0, for some L}.

r—00
jel,
The double lacunary sequence was defined by E.Savas and R.F.Patterson[20] as follows:
The double sequence 0, s = {(k;, )} is called double lacunary if there exist two increasing

sequence of integers such that

ko=0,h, =k, —k,_1 > 00 asr — o0
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and

lo=0,h; =1ls—1,_1 — 00 as s = o0.

The following intervals are determined by 6.

L ={(k) kg <k <k}, I, ={():ls_1 <l <ls}

Ls={(k1): keoy <k <k, and [;_y <l <},

by - L

r—1"’ qs - l5,1

O = 7 and g, s = ¢rq, . We will denote the set of all lacunary sequences by

Ny, ..

Let x = (xj;) be a double sequence that is a double infinite array of elements zy.

The space of double lacunary strongly convergent sequence is defined as follows:

1
Ny, . = {1’ = (k) : 1}21 I Z |z, — L| = 0 for some L}.
7 (j,k)EIr s
2. Preliminaries
Let I be an admissible ideal, M = (M}) be the sequence of Orlicz functions, (X, ||., ..., .||)

be an n-normed space, and p = (p;;) be a sequence of positive real numbers. Let ;W (n —

X) be the space of all double sequences defined over an n-normed space (X, |.,...,.||). We
define
SWI[Ng, ., M, A", p, ., ..., .|} = {(SI}Jk) eW(n—X):Ve> O{(j, k)€ N x N :lim z-
Am . _L Pjk
Z {Mk( ’x]—k,zl,z% ) Zne1 )1 > 5},f0r some p > 0,L € X, each 21, 29, .,2,_1 € X] € I}
(GR)EDns P
W Ngy o ML A™ || ] = {(xm € W(n—X):Ve> o{o, K) € N x N Tim -

E |:Mk( y R1y B2y +evy Bn—1

(4,k)ELr,s

’Amiﬂjk

Pk
)] > 5},for some p > 0, and each 2y, 29,.., 2,1 € X} € I}.
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When m = 0 we obtain the following sequence spaces:

SWI[Ng, .., M,p, ||, ..., ][] = {(m]k) eWn—X):Ve> O{(j, k) € N x N :lim his
xjk — L Pik
Z M, 215 225 ey Zn1 > € pfor some p > 0,L € X and each 21,29,.,2, 1 € X| €1
(4,k)ELr s
SWI[Ng, ., M,p, ., ..., . )L = {(azjk) eW(n—X):Ve> O{(j, k)€ N x N :lim -
Tk Pjk
Z {Mk( N, 29,y Zne >] > e}, for some p > 0, and each 21,29, .., 2,1 € X} € I}.
(5,k)EL s

When m = 1 , we obtain the following difference sequence spaces:

WI[Ng, ., M, A, p, ..., ][} = {(x]k) eW(n—X):Ve> O{(j, k) € N x N :lim z-
ijk — L Pik
Z M| ||————, 21, 22, .., Zn—1 > €, some p>0,L € Xand each zy,29,.,2, 1€ X| €1.
(5,k)EL s
2W[N9r,va7Avp7 ||7 2 ||]£ = {(xjk) € W(?’L - X) : Ve > 0{(]a k) € N x N :lim his
Al'jk Pik
Z M| ||——, 21, 22, vy Zn_1 > € ¢, for some p > 0, and each 2y, 29,..,2, 1 € X| € I ;.
(3.k)elr s
where
(A™j) = (A" g — A" e — A"y + A g )
(Alzjp) = (Azjp) = (Tj5 — Tjph — Tiger + Tips)
and

(A7) = (1)
and also this generalized difference double notion has the following binomial representa-

tion:

A", = Z Z(-UHZ , Tigkjri-
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The following inequality will be used througout the paper. Let p = (p,i) be a double
sequence of real numbers with 0 < pj, < suppjrx = H and let K = max[1,277!]. Then

for the factorable sequences (ajx) and (b;i) in the complex plane we have:

|aje + bjr|P7* < H{|ap[P* + |bjx|Pi*}, 2.1]

3. Main results

Theorem 3.1. Let M = (M) be the sequence of Orlicz functions and p = (p;r) be a

bounded sequence of strictly positive real numbers, then sW [Ny, , M,A™ ||, ..., .|||' and
oW[Ng, ., M,A™ ||, ..., |[|)L are linear spaces over the complez field C.
Proof. Let (z;1) and (yjx) € 2W|[Ny, ., M,A™ p,||.,...,.|[]f and o, 8 € C. Then there

exist some pq, po > 0 such that

Dijk
im L A" (azjit+By;n)
171”r£1 hrs (j,k)ZeI,.,s [Mk( |l p1+]8]p2 )]

1 Am . Pjk
< Klim — Z {LM]C<Hﬂ7ZI,ZQ,...7Zn_1 D}
rs fing lalpr + |Blpa P1
):|pjk

y Z1y 25 +++y Zn—1

(j?k)GIT"S

1 A"y
+K lim — Z {LM/ﬁ(Hﬂ,zl,z%...,%_l
758 hrs Gk)el |O{|p1 + |B|p2 P2

T,8

1 Am . Pjk
< KF'lim Z {Mk(‘ x]k,zl,zz,...,zn_l )}
™S Nps P1
(]»k)elr,s
1 Am . Pjk
+KF lim Z {Mk<’ y]k,zl,ZQ,...,zn_l >]
7,8 p2

"% (k) Elr,s

\ " 181 "
J— Ot| B
Where F' = max [1, (|ap1+|5|p2) ’ <|ap1+|,8p2> ]

On the other hand from the above inequality we get

A™(azjk+BYjk)
p

y Z1y B2y «vvy Zn—1

I
I

{(j,k:)eNxN:limh1 3> [Mk(

s
e (j.k)EIr s

y R1y B2y +evy Bn—1

|

DO ™

’Amiﬂjk

P1

7,8

1
g{(j,k:)eNxN:KFlim > [Mk(
" (keI
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> (% )| =5

(k) el s P2

y Z1y B2y evey Zn—1

1
U{(j,k:) € N x N: KFlim

r,8

DO ™

rSs

The two sets on the right side belongs to I,

This completes the proof.
Lemma 3.2. Let M be an Orlicz function which satisfies As-condition and 0 < § < 1.

