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Abstract. The notion of ideal convergence was introduced first by Kostryko et al [16] as a generalization
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space. Further we obtain various inclusion relations involving these sequence spaces.
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1. Introduction

The notion of ideal convergence was introduced first by Kostyrko et.al.[16] as an in-

teresting generalization of statistical convergence which was further studied in topological

spaces. A family I ⊂ 2Y of subsets a nonempty set Y is said to be an ideal in Y if

(1) ∅ ∈ I;

(2) A,B ∈ I imply A ∪B ∈ I;
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(3) A ∈ I, B ⊂ A imply B ∈ I,

while an admissible ideal I further satisfies {x} ∈ I for each x ∈ Y .

Given I ⊂ 2N be a nontrivial ideal in N. The sequence (xj) inX is said to be I−convergent

to ξ ∈ X, if for each ε > 0 the set A(ε) = {j ∈ N : ‖xj − ξ‖ ≥ ε} belongs to I.

The concept of 2-normed spaces was initially introduced by G̈ahler[4,6] in the mid

of 1960’s as an interesting nonlinear generalization of a normed linear space which was

subsequently studied by many authors see for instance[6,10,12,14].

Definition 1.1.[3] Let n ∈ N and X be real vector space of dimension d, where n ≤ d.

An n-norm on X is a function ‖., ..., .‖ : X ×X × ... ×X → R on Xn which satisfy the

following four conditions:

(1) ‖x1, x2, ..., xn‖ = 0 if and only if x1, x2, ..., xn are linearly dependent;

(2) ‖x1, x2, ..., xn‖ is invariant under permutation:

(3) ‖αx1, x2, ..., xn‖ = |α|‖x1, x2, ..., xn‖, for any α ∈ R:

(4) ‖x+ x′, x2, ..., xn‖ ≤ ‖x, x2, ..., xn‖+ ‖x′, x2, ..., xn‖

is called an n−norm on X, and the pair (X, ‖., ., ..., .‖) is then called an n-normed

space.

Example 1.1. As a standard example of an n-normed space we may take Rn being

equipped with the n-norm ‖x1, x2, ..., xn‖E = the volume of the n-dimensional parallelop-

iped spaned by the vectors x1, x2, ..., xn which may be given explicitly by the formula

‖x1, x2, ..., xn‖E = |det(xij)|,

where xi = (xi1, xi2, ..., xin) ∈ Rn for each i = 1, 2, ..., n.

Example 1.2. Let (X, ‖., ., ..., .‖) be an n-normed space of dimension d ≥ n ≥ 2 and

{a1, a2, ..., an} be a linearly independent set in X. Then the following function ‖., ., ..., .‖∞
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defined by

‖x1, x2, ..., xn‖∞ = max{‖x1, x2, ..., xn−1, ai‖ : i = 1, 2, ..., n}

defines an (n− 1)−norm on X with respect to {a1, a2, ..., an}.

Example 1.3. Let n ∈ N and (X, 〈., .〉) be a real inner product space of dimension d ≥ n,

then the following function ‖., ., ..., .‖S on X × ...×X(n factor) defined by

‖x1, x2, ..., xn‖S = [det(〈xi, xj〉)]
1
2

is an n-norm on X. Let w, l∞, c and c0 denote the spaces of all, bounded, convergent and

null sequences x = (xk) with complex terms, respectively normed by

‖x‖ = sup
k
|xk|.

Kizmaz [15], defined the difference sequences l∞(∆), c(∆) and c0(∆) as follows:

Z(∆) = {x = (xk) : (∆xk) ∈ Z},

for Z = l∞, c and c0, where ∆x = (∆xk) = (xk − xk+1), for all k ∈ N.

The above spaces are Banach spaces, normed by

‖x‖∆ = |x1|+ sup
k
‖∆xk‖.

