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OPTIMIZATION PROBLEMS
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Abstract. In this paper, we use variational iteration method (VIM) to solve some optimization problems.
Exact solutions for many of the problems discussed in this paper are found. The main idea is to use both
Euler’s equations together with Lagrange multiplier in solving correction functionals for the problems. We
use He’s VIM to handle many kinds of the variational problems, such as problems with fixed and moving
boundaries, also, we solve some variational problems with extremals having corner points. Moreover,
we found the solution of the variational problems involving conditional extremum such as, isoperimetric
problems, via the variational iteration method. In addition, we introduced the relation between the

conditional problems and the eigenvalue problems.

Keywords: Optimization problems, Variational iteration methoth.

2000 AMS Subject Classification: 49J05; 35A15

1. Introduction

In a large number of problems arising in analysis, mechanics, geometry, etc., it is necessary to determine
the maximal and minimal of a certain functional [1]. Problems in which it is required to investigate a
function for maximum or minimum are called optimization problem. Calculus of variations (C.V) began to
develop in 1696, and became an independent mathematical branch with its own methods of investigation,

after the fundamental works of Euler’s (1707-1783), whom we may justifiably consider the founder of the
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calculus of variations [8]. Minimization problems that can be analyzed by the calculus of variation serve
to characterize the equilibrium configurations of almost all continuous physical systems [6, 7]. Finding
the solution of these problems needs to solve the corresponding ordinary (partial) differential equation
that are generally nonlinear and difficult to find exact solutions. In recent years, He’s variational iteration
method VIM, proposed by He [2], have received much attention of the researcher’s for solving nonlinear
problems [10, 11]. It has been applied to a wide class of deterministic and stochastic problems, linear
and nonlinear, in physics, biology and chemical reactions etc [15, 16]. Also, it is used for solving some
problems in calculus of variations [4, 5] and Computation of eigenvalues for Sturm-Liouville problems
[17]. The method gives rapidly convergent successive approximations of the exact solution, if a solution
exists.

The main concepts in the VIM are the general Lagrange multiplier, restricted variation, correction func-
tional [3]. In this method, general Lagrange multipliers are introduced to construct correction functional
for the variational problems. The multipliers in functionals can identified optimally via the variational
theory. The initial approximations can be freely chosen with possible unknown constant which can be
determined by imposing the boundary or initial conditions [4]. In this paper, the (VIM) will be used
to solve the optimization problems and try to find an exact solution for this kind of problems. Some
examples will be presented to test the efficiency of the proposed technique. For more details see [12].

The arrangement of this paper is as follows: In section two, we introduce the basic concepts of calculus
of variation and VIM. In section three, we handle some optimization problems with moving boundaries,
also, we solve some constructed problems in which their solutions have corner points in section four.
Finally, in section five, we solve some examples of the conditional problems, such as the isoperimetric

problems.

2. Calculus of variations with Fixed Boundaries

The (VIM) was proposed by He [2] initially with the aims to solve frontier physical problem. It has
been applied to a wide class of deterministic and stochastic problems, linear and nonlinear, in physics,
biology and chemical reactions etc., [13, 14, 15]. Also, it is used for solving some problems in calculus of

variations [5].
2.1. Functions of Single Derivatives

The main idea of VIM is to construct a correction functional form using general Lagrange multipliers.
These multipliers should be chosen such that its correction solution is superior to its initial approxima-
tion, called trial function. It is the best within the flexibility of trial functions. Accordingly, Lagrange

multipliers can be identified by the variational theory [5]. The initial approximation can be freely chosen
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with possible unknowns, which can be determined by imposing boundary /initial conditions, and end up
with finding the approximate solution [9]. In this paper, He’s VIM will be employed for solving some
problems in calculus of variation. The examples ranging through different applications in physics and
it will be presented to show the efficiency of the proposed technique. In the VIM, we will consider the

general problem as
Ly+Ny=g(s),

where L is a linear operator, N is a nonlinear operator, and g(s) is the non-homogeneous term. Using

variational iteration method, the following correct functional is considered

x

(1) Yt = Y + / A (Zyn (5) + Nijn (5) — g (5)) ds,

o
where A\ is Lagrange multiplier [5], which can be identified optimally via the variational theory, the
subscript n denotes the nth approximation, and g, is considered as a restricted variation, i.e. dg, = 0.
The main idea of this paper is to replace A in equation (1) by the result obtained from Euler’s equation.

