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Most of the concepts dealt with in this paper will be presented via infinite sequences or series
and their certain properties. We know that the sequences of real numbers appearing nearly
everywhere in summability theory play an important role. Because of these reasons, here is
briefly given the basic properties of them. There are many ways to introduce a sequence, but
here we have preferred to give the definition as: Let X be a set. A sequence in X is simply
a function from N to X, i.e., ¢ : N — X is a sequence, we write also (x,),en for @, where
X, := @(n) is the n'" term of the sequence @ = (xo,x1,x2,...). Sequences in K are called
number sequences, and the K-vector space K of all number sequences is denoted by @ or
o(K). More precisely, one says (x,) is a real or complex sequence if K =R or K = C, where
K denotes either of fields R and C. For m € N*, a function ¢ : m+ N — X is also called
a sequence in X. That is, (x;)j>m = (X, Xm+1,Xm+2,-..) is a sequence in X even though the
indexing does not start with 0. This convention is justified, since after 're-indexing’ using the
function N — m + N, n — m+n, the shifted sequence (x;);>, can be identified with the
unusual sequence (X,,4¢)ken € X. A sequence (x,) converges to limit a if each neighborhood
of a contain almost all terms of the sequence. In this case we say that (x,) converges to a as n
goes to . We denote by c, the set of all convergent sequences in K. A sequence (x,) in K is
called a null sequence if it converges to zero. The set of all null sequences in K we denote by c.
A sequence is bounded if the set of its terms have an upper bound and a lower bound. The set
of all bounded sequences is denoted by /... Any vector subspace of ® = 0(K) = KN is known
as a sequence space. It is clear that the sets ¢, ¢y and /.. are the subspaces of the @. Therefore,
¢, co and /.., equipped with a vector space structure, forms a sequence space. Also by bs, cs, £,
and £, we denote the spaces of all bounded, convergent, absolutely and p-absolutely convergent
series, respectively.
In this paragraph, we shall introduce the notion of a matrix transformation from X to Y. Let X,
Y be any two sequence spaces. Given any infinite matrix A = (a,;) of real numbers a,,;, where
n, k € N, any sequence x, we write Ax = ((Ax)n), the A-transform of x, if (Ax), = Y anxk
converges for each n € N. For simplicity in notation, here and in what follows, the summation

without limits runs from O to o. If x € X implies that Ax € Y then we say that A defines a matrix
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mapping from X into Y and denote itby A : X — Y. By (X : Y), we mean the class of all infinite
matrices such thatA : X — Y.

The X4 is said that matrix domain of an infinite matrix A for any subspace X of the all real-

valued sequence space w(R) is described as
Xa={x=(n) ew:AxeX}. (1.1)

The new sequence space X4 generated by the limitation matrix A from the space X either
includes the space X or is included by the space X, in general, i.e., the space X4 is the expansion
or the contraction of the original space X.

From now on, let’s assume that (py) be a bounded sequence of strictly positive real numbers
with suppy = H and M = max {1, H} and 1/p; + l/p;c =1 provided 1 < infp; < H < co.
Then, the linear spaces fw(p), c(p), co(p) and ¢(p) were defined by Maddox in [1] and [2] (see

also Simons [3] and Nakano [4]) as follows:

p) = {x: (xx) € w:zk:‘xk‘pk <00}
and

la(p) = {x = () € wsup x [ < oo} :
keN

which are the complete spaces paranormed by

1/M
g1(x) = (Z |xk|pk> and go(x) = sup ‘xk‘pk/M iff infpg > 0,
k keN

respectively.

For the sake of simplicity, here and in what follows, it will be assumed that the summation
without limits runs from O to oo.