The notion of difference sequence spaces was generalized by Et. and Colak[1] as follows:

Z(∆n) = {x = (xk) : (∆nxk) ∈ Z},

for Z = l∞, c and c0, where n ∈ N, (∆nxk) = (∆n−1xk −∆n−1xk+1) and so that

∆nxk =
n∑
v=0

(−1)v

n
v

xk+v.
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An Orlicz Function is a function M : [0,∞) → [0,∞) which is continuous, nonde-

creasing and convex with M(0) = 0, M(x) > 0 for x > 0 and M(x)→∞, as x→∞.

Lindenstrauss and Tzafriri [17] used the idea of Orlicz sequence space;

lM :=

{
x ∈ w :

∞∑
k=1

M

(
|xk|
ρ

)
<∞, for some ρ > 0

}
which is Banach space with the norm

‖x‖M = inf

{
ρ > 0 :

∞∑
k=1

M

(
|xk|
ρ

)
≤ 1

}
.

Orlicz function has been studied by V.A.Khan[7,8,9], V.A.Khan and S.Tabassum[10,11,12,13,14]

and many others.

Throughout, a double sequence x = (xjk) is a double infinite array of elements xjk for

j, k ∈ N. Double sequences have been studied by V.A.Khan[9], V.A.Khan and S. Tabas-

sum[10,11,12,13,14], Moricz and Rhoades[18] and many others.

By a lacunary sequence θ = (kr), r=0,1,2,... where ko = 0, we mean an increasing se-

quence of non negative integers hr = (kr− kr−1)→∞(r →∞). The intervals determined

by θ are denoted by Ir = (kr−1, kr] and ratio kr
kr−1

will be denoted by qr.

The space of lacunary strongly convergent sequence Nθ was defined by Freedman et al.[2]

as follows

Nθ =

{
x = (xj) : lim

r→∞

1

hr

∑
j∈Ir

|xj − L| = 0, for some L

}
.

The double lacunary sequence was defined by E.Savas and R.F.Patterson[20] as follows:

The double sequence θr,s = {(kr, ls)} is called double lacunary if there exist two increasing

sequence of integers such that

k0 = 0, hr = kr − kr−1 →∞ as r →∞
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and

l0 = 0, h−s = ls − ls−1 →∞ as s→∞.

The following intervals are determined by θ.

Ir = {(k) : kr−1 < k < kr}, Is = {(l) : ls−1 < l < ls}

Ir,s = {(k, l) : kr−1 < k < kr and ls−1 < l < ls},

qr = kr
kr−1

, q−s = ls
ls−1

and qr,s = qrq
−
s . We will denote the set of all lacunary sequences by

Nθr,s .

Let x = (xjk) be a double sequence that is a double infinite array of elements xjk.

The space of double lacunary strongly convergent sequence is defined as follows:

Nθr,s =

{
x = (xjk) : lim

r,s

1

hr,s

∑
(j,k)∈Ir,s

|xjk − L| = 0 for some L

}
.

2. Preliminaries

Let I be an admissible ideal, M = (Mk) be the sequence of Orlicz functions, (X, ‖., ..., .‖)

be an n-normed space, and p = (pjk) be a sequence of positive real numbers. Let 2W (n−

X) be the space of all double sequences defined over an n-normed space (X, ‖., ..., .‖). We

define

2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I =

{
(xjk) ∈ W (n−X) : ∀ε > 0

{
(j, k) ∈ N ×N : lim

r,s

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆mxjk − L
ρ

, z1, z2, .., zn−1

∥∥∥∥)]pjk ≥ ε

}
, for some ρ > 0, L ∈ X, each z1, z2, ., zn−1 ∈ X

]
∈ I
}
.