Recall that the boundary-value problem

d

F, - %Fy’ =0, y (w0) = yo, y(z1) = w1,

does not always have a solution, and if the solution exists, it may not be unique. Note that in many
variational problems the existence of a solution is obvious from the physical or geometrical meaning of
the problem, and if the solution of Euler’s equation satisfying the boundary conditions is unique, then

this unique extremal will be the solution of the given variational problem. Consider,

T
U[y17y27'”7yn] :/F(x7y17y27"'7ynayi7y/2y7"'7y;7,)dx

Zo

with given boundary conditions
Y1 (20) = Y10, Y2 (20) = Y205+ Yn (T0) = Yno

Y1 (Il) = Y11, Y2 (Il) = Y21,--- Yn (171) = Yni,

for the maximum or the minimum. In order to do that, we need to obtain the necessary conditions,
ov = 0.
Therefore, we can vary only one function y; (x), (j =1,2,...,n), and holding the other functions

unchanged. Then the functional will reduce to a functional dependent only on a single function y; ().

v[ylay% () yn] = ”5[.%],
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so, the extremizing function must satisfy Euler’s equation

d
Fy = %Fy: =0.

Since, we can do that for any function y; (), i = 1,2,...,n, we get a system of second-order differential

equations

d
Fy, — —Fy =0 i=1,2,..,n.

In order to handle problems arising in the nature, specially in optics, we will display the Fermat’s
principle which discuss the least time that the ray of light taken to propagated from point A to another
B, with given speed. Now to solve the optics problem, we will convert it to form in calculus of variation.

Just to keep the reader with us, we illustrate it by the following example.

Example 1. Find the lines of propagation of light between A (0,0,0), and B (1,1,1), such that they
investigate the least time, where the velocity is given by v (x,y, z) = ¢, where ¢ is constant.

Since we want the least time t of the propagation, we can say

v

where ds is the distance between two close points, as we know ds® = dx? + dy? + dz? .

dy 2 dz\?
ds_\/l+(clx) +(d:r> dx.

7 2 2
1+/+/
t:/—vyzdx
C
fdo)

Simplify, we can get

Hence,

Now, we can solve this functional, by finding the curves that satisfy the system of Euler’s equations

d
/S ] " _12 "o
Fy_ﬁFy’ = ZnfnYn — Yncn _yn_ov

d
R ", 12 7
F, — %FZ’ = YnYn?n = Zn¥Yn — Zn = 0.

Which are the differential equations of the lines of propagation of light between A, and B. Using He’s

variational iteration method, we have the following correctional functionals:

x

(2) Yn+1(2) = yn(z) + / A (1) (21 (8) 21, () yp () =y (1) 217 (8) =y (1)) dt,
0
(3) znt1(z) = 2n(2) + / X2 (8) (i (B) yn (1) 23, () = 20 () 7 (1) = 23, (2)) dit.

0
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Taking the variation of equations (2) and (3) with respect to y, , zn, respectively, noting that dyp+1 =

0zp+1 =0, we get

T

0ynt1(x) = Syn () + 6 / A (8) (2 (8) 2, () yp (1) =y (8) 237 (1) — i (1)) dt,
0

x

0znt1() = 0zn(2) + 5/)\2 (t) (n (&), (1) 20, () = 2 (D) it (8) — 23 (2)) dit.
Then we can get the following stationoary conditions
L+ N () [i=2=0, A (t) [i==0, A/ (t)=0,
14+ Xy (t) [1=2= 0, A () |t=2= 0, 5(t) = 0.

these yield to
)\1 (t) :Ag(t) :l'ft,

Therefore, we have

Yn+1(z) = yn () + / (@ = 1) (2 (t) 2 () yp (8) =y (8) 2,7 (8) =y (1)) dt,
0

Znt1(7) = 2n(7) + / (@ =) (yn Oy () 25, (1) — 2 (1) g7 (1) — 2, (1)) dt.
0

Set,
wo (@) =az+b,  z0(x)=co+d,

y1 and z1 are easy to find. By imposing the boundary conditions on the obtained vy, and z1, we have:

thus,

Where these are the lines of propagation of light between A (0,0,0), and B (1,1,1).