In recent years, the approach to construct a new sequence space by means of the matrix do-
main of a particular triangle ( An infinite matrix A = (a,) is called a triangle a,,; = 0 for k > n
and a,, = 0 for all n» € N.) has been used by some of the writers in many research articles.
They defined and examined the sequence spaces X, = (¢,)¢, in [5], ' (p) = (¢(p))r, in [6],
e, = (L) and ¢ (p) = (£(p) e in [7-91. Z(1,1,£,) = (€)us) and £(at1,p) = (€(P)) gy in
[10-11], a"(p) = (£p)ar and @ (u, p) = (£(p))ar in [12-13], bv, = (£,)a and bv(u, p) = (£(p))a,
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in [14-161, £(p) = (£(p))s in [17], €5 = (€p)a in [18], Ap(ry) in [19] Ag(rs) in [20], fo(B)
and f(B) in [21], fo(B) and f(B) in [22] and etc., where C; = {cx}, R = {F',}, E" =
{emds §={su}, A= {8}, Gluv) = {gu}, A = (AT}, A7 = {afy}, Al = {an(r)}, A" =
{a.}, B(r,s) = {bu(r,5)}, B(F,5) = {bu(7,5)}, A= {lnk}::kzo and A(A) = {ax(A)} denote
the Cesaro, Riesz, Euler, generalized weighted means or factorable matrix, summation matrix,

difference matrix, generalized difference matrix and sequential band matrix, respectively. To

write in a more clear way,

)i s 0<k<n), , | £, (0<k<n),
an.— rnk—
0 , (k>n 0 , (k>n
, (A =nth (0<k<n),
€k =
0 , (k>n)
1, (0<k<n), (=) | (n—1<k<n),
Snk += Ok 1=
0, (k>n). 0 , (0<k<n—1lork>n).
uve 5 (0<k<n), Alm) (=0 k(™) , (max{0,n—m} <k <n),
8nk -= kT
, (k>n). 0 , (0<k<max{0,n—m} ork>n).
D B N (Y )
Apk =
0 , (k>n
14k n—k
u, , (0<k<n —1 w , (n—1<k<n),
an(r) == n+ T and ali, 1= (=1) ¢ ( )
0 , (k>n). 0 , (0<k<n—1 or k>n).
r , (k=n), m o, (k=n),
bu(rs):=9q s , (k=n—1), buk(7,5): =9 sp , (k=n—1),
0, (0<k<n—1 or k>n). 0 , (0<k<n—1 or k>n).
Ahel 0 < k< n) Mot < k<)
hic=q C T ad)i=g e N
0 , (k>n). 0 , (k>n).

for all k,m,n € N, r,s € R\ {0}, where u, depends only on n and v; only on k, (r,),_, and

(sn);_ are given convergent sequences of positive real numbers. The approach to construct
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a new sequence space by means of the matrix domain of a particular limitation method has
recently been employed. For instance, see [23-28]. For more detail on the domains of some
triangle matrices in certain sequence spaces, the reader may refer to Basar (see [29, p. 50]).
Moreover, the ones who are more interested in the subject are advised to read [30-36].

We now recall some definitions and facts which will be frequently used. The function g on X

satisfies the properties of a paranorm

i) ¢(6) =0,

i) g(x) = g(—x),

iii) g(x+y) = g(x) +8(v),

iv) |0, — | — 0 and g(x, —x) — 0 imply g(otx, — ox) — 0,
for all o € R and all x € X, where 0 is the zero vector in the linear space X. Recall that a linear
topological space X over the real field R with a paranorm obeying these rules (i-iv) is called
a paranormed space. In addition to this, by notation .%, (r € N), we denote the subcollection
of .# consisting of all nonempty and finite subsets of N with elements that are greater than r,

namely

Fr={NeF :n>rforallne N} (reN).

As well known, we call a sequence space X with a linear topology a K-space iff each of the
maps p, : X — R defined by p,(x) = x, is continuous for all n € N. A K-space X is called an
FK-space iff X is a complete linear metric space. On the other words; we can say that an F K-
space is a complete total paranormed space. An F'K-space whose topology is normable is called
a BK-space, so a BK-space is a normed FK-space. The space £, (1 < p < o) is a BK-space
with [|x||, = (Xx |xk|p)1lﬂ and co, ¢ and (.. are BK-space with ||x||. = supg|xx|. An FK-space X

is said to have AK property, if ¢ C X and {e(k)} is a basis for X, where ef

is a sequence whose
only non-zero term is a 1 in kth place for each k € N and ¢ = span{e*}, the set of all finitely
non-zero sequences. If ¢ is dense in X, then X is called an AD-space, thus AK implies AD. We
know that the spaces c, ¢s and £, are AK-spaces, where 1 < p < oo,