2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I◦ =

{
(xjk) ∈ W (n−X) : ∀ε > 0

{
(j, k) ∈ N ×N : lim

r,s

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆mxjk
ρ

, z1, z2, ..., zn−1

∥∥∥∥)]pjk ≥ ε

}
, for some ρ > 0, and each z1, z2, .., zn−1 ∈ X

]
∈ I
}
.
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When m = 0 we obtain the following sequence spaces:

2W [Nθr,s ,M, p, ‖., ..., .‖]I =

{
(xjk) ∈ W (n−X) : ∀ε > 0

{
(j, k) ∈ N ×N : lim

r,s

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥xjk − Lρ
, z1, z2, .., zn−1

∥∥∥∥)]pjk ≥ ε

}
for some ρ > 0, L ∈ X and each z1, z2, ., zn−1 ∈ X

]
∈ I
}
.

2W [Nθr,s ,M, p, ‖., ..., .‖]I◦ =

{
(xjk) ∈ W (n−X) : ∀ε > 0

{
(j, k) ∈ N ×N : lim

r,s

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥xjkρ , z1, z2, ..., zn−1

∥∥∥∥)]pjk ≥ ε

}
, for some ρ > 0, and each z1, z2, .., zn−1 ∈ X

]
∈ I
}
.

When m = 1 , we obtain the following difference sequence spaces:

2W [Nθr,s ,M,∆, p, ‖., ..., .‖]I =

{
(xjk) ∈ W (n−X) : ∀ε > 0

{
(j, k) ∈ N ×N : lim

r,s

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆xjk − L
ρ

, z1, z2, .., zn−1

∥∥∥∥)]pjk ≥ ε

}
, some ρ > 0, L ∈ Xand each z1, z2, ., zn−1 ∈ X

]
∈ I
}
.

2W [Nθr,s ,M,∆, p, ‖., ..., .‖]I◦ =

{
(xjk) ∈ W (n−X) : ∀ε > 0

{
(j, k) ∈ N ×N : lim

r,s

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆xjk
ρ

, z1, z2, ..., zn−1

∥∥∥∥)]pjk ≥ ε

}
, for some ρ > 0, and each z1, z2, .., zn−1 ∈ X

]
∈ I
}
.

where

(∆mxjk) = (∆m−1xjk −∆m−1xj+1,k −∆m−1xj,k+1 + ∆m−1xj+1,k+1)

(∆1xjk) = (∆xjk) = (xjk − xj+1,k − xj,k+1 + xj+1,k+1)

and

(∆0x) = (xjk)

and also this generalized difference double notion has the following binomial representa-

tion:

∆mxjk =
m∑
k=0

m∑
l=0

(−1)k+l

m
k

m
l

xi+k,j+l.
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The following inequality will be used througout the paper. Let p = (pjk) be a double

sequence of real numbers with 0 < pjk ≤ sup pjk = H and let K = max[1, 2H−1]. Then

for the factorable sequences (ajk) and (bjk) in the complex plane we have:

|ajk + bjk|pjk ≤ H{|ajk|pjk + |bjk|pjk}, [2.1]

3. Main results

Theorem 3.1. Let M = (Mk) be the sequence of Orlicz functions and p = (pjk) be a

bounded sequence of strictly positive real numbers, then 2W [Nθr,s ,M,∆m, ‖., ..., .‖]I and

2W [Nθr,s ,M,∆m, ‖., ..., .‖]I◦ are linear spaces over the complex field C.

Proof. Let (xjk) and (yjk) ∈ 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I◦ and α, β ∈ C. Then there

exist some ρ1, ρ2 > 0 such that

lim
r,s

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆m(αxjk+βyjk)

|α|ρ1+|β|ρ2 , z1, z2, ..., zn−1

∥∥∥∥)]pjk
≤ K lim

r,s

1

hrs

∑
(j,k)∈Ir,s

[
|α|

|α|ρ1 + |β|ρ2

Mk

(∥∥∥∥∆mxjk
ρ1

, z1, z2, ..., zn−1

∥∥∥∥)]pjk

+K lim
r,s

1

hrs

∑
(j,k)∈Ir,s

[
|β|

|α|ρ1 + |β|ρ2

Mk

(∥∥∥∥∆myjk
ρ2

, z1, z2, ..., zn−1

∥∥∥∥)]pjk
≤ KF lim

r,s

1

hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆mxjk
ρ1

, z1, z2, ..., zn−1

∥∥∥∥)]pjk
+KF lim

r,s

1

hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆myjk
ρ2

, z1, z2, ..., zn−1

∥∥∥∥)]pjk

Where F = max

[
1,

(
|α|

|α|ρ1+|β|ρ2

)H
,

(
|β|

|α|ρ1+|β|ρ2

)H]
On the other hand from the above inequality we get

{
(j, k) ∈ N ×N : lim

r,s

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆m(αxjk+βyjk)