2.2. Functionals Depends on Higher-Order Derivatives

In order to obtain the necessary conditions for the extremum of the functional

Z1

oy ()] = [ F (2@ @)™ () d,

Zo

with the boundary conditions
n— n—1
y (o) =0, ¥ (w0) =Yy "™V (w0) = 45" s

y(@) =11, ¥ (1) =4}y D (@) = 5"V,
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we need first to consider the function F' which has (n + 2) derivatives with respect to all arguments, and
the extremal curve y () which has 2n derivatives.
Now, we will reduce the functional v[y ()] to a function of one-parameter «, by considering the value

of the functional v[y (x)] only on curves of the family with one parameter «

y (2, 0) =y (x) + ady,

where 0y = gy (z) —y (), with g (x) belongs to the admissible curves, which is also 2n times differentiable.
Note that, v[y (z)] has an extremum value at a = 0, hence §v = ‘£ v [y (2, )] [a—o= 0. This derivative is

called the variation of the functional, denoted by dv, and given by

x)

d
ov = £1} ly (z, )] [a=0= / (Fy(sy + Fy’(sy/ + Fy”(;y// + Fy(n)ay(n)) dz

zo
Integrating by parts the second summand once, the third summand twice, and so forth; the last summand
n times, implies that:

1

x1
Fywdy"de = |F, n(s(“l] = Fymdym |+ 71"/—Fn5d.
ym0y dx y(m 0Y Il b Fym)dy wOJr + (1) g Ty 0yda
xo Zo

Now, taking the boundary conditions, for x = zg and for x = z1, the variations dy = dy’ = d0y” = ... =
sy("=1 =0, we finally get

1

d d2 n dn
(5’[} = F’l/ — %Fy/ —+ @Fy// —+ ...+ (—1) d n y(n) (5yd.7/'

Zo
on the extremizing curve we have

Z1

d 02 &
5v:/(Fy—dF b F ek (1) y(n)>5ydm—0

Zo
because Jy is arbitrary, and the first factor is continuous function of x on the same curve y = y (), then

by the fundamental Lemma, we have:

d d? d"”
Fy—fF H+ +( 1) d "

dx dz? Fyen =0.

Thus, the function y = y (x), which extremizes the functional

= /1F (x, y(z),y (@),...,y"™ (x)) dzx,

must be a solution of the equation

d d? d"

F, — %Fy/ +—Fy+.+(-1)"— o Fym =0,
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which is called the Euler-poisson equation, and it is of order 2n. The general solution of this equation

contains 2n arbitrary constants that may be determined by the 2n boundary conditions:

Y (20) = 0,5 (20) = Y-, y ™"V (w0) = 5" V;

y(@1) =y, 0 (1) = ), oy (1) = 5",
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2.3. Functionals of Several Independent Variables

In this section, we consider functions with two variables, as in the following form,

0z 0z
U[Z(xay)]://F(x7yaz(mvy)7azvay> dx,d%
D

where we determine the value of the function z on the boundary C' of the domain D. We consider a
function F' that is three times differentiable and the extremizing surface z = z (z,y) twice differentiable.
Now, again as we did before, we reduce the functional v to function of one parameter «, by considering
the family of surfaces z (z,y,a) = z (z,y) + adz, where §z = z (z,y) — z (x,y) . Note that, the functional
v [z (z,y,a)] extremized at a = 0. So Zv [z (z,y,a)],_, = 0, we call the derivative of v [z (z,y, )] with

respect to «, for a = 0, the variation of the functional (dv), just to simplify, put % =p, g—; = ¢, we have,

0
v = [% //F (x7y,z(x,y7a) ,p(x,y,a) ,q (iC,y,Oé)) d$7dy]a20 = //[Fz(sz + Fp6p+ Fqéq]dxdy7
D D

where,
0z (z,y,« 0z (z,y,«
p(y.0) = ZEBD o) padp, glaya)= ZELD gy 1 asy
i y
Using,
0 0 0 0
. [Fpoz] = 2 [Fp] 0z + F,op, 7 [Fy0z] = ay [Fy] 0z + Fyoq,

It follows that,

é / (F,0p + F,dq)dady — é / [a% F,62] + a% (F,52] dwdy — / / [% 7)) + a% (F,]|5=dzdy,

D
where,
0 B 0z Op Jq
%[Fp} =Fpe +sz87:v +Fpp% +qu%
0 0z Op dq
%[Fp] :qu+qu87y+qu37y+qu87y.