The brief structure of this paper is as follows:

This text consists of five main section. Many of the concepts in the first chapter contains

essential fundamental definitions, results and terminological materials of which we shall make
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frequent use later. At the end of the Section 1; it is given some notations and basic defini-

tions including F K-space, paranormed space and others. The sequence spaces ¢(u, v, p; B) and

¢,(u,v;B) have been introduced in Section 2 and it is proved linearly isomorphic of the se-

quence spaces £(u,v, p;B) and £(p). In Section 3, we determine the ¢-, B- and y-duals of the

space £(u,v, p; B) which are used to find the necessary and sufficient conditions for matrix trans-

formations. In Section 4, we characterize the matrix classes (¢(u,v, p;B),lw), (¢(u,v, p;B),c)

and (¢(u,v,p;B),co). In the final section of the paper, we present the characterizations of some

classes of compact operators given by infinite matrices from £, (u, v; B) to co, ¢, fo and ¢;. In ad-

dition to this, we give the necessary and sufficient conditions for (¢;(u,v;B),£,) to be compact,

where 1 < p < oo.

~

2. The Paranormed Sequence Space /(u,v, p ;B)

In this section, we are interested in the new sequence space £(u, v, p; B) obtained by general-
ized weighted mean G(u,v) and sequential band matrix B(7,s5).

The set of all sequences u such that u; # 0 for all k£ € N will be denoted by % . Foru € %, let
1/u= (1/uy). Let’s assume that u,v € % and define the matrices G(u,v) = {g,«} and B(F,3) =
{buk(7,5)} . These matrices are as clearly defined in the first chapter above.

From now on, let’s assume that u = (ux), v = (vx) € % and (r,);_, and (s,);_, are given

convergent sequences of positive real numbers. For the sake of simplicity, we shall write

R=R(u, v, B) = G(u, v). B(7, 5)

and

where; j, k € N.

Let’s define the sequence space ¢(u,v, p ;B) by

Cu,v,pB) ={x= (x) ew:y=(y) € £(p)},
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where the frequently used sequence y = (yi) by the R = R(u, v, B)-transform of any given se-

quence x = (x), that is,

k=1
Yo = rougvy and yi = uy Z (erj —I—SjVj+1)Xj + rvexy | fork > 1. (2.2)
j=0
If pr = p (1 < p < o) for every k € N, then we substitute £, (u,v :B) in place of £(u,v,p ;B).

With the notation of (1.1), we can redefine the spaces ¢(u,v, p ;B) and £, (u,v ;B) by

U(u,v,p s B) = (£(p))g and £y(u,v;B) = (L)

We should state here that the matrix B(7,s) can be reduced to the generalized difference
matrix B(r,s) in case r, = r and s, = s for all n € N. So, the results related to the space
(u,v,p ;E) are more general and more inclusive than the corresponding consequences of the
space £(u,v, p ; B) more recently defined by Basarir and Kara [37].

It is remarkable that the sequences x = (x;) and y = (yx) are connected by the relation (2,2)

everywhere in the paper.

Theorem 2.1. The set ¢(u,v, p ;B) is linear space.
Proof. This well-known result can easily be shown with an elementary way.

Theorem 2.2. (i) The space stated above {(u,v,p ;B) is the complete linear metric space

Pk) /M

paranormed by h, described with the following equality

k—1
Z up(rjvj+sivii1)X; + ragvie
J=0

h(x) = <Z

k

(ii) £, (u,v ;B) is the BK-space with the following norm

el ey = 91,

when 1 < p < oo,

Proof. Since they are similar to each other, we will only prove part(i) and leave part(ii) to reader.