ρ
, z1, z2, ..., zn−1

∥∥∥∥)]pjk ≥ ε

}

⊆
{

(j, k) ∈ N ×N : KF lim
r,s

1

hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆mxjk
ρ1

, z1, z2, ..., zn−1

∥∥∥∥)]pjk ≥ ε

2

}
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∪
{

(j, k) ∈ N ×N : KF lim
r,s

1

hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆myjk
ρ2

, z1, z2, ..., zn−1

∥∥∥∥)]pjk ≥ ε

2

}
The two sets on the right side belongs to I,

This completes the proof.

Lemma 3.2. Let M be an Orlicz function which satisfies ∆2-condition and 0 < δ < 1.

Then for each x ≥ δ and some constant K > 0 we have

M(x) ≤ Kδ−1M(2).

Theorem 3.3. Let M = (Mk) be the sequence of Orlicz functions which satifies ∆2-

condition and 0 < inf
j,k
pjk = h ≤ pjk ≤ sup

j,k
pjk = H <∞, then

2W [Nθr,s ,∆
m, p, ‖., ..., .‖]I ⊂ 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I

and

2W [Nθr,s ,∆
m, p, ‖., ..., .‖]I◦ ⊂ 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I◦

Proof. Let (xjk) ∈ 2W [Nθr,s ,∆
m, p, ‖., ..., .‖]I then for some L > 0 and for every

z1, z2, ..., zn−1 ∈ X

{
(j, k) ∈ N ×N : lim

r,s

1

hrs

∑
(j,k)∈Ir,s

[(∥∥∥∥∆mxjk − L, z1, z2, ..., zn−1

∥∥∥∥)]pjk ≥ ε

}
.

Now let ε > 0 be given. We can choose 0 < δ < 1 such that for every t with 0 ≤ t ≤ δ we

have Mk(t) < ε for all k. Now using lemma we get

{
(j, k) ∈ N ×N : lim

r,s

1

hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆mxjk − L
ρ

, z1, z2, ..., zn−1

∥∥∥∥)]pjk ≥ ε

}

=

{
(j, k) ∈ N ×N : lim

r,s

1

hrs
(hrs max{εh, εH}) ≥ ε

}
∪
{

(j, k) ∈ N ×N : lim
r,s

1

hrs
max{(Kδ−1Mk(2))h, (Kδ−1Mk(2))H

}
∑

(k,l)∈Ir,s

(‖∆mxjk − L, z1, z2, ..., zn−1‖)pjk .
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This completes the proof. The other can be proved similarly.

Theorem 3.4. Let M = (Mk) be the sequence of Orlicz functions . If

lim
x

sup
Mk(x)

x
= γ > 0, for all k,

then

2W [Nθr,s ,∆
m, p, ‖., ..., .‖]I◦ = 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I◦

and

2W [Nθr,s ,∆
m, p, ‖., ..., .‖]I = 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I

Proof.In Theorem[3.3], it was shown that

2W [Nθr,s ,∆
m, p, ‖., ..., .‖]I ⊂ 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I

Now let γ > 0 and let x ∈ 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I

Now since γ > 0, for every x > 0 we write Mk(x) ≥ γx for all k. From this inequality

1
hrs

∑
(j,k)∈Ir,s

[
Mk

(∥∥∥∥∆mxjk−L
ρ

, z1, z2, ..., zn−1

∥∥∥∥)]pjk
≥ γH

1

hrs

∑
(j,k)∈Ir,s

[(∥∥∥∥∆mxjk − L, z1, z2, ..., zn−1

∥∥∥∥)]pjk
and this inequality gives the result.