Using Green’s theorem, we get,

/ / [8% [F,62] + 6% [F,82)|dady = / (Fydy — Fyda) 6z = 0.
C

D

Since on the contour C', §z = 0 because all permissible surfaces pass through the same path C. So,
0 0
[Fy0p + Fq|dedy = — [a [Fp] + 3y [F,]6zdzdy,
D D
now the necessary condition dv = 0,

//[Fzéz + F,0p + Féqldxdy = //[FZ - 8%5 [Fp] + f% [Fyl]0zdzdy = 0.
D D
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because 0z is an arbitrary, continuous function and the first factor is continuous, it follows from the

fundamental lemma of calculus for variations that on the extremizing the curve z = z (x,y), we have

0 0
4 r-p -2
(4) oot oy

F,=0.
Which is called Ostrogradsky equation.

3. Problems with Moving-Boundaries

In this section, we investigate the extreme value of a functional with assumption that one or both of

the boundary points can move [8].
3.1. Moving-Boundary Problem of Single Function

we investigate the extreme value of the functional

x1

oly (@)] = / F(z,y,y') dr,

o
with assumption that one or both of the boundary points can move, so we can note that, the class of
permissible curves is extended. Therefore, if on a curve y (x) an extremum is all the more attained relative
to a narrower class of curves having common boundary points with the curve y = y (z) and, hence, the
basic condition for achieving an extremum in a problem with fixed boundaries must be a solution of
Euler’s equation. For the purpose of simplification, we shall assume that one of the boundary points,
say (xo,yo0) is fixed, and the other (z1,y1) can moved and passes to point (x1 + dx1,y1 + dy1) . We will
call the permissible curves y = y (z) and § = y (z) + dy neighboring if the absolute values of dy and dy’

are small, and the absolute values of dx; and dy; are also small. Let us compute the variation of the

functional.
Now,
1+, 1
ov = / F(z,y+0y,y' +0y') dz — /F(r,y,y’)dﬂc
xo xo
1+ 1
(5) = F(:v,y+6y,y/+5y’)dw+/[F (z,y + 0y, 4 +0y') — F (x,y,9)]dz.
T o

Using the Mean value theorem for integral, the first integral in the above equation can be reduced to:

T1+0x)
F(z,y+0y,y +06y)dx = F |s—z, 062, 071, 0<6<1.
z1

by the continuity of F, we have

F |x:rl+®5m1 51’1 = F(xay7y/) ‘mzfl +e1,
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where €, — 0 as dx; — 0, and dy; — 0. Thus,
T1+0xy
F(z,y+0y,y +0y)de = F(2,9,y') ls=z, 621 + €1021.
x1

Using the Taylor’s expansion of the integrand on the second term of equation (5), we get:

/[F (x,y+0y,y' +0y') — F(z,y,y)|de = /[Fy (z,y,y") 0y + Fy (z,y,y") 6y')dx + Ry,
xo Zo

where R; is an infinitesimal of higher order than dy or %/, so the linear part is

xy

/[Fyéy + Fy0y|dz,

Zo

integrating by parts the second summand of the integrand

1

1 J
/[Fyéy + Fydy'ldr = [Fyoylgs +/ (Fu - da:Fy/) dydx

) o
but F, — d%F y' = 0, since y is extremal and satisfy Euler’s equation, and the boundary point (zg,yo) is

fixed, it follows that 0y |y—z, . So,

T

/[Fyéy + Fyoy'ldz = [Fy 0ylo=a,

o
note that, dy;: is the increment of y; when the boundary point is displaced to (z1,+dz1,y1 + dy1), and
0Y1 |z=a,1s the increment of the ordinate at the point 1 when going from extremal passing through the
points (zg, yo) and (x1,y1) to the extremal passing through the points (xg,yo) and (z1, +dz1,y1 + oy1) .

Now, to determine the value of §y; |z—.,, and note that,
5:{/1 |x:zlz bC, 5y1 = fda
ed ~y (1) 6y, be = fd — ed.
Therefore,
Y1 |o=a, ™ Oy1 — y/ (w1) 61.
hence, from equation (5) the basic necessary condition is
(6) ov=(F— y/Fy’) lo=a1 021 + Fy' |o=a, 6y1 = 0.
In order to know how we can determine the extremal function y (x) using this condition and to handle

one of the basic problems in the calculus of variations via VIM, we construct the following example.