Then for each x > ¢ and some constant K > 0 we have

M(z) < K6 *M(2).

Theorem 3.3. Let M = (My) be the sequence of Orlicz functions which satifies Ag-

condition and 0 < ingpjk =h < pjr <suppjr = H < oo, then
J» ],k

2WI[Ng, ., A™, p, ||, .es JI]F C oW [Ny, ., M, A™ p, ||., ..., ][}

and

2W[N9r757 Am’p’ H7 ) H]g C QW[NGT,MMu Am7p7 ”7 ) H]g

Proof. Let (zj) € 2W[N,, ,,A™,p,|.,.....[|]" then for some L > 0 and for every

21522, ey Zp—1 € X

1
{(j,k:)ENXN:lim

s

m
{(HA Tjp — Lz, 29, 2n1

=)

Now let € > 0 be given. We can choose 0 < § < 1 such that for every ¢t with 0 <t < d we

"% (k)€ s

have Mj(t) < € for all k. Now using lemma we get

I

y B1y B2y +evy Zn—1

1
{(j,k) €N x N :lim > > [Mk<
(J,k)el

ns Nps
J7

1
= {(j, k) € N x N : lim h—(hrsmax{eh,eH}) > (—:}

S Npg

1
U{(j,k) € N x N :lim

rSs

max{ (K6~ M (2))", (Kale(z))H}

S (1A 5 — L, 21, 2, s 2 [P
(ke s
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This completes the proof. The other can be proved similarly.

Theorem 3.4. Let M = (My) be the sequence of Orlicz functions . If

M
lim sup #(2) =~>0, forall k,
x x

then

2W[N9r,5a Amvpa H> sy H]i = QW[NQ%,S’ M7 AmaP? H7 sy H]g
and

2W[N9T757 Amapu ||7 B ||]I = ZW[NGns; M7 Amap7 H7 ) ||]I
Proof.In Theorem|[3.3], it was shown that

2W([Ng, ., A™,p, || oo JIIF T 2W [Ny, . M,A™ p, |, ..y 1]
Now let v > 0 and let x € 5sW/[Ny, ., M, A™ p, ||., ..., ][}

Now since v > 0, for every x > 0 we write My(x) > v for all k. From this inequality

I

1
Z”th Z {(HAmxjk—L,zl,zg,...,zn1

(jvk)el’fys

P

1
e Z |:Mk( y Rly B2y +-+5 Bn—1

" (Gk)ELrs

)|

and this inequality gives the result.

Corollary 3.5. Let M = (My) and N = (Ny) be the sequence of Orlicz functions.

If
liglcrn sup %:gj;

< 00,
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then

oW [Ny, ., M, A" p, ||,y 15 C oW No, o, Ny, A 0y ||y oy 112

and
oW [Ny

My, A" p, ||y oy I)F C oW [No, L, M, A™ |-y ool

7,87 r,s?

Theorem 3.6. Let M = (My) and N = (Ny) be the sequence of Orlicz functions which

satifies Aqg-condition and 0 < inkfpjk =h <pjr <suppjr = H < o0, then
Js ],k}

oW INg, ., M,A™ p, ||y ey || C oW NG, M o N,A™ p, ||y oo ]|)E
and
2W[N97‘,s7 M’ Am>p’ H? ) H]I - 2W[N9r,s7 Mo Na Amap7 H> sy H]I
and
QW[N9r,s= M, A™, p, ”7 a3) '||]£m2W[N9r,S7 N,A™,p, ||7 ) H]£ - 2W[N0r,s7 M+N,A™, p, ”7 i) ”]g
and
oW [Ny, ., M,A™ p, ||y ooy JTF W [Na, o, Ny A™ py ||y ooy 1) C oW NG, MAN,A™ p, |y s ]

Proof.Let x = Tk € QW[NG Ma Amapv ||a ) ||]g

87

Let € > 0 and choose ¢ with 0 < 0 < 1 such that M(t) < e for 0 <t <.
Let yjx :Nk< ) for all j,k € N

We can write

Ama:jka

y 21y B2y «vvy Zn—1

1

S P+

TS

> My = o

" (j7k‘)€ITqS " (jvk)EIﬁS’yjk:S(s

> My

(j:k)EIT,Svyjk >d
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Then

1
Z (M (yj)]P* < e for t < 6§

" (jak)elr,37yjk§6

Since My, is continuous and M (t) < e for t < .
Now for y;; > ¢, we use the fact that
Yjk Yjk

< oo <14+ =+
Yik < Tgm < EESS

Since M;, is non decreasing and convex, it follows that

2 2
M(yjk) < M(l + (Silij = M(§ + §5lyjk)
1 1 1

Since M satisfies As-condition, there is a constant K > 0 such that

1
M(2571yjk) S iKéilyjkM(Q)

Hence

1 > [Mi(y)lP < max (1, (K]\;[(Q))H) hts S [

" (jvk)EIr,57y‘jk>6 (jak)elr,57yjk>6

Which together with

1
Z [My.(yj)]P* < € yields

" (k) Elr, s,y k<O

LS pagrs < (1L (UYL e

e (jvk)GITaS (j,k)elr,s,yjk>6

This completes the proof.
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