Corollary 3.5. Let M = (Mk) and N = (Nk) be the sequence of Orlicz functions.

If

lim
x

sup
Mk(x)

Nk(x)
<∞,
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then

2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I◦ ⊂ 2W [Nθr,s , Nk,∆
m, p, ‖., ..., .‖]I◦

and

2W [Nθr,s ,Mk,∆
m, p, ‖., ..., .‖]I ⊂ 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I

Theorem 3.6. Let M = (Mk) and N = (Nk) be the sequence of Orlicz functions which

satifies ∆2-condition and 0 < inf
j,k
pjk = h ≤ pjk ≤ sup

j,k
pjk = H <∞, then

2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I◦ ⊂ 2W [Nθr,s ,M ◦N,∆m, p, ‖., ..., .‖]I◦

and

2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I ⊂ 2W [Nθr,s ,M ◦N,∆m, p, ‖., ..., .‖]I

and

2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I◦∩2W [Nθr,s , N,∆
m, p, ‖., ..., .‖]I◦ ⊂ 2W [Nθr,s ,M+N,∆m, p, ‖., ..., .‖]I◦

and

2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I∩2W [Nθr,s , N,∆
m, p, ‖., ..., .‖]I ⊂ 2W [Nθr,s ,M+N,∆m, p, ‖., ..., .‖]I

Proof.Let x = xjk ∈ 2W [Nθr,s ,M,∆m, p, ‖., ..., .‖]I◦

Let ε > o and choose δ with 0 < δ < 1 such that M(t) < ε for 0 ≤ t ≤ δ.

Let yjk = Nk

(∥∥∥∥∆mxjk−L
ρ

, z1, z2, ..., zn−1

∥∥∥∥) for all j, k ∈ N

We can write

1

hrs

∑
(j,k)∈Ir,s

[Mk(yjk)]
pjk =

1

hrs

∑
(j,k)∈Ir,s,yjk≤δ

[Mk(yjk)]
pjk +

1

hrs

∑
(j,k)∈Ir,s,yjk>δ

[Mk(yjk)]
pjk
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Then

1

hrs

∑
(j,k)∈Ir,s,yjk≤δ

[Mk(yjk)]
pjk ≤ εH for t ≤ δ

Since Mk is continuous and M(t) < ε for t ≤ δ.

Now for yjk > δ, we use the fact that

yjk <
yjk
δ
< 1 +

yjk
δ

Since Mk is non decreasing and convex, it follows that

M(yjk) < M(1 + δ−1yjk) = M

(
2

2
+

2

2
δ−1yjk

)
<

1

2
M(2) +

1

2
M(2δ−1yjk)

Since M satisfies ∆2-condition, there is a constant K > 0 such that

M(2δ−1yjk) ≤
1

2
Kδ−1yjkM(2)

Hence

1

hrs

∑
(j,k)∈Ir,s,yjk>δ

[Mk(yjk)]
pjk ≤ max

(
1,

(
KM(2)

δ

)H)
1

hrs

∑
(j,k)∈Ir,s,yjk>δ

[(yjk)]
pjk

Which together with

1

hrs

∑
(j,k)∈Ir,s,yjk≤δ

[Mk(yjk)]
pjk ≤ εH yields

1

hrs

∑
(j,k)∈Ir,s

[Mk(yjk)]
pjk ≤ εH +

(
1,

(
KM(2)

δ

)H)
1

hrs

∑
(j,k)∈Ir,s,yjk>δ

[(yjk)]
pjk

This completes the proof.
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[4] S.Gähler: 2-merische Räme und ihre topological Struktur, Math. Nachr., 28, (1963), 115-148 .

[5] S.Gähler: Linear 2-normietre Räme, Math. Nachr., 28, (1965), 1-43.
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