Example 2. (Brachistochrone problem) Find the line connecting two points A (0,0) and B (x1,y1) , such

that the point B can move along the curve h (x) = x — 1, that satisfying the shortest time and the velocity

v(z,y) =+1-y(z).
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Since we want to satisfy the least time ¢ of the propagation, it is easy to verify that

v (z,y) 1—y

T 1
/1 /2 1 /2
t:/idaﬁ:/ +y dx.
0 0

Now, for this functional to satisfy Euler’s equation, we have

12
" no Y 1
— - ——=—=0.
Yy yy 5 5

1485

which is nonlinear differential equation, therefore, we use the VIM. By construct the following correct

functional
a(o) = ala) + [ A(5) <y () = in (5) 71 () — Tl _ 1) is.
0

taking variation with respect to the independent variable y,,, we have

0

So, we will get the stationary conditions
1=XN(8) ls=2=0, X(8) |s==0, X'(s)=0.

These yield to

Therefore, our iteration formula becomes

x

Yna1(x) = yn(z) + / (s — ) (yz (8) = Gn (8) T (8) — %2(3) _ ;) ds.
0

If we set

Yo = ax + b,

and find vy, y2 we arrive at

Y2 (r) = b+ ax + 0.252% + 0.25a%22 + (1. + a?)2*(0.25b + 2(0.166667a + 0.0208333z + 0.0208333a>x))
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Now, to obtain the constants a and b, we need to satisfy the necessary condition in equation (6), since

dxq and dy; are dependent, (z1,y1) move along the curve h (z) =z — 1, then dy; = b’ (z1) dz1, and so
v = (F- y/Fy’> o=z, 021 + Fy o=z, 6Y1
= (F—y'Fy) o=z, 01+ Fy |p=s, b (z) 621
= (F- y/Fy’) |lz=a1 621 + Fy |lz=z, 021

= (F+(1- y/) Fy’) lo=zy 071

= 0,
since dx is arbitrary, therefore
(F+(1—-y) Fy) |o=z,= 0,
can be reduced to
1+y” / Y
F+ ]-_y/F’ r=x = +1_y r=x
(F+ (=) Fy) Lo, ( [ 1) e o,
_ (RN W
T+y)(-y) "
So, this condition yield that y’ (x1) = —1. Now, we have three conditions

y(0)=0, y(@)=21-1 andy (z1)=-1,
which are sufficient to determine the constants a, b and x1, by imposing these conditions on y», we get
a = —1.30955, b=0, x1 = 0.475206.

So,
ya (x) = —1.30955z + 0.67873322 — 0.5925592% + 0.153562*.

Where the extremals of the Brachistochrone problem are cycloids.

3.2. Moving-Boundary Problems of Several Functions

In order to investigate for extremum for the functional
1
dly(a),2(0) = [ Fle,.20'5) da,
o

one of the boundary points, say B (x1,y1, 21) is moved, and the other point A (xg, yo, 20) is fixed (or both
boundary points are movable), then it is obvious that an extremum may be achieved only on the integral
curves of the system of Euler’s equations

d d
(7) Fy—@Fy’ZOQ FZ—%Fz’:O~
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In order to find the solution of the system of Euler’s equations (7), we need to satisfy the condition

ov = 0; therefore, similar to the previous case, we get
v=[F—y'Fy —2'Fo)y=0,001 + Fy |p=2, 0y1 + For |p=s, 621 = 0.

If we consider the functional

z1
U:/F(xay17y27"'7yn7yllﬁyév"',y;1)dxa

Zo

in the same way, if we consider the moving point B (z11, Y11, Y21, ---s Yn1), We have the following condition

<F - Zy;Fy> lo=z, 01 + ZF@/ oy Oyir = 0.
=1

i=1
xr1

Example 3. Minimize v = [ (y + 22 + 2yz) dz, with y(0) = 0; 2(0) = 0, and the point (z1,y1,21)
0

can move over the plane x = x1.

The necessary condition for the solution of this problem is to satisfy the system of Euler’s equations
Yy —z=0; 2 —y=0.

Using He’s variational iteration method, we have the following correctional functionals:

(8) Ynt1(x) = yn(@) + [ A1 (t) (g, (1) — 2 (1)) dt,

O\a

(9) 21 (@) = 2a(2) + / Xo (1) (21 (1) — yn (1)) dt.
0

Taking the variation of the both sides of the equations (8) and (9) with respect to yy, zn, respectively, we

obtain
Sys () = Sy () + 0 / M (8) (4! (£) — 2o () i,
0

and
xT

0zny1(x) = dzp(x) + 0 / o (1) (20 (t) — yn (t)) dt,
0
using the integration by parts, we get

0Ynt1(2) = 6yn () + A1 (8) 0y, (2) l1=2 = A1 (t) Oy (@) 1=2 +0 / A (t) Oyn (),
0

and,
x

0znt1(2) = 020 (2) + M1 (8) 020, () |t=a —A] (£) 820 () |1=s +5/)\’1' (t) 6z (x)dt,
0
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since Oyn, 0zn are arbitrary, dypy1 = 0, 2,11 = 0, and by the fundamental Lemma of calculus of

variation, we obtain the following stationary conditions:

1— N (%) === 0, A1 (1) |i=2= 0, M (t) = 0.
and,

1= X5 (1) |4=2= 0, A2 (t) |t=2= 0, Ay () =0.

Then, we obtain

Al(t):tfx, )\Q(t):tfl'.
Therefore, we have

Yn1 (2) = yn(2) + / (t— ) (W () — 2 () dt,
0

and,
a(0) = 2ala) + [ (6= ) (2 6) = v ()
0
Set,
Yo (x) = asin(x) + beos (z) 20 () = csin(z) + d cos (x) ,
we get,
1
Yo (x) = G (2® (3b+ 3d + (a+ ¢) ) + 6bcosz + 6asinz)
1
2 (z) = G (2° (3b+3d+ (a+ c)x) + 6dcosz + 6esinz) .
Using the conditions y (0) = 0, z (0) = 0, noting that b = d = 0, and the condition at the moving boundary

point

[F—y'Fy — 2 Folyey 021 + Fyr |ymay 01 + For |3—gy 021 =0
since 0x1 = 0 and 0y1, dz1 are arbitrary, then the conditions yield to
Fy |lg=2,=0 and  Fy |z=yg, =0,

hence,

Y (21) =0 and 2 (z1) = 0.

Imposing these conditions on yo and z3, we obtain

2 2
yé(x):%(a—i—c)—i—Gacosx, zé(m):%(a—i—c)—l—ficcosx,
if cosxy # 0, then yo (x) = 22 (x) = 0, which are trivial solutions, but if coszy = 0, then a = —¢, i.e.,
ya (x) = csinzx, 29 (x) = —csinz,

where ¢ s an arbitrary constant, which is also the exact solution.
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4. Extremals with Corners

There are many problems in nature involving corner points on their extremals, i.e., maybe the desired
function y = y (z) does not have a continuous derivative. For instance problems involving the reflection
and refraction of light. Therefore, if we want to find the curve that extremizes the functional v =
?F (z,9,y") dz and passes through the given points a (o, yo) and b (z2,y2) ; such that, the curve must
?rrive at b only after reflected from a given line y = ¢ (z), so at this point of reflection ¢ (x1,y1), there

exist a corner point of the desired extremal y, therefore, at this point 3’ is discontinuous.

In order to obtain the extremal, represent the functional v in the form

T T2
vly(z)] = /F(x,y,y’)dfﬂJr/F(x,y,y’)d%
o xry

here, the derivative ' is assumed to be continuous on the intervals [xg,x1) and (z1, 3].

The basic necessary condition for an extremum, dv = 0. Since the point (z1,y1) can move along the
curve y = ¢ (z), so we are involved in the conditions of the problem with a boundary point moving along
a given curve, as in the previous section, It is obvious that the curves ac and cb are extremals. Indeed,
on these segments y = y () is a solution of Euler’s equation [8]. In order to keep the reader in the mode,

we construct the following example.

Example 4. Find the curves that satisfy the shortest distance between a(0,1) and b (%, %), such that

1 3

the curves must arrive at b (5, 5) after reflected from ¢ (x) = x, at the point (x1,y1) .

To get the shortest distance, we need to extremize the functional

vly (z)] = 7\/1 + (Y (z))da + / VIt (2)de,
0 x1

Here, we divide the desired extremum curve y () into two segments, k(x) and m (x) which define at

[0,21] and [z1, L], respectively. In order to find these segments, we must solve Euler’s equation
y" () =0.

Using He’s variation iteration method, we have
kni1(z) = kn(x) + / A (s) k! (s)ds,
0

taking the variation with respect to the independent variable k,, we have

x

0knt1(x) = 0kp(z) + 0 / A (s) K (s) ds.
0
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So, we get the stationary conditions
1= X (8) |s=2= 0, A (8) |s=2= 0,

N (s) = 0.
These yield to

A(s) =s—u.

Therefore, our iteration formula becomes

kni1(z) = kn(z) + / (s —x) Kkl (s)ds.
0

If we set

ko () = ax + b,
then, we get the exact solution

k(z) =ax +b.
Similarly, we can get

m(z) = cx +d.

Now, to determine these unknown constants, a,b,c, and d, we need to satisfy the necessary conditions, in

equation (6), in the previous section

bv = ((F=KFo) |,y 001+ Fio |y 0o
. ((F = Fo) |yt 01+ P [y 5y1)

= 0’

Since dx1 and dy1 are dependent, (x1,y1) move along the curve ¢ (x) = x, then dy; = dx1. Therefore, we

have

[F 4 (1= k) Fol,_y 001 — [F 4 (1) Fyu],_ e 621 = 0,

r=

since dx1 is arbitrary, we get
[F+(1— k/)Fk’]m:x; =[F+(1- m/) Fm’}mf )

then, we obtain

ml

V1+m'? e=ct ’

k/

1+k’2+(1—k’)W

or,

(10) IHE | _ l+m’ |
VIFE2 e=er /T fm?2 e=f
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To simplify equation (10), we can set the following
K (z1) =tan(y),  m (1) = tan(y2),

then, we can write equation (10) as

I +tan(y;) 1+ tan(y2)
sec (1) sec (7y2)

or,
cos (1) + sin (71) = cos (72) +sin (72) .

Since the extremal curve y (x) is continuous, we obtain
k(z1) =m(z1) = ¢ (1),

together with

These conditions are enough to determine the unknown constants
a = —.3333, b=1, c= -3, d=3, xp =.75.

Therefore,
k(z)=-.3333x + 1,

and

m(z) = —3x + 3.

5. Conditional Problems

In this section, we discuss variational problems involving conditional extremum, such that the Isoperi-
metric problems. Then we introduce the relation between the eigenvalue problems and the isoperimetric

problems

5.1. Isoperimetric Problems

In this section, we will talk about specific type of variational problems, which involve a conditional

extremum. For example, it is required to investigate for an extremum for the functional

T
Y1, Y2, s Yn] = /F(x,yuyz,---,yn,y’l,yé,---,yib)dw,
zo
and so-called isoperimetric conditions
x1
K (T, Y152, s Yns Yns Yby ooy Yh) dT = 1, (i=1,2,...,m),

0
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where [; are constants, and m > 1.
Now, to obtain the basic necessary condition in an isoperimetric problem, it is necessary to form the

auxiliary functional
xy

vt = /F*d:c, where F*=F + Y \K;,

zo i=1

where \; are constants [8], and then find Euler’s equation for it, for more details, we refer the reader to

[8].

Example 5. Find the extremal of the following functional

oy (@) = [ (@)

with boundary conditions

and the isoperimetric condition
The auziliary functional

then Euler’s equation for v* is
A—2y" (z) =0.

Using He’s variational iteration method we have the following correct functional

x

i1 (2) = ynl(2) + / 7 (s) (A — 24" (s)) ds,
0

taking variation with respect to the independent variable y,, we have

x

Sunia(z) = Sun(2) + 3 [ 7(5) (= 2 (5)) s,
0

So, we get the stationary conditions
1429/ (5) [s=2=0, V(8) [s=e=0, 7" (s)=0.

Therefore, we have

Then the iteration formula becomes

Yt (%) = g () + / ey (= 2y (s)) ds.

0
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If we set
Yo = ax + b,

then yy is easy to find. By imposing the boundary conditions on the obtained y1, and using the isoperi-

metric condition, we have
(J,:—l, b:07 )\:12
y1 (z) = —x + 322,

Where the exact solution of this problem is also the same.

Example 6. Find the extremal in the isoperimetric problem of the extremization of the functional

1
vy (z),2(x)] = / (y? + 2% — daz’ — 4z2) du,
0

given that

/ W= o)z = 2 y(0)=0, y1)=1,
0
z(0) = 0, z(1)=1.

The auzxiliary functional
1
e / (A+ Ny + (1= N)2"? —daz’ — 4z — Aay) da,
0

Now, the system of Euler’s differential equations of v* is as follows

* d *
Ey— o (Fp) = 2" (1+0)+Ar=0,
d
Fr— —(F5) = 2'=0.
z dx( Z) z

Using He’s variational iteration method we have the following correctional functionals:

x

Yt (2) = () + / o (£) (=291 (£) (14 A) + \) d,
0

x

(@) = (o) + [ 22 )2 (0)
0
Making these correction functionals, we can obtain the following stationary conditions:

L4+2(1+A) 7 (t) == 0, Y (1) |t=2= 0, 71 (t) = 0.

L =75 (s) [s=== 0, Y2 (8) [s=2= 0, 73 (s) =0.
These conditions yield

'yl(t):ﬁ(x—t), o (t) =t —z.
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Therefore, we have

x

@) = @)+ [ s (0= 0 (2O 0 +3) 0

x

(o) = 2ala) + [ (6= o) (2 1)
0
Set

yo (x) = asin (z) + beos (x), 20 () = esin (x) + d cos (z)

y1 and z1 are easy to find. Imposing the boundary conditions on y1 and z1, we obtain:

Thus

z1 (x) = .
Which is also the exact solution of this problem.
5.2. Eigenvalues of Isoperimetric

In order to solve the Isoperimetric problem, the idea is in finding differential equation with some condi-
tions, that comes from Euler’s equation, these together form an eigenvalue problem, for the eigenvalues \;
and the solution of it are the eigenfunctions. We should mention that the solutions of the isoperimetric
problem exists only for some values of the parameter \;. In order to get the point, we construct the

following example.

Example 7. Find the extremals of the following isoperimetric problem

vy ()] = [ (¢ (x))° dz,
/

subject to

then Fuler’s equation for v* is

(11) Ay () —y" (z) = 0.
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Note that, equation (11) appears as an eigenvalue problem. Using He’s variational iteration method, we

have the following correct functional

x

Ynt1(2) = yn(2) + / 7 (5) (g (2) — o/ (2)) ds.
0

Taking variation with respect to the independent variable y,,, we have
x
Sut1(a) = Gy () + 5 [ 7(5) O\ (2) = . () .
0
So, we will get the stationary conditions

1+9"(8) [s=2= 0, Y (8) [s=== 0, My (s) =7" (s) = 0.

Now, to find v (s), we need to take three cases for \.

Case 1. )\ < 0, by solving the above differential equation, we have

v(s)zﬁsin(\/j(s—x)).

Then the iteration formula

ra(@) = @) + [ ——Esin (VIR (5= 0)) O () = o1 5) .

0

If we set

Yo =ar +b,

we find,
i (2) = beos (VAa) + “(ﬁ*/?“)

By imposing the boundary conditions on the obtained y1, we have

2
b=0, Az—(%) , where n =1,2, ...,

therefore,

B 2a sin (%x) .

) =
v (z) nm
Now imposing the Isoperimetric condition, we get a = +m/6,

S0
+v62sin (2=
1 (z) = £V625in (5 ) )
n
Case 2. A > 0, then we have
76\/X(875L’) +eﬁ(x75)

7 (s) = NG
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Then the iteration formula

VA (s z>+ VA(a—s)
Yot (2) )+ / ( ‘ ‘ )(Ayn (5) — ! (s)) ds.
0

VA

If we set yog = ax + b, then we find
asinh (\f)\x)
\/X )

By imposing the boundary conditions on y1, then we have the trivial solution y () = 0, but that does not

y1 (x) = beosh (ﬁx) +

satisfy the Isoperimetric condition, i.e., when X\ > 0, we do not have solution.

Case 3. A =0, we have

x

S (2) = 8yn(2) 48 [ () (- () .

0
So, we will get the stationary conditions
1+9"(5) [s=2=0, V(s) [s=a=10, 7" (s)=0.
1
() = 5 (0 —9)

Then the iteration formula becomes

Ynt1(2) +/< x—s) (—y! (s)) ds.

If, we set yo = ax + b, then we find
yi (2) = az +b,

By imposing the boundary conditions on y1, then we also have the trivial solution yy (x) = 0, therefore,

for A =0, we do not have solution.
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