We use a standard type procedure in proof of the first part of Theorem 2.2. The following

inequalities satisfied for z, x € ¢(u,v, p ;B) show linearity of ¢(u,v, p ;B) with respect to the
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coordinatewise addition and scalar multiplication (see [38, p. 30])

k—1 Pk I/M
(Z Y w(rjvi+svicn)(zj+x;) + ez + x) )
k |j=0
i1 /M k1 /M
< Z Zuk(rjvj~|—sjvj+1)z]'+rkukvkxk + Z ZMk(rjvj'+SjVj+1)Xj+rkI/lkaXk
k |j=0 k |j=0
(2.3)
for any o € R (see [1])
|a‘p" < max{1, |a|M}. (2.4)

The reader can obviously see that #(6) = 0 and h(x) = h(—x) for all x € ¢(u,v,p ;B). One

more time, the inequalities (2.3) and (2.4) result in the subadditivity of 4 and

h(ax) <max{1, |o|}h(x).

Let’s suppose that {x"} be any sequence of the points lying in ¢(u,v, p ; B) such that h(x" —

x) — 0 and (o) also be any sequence of scalars such that o, — a. Thus, since the inequality
h(x") < h(x) +h(xX" —x)

holds by subadditivity of i, {h(x")} is bounded and therefore we obtain

k—1
Z ur(rjvj+ sjij)(ocan.") —ox;j)+ rkukvk(anx,(cn)
j=0

— o)

)]/M

which tends to be zero when n — co. This means that the scalar multiplication is continuous.

h(opx" — ox) = (Z

k

<o, — a|h(x") + |a|h(x" —x),

As a conclusions, & is a paranorm on the space ¢(u, v, p ,E)
Now, if we prove the completeness of the space £(u,v, p ,E) then the proof ends. Let’s assume
that {x'} be any Cauchy sequence in the space (u,v, p ; B), where x' = {x(()i), xgi), xg), ..}.In

that case, there exists a positive integer ng(€)
h(x' —x') < & (2.5)
for all i, j > np(¢€) for any given € > 0. By using definition of &, for each fixed k € N we get

(e}, ()| < (E[{e), - (1),

1/M
pk) <& (i, j>np(g)). (2.6)
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This newly obtained formula results in the fact that {(Rx°);, (Rx")x, Rx?®)t, ...} is a Cauchy
sequence of real numbers for every fixed k € N. Since R is complete, it converges, say (ﬁxi Yk —
(Rx); as i — oo. Using these infinitely many limits (Rx)g, (Rx);, (Rx)a, ..., we define the

sequence {(Rx)g, (Rx)1, (Rx)s, ...}. We have from (2.6) for each m € N and i, j > no(¢) that
m
y ‘(ml) — (Rx) ) < (h(xf —x )M < M. (2.7)
par k k

Let’s take any i > ng(€). By passing to limit first as j — oo and next as m — o in (2.7), we

obtain A(x' —x) < €. Finally, if we take € = 1 in (2.7) and i > no(1) then using Minkowski’s

inequality for each m € N, we easily obtain

. /M
(Zl(ﬁmlp") <h(x —x) +h(x') <14 h(X).
k=0

This shows that the sequence Rx belongs to the space ¢(p). Due to the fact that h(x' —x) < € for
all i > ng(€) it results in x' — x as i — oo. As {x'} was an arbitrary Cauchy sequence, it follows

that the space /(u, v, p;g) is complete. This, in fact, concludes the proof.

Here, let us give the definition of the isomorphism. A bijective linear transformation 7 : X —
Y is called an isomorphism from X to ¥. When an isomorphism from ¥ to X exist, we say that

X to Y are isomorphic and write X ~ Y.
Theorem 2.3. When 0 < py < H < oo, £(u, v, p;B) is linearly isomorphic to {(p).

Proof. According to the definition of the linear isomorphism, we must ensure the existence of
a linear bijection between the spaces £(u, v, p;B) and £(p) for 1 < py < H < eo. Consider the
transformation 7 from £(u, v, p; B) to £(p) is defined by x — y = 7(x) = G(u,v).B(7,5).x, using
the notation of (2.2). Showing the linearity of 7 is fairly easy. Moreover, it is clear that x = 0
whenever Tx = 0, which indicates that 7 is injective.

Lety € {(p) and define the sequence x = (x;) by

we L

Then, the following can be easily obtained

h(x) = (Z

k

1 1
— vi s (keN).
uj Vi

k—1
Z uk(rjv]- + sjvj+1)xj + rupviXy
Jj=0

i\ /M /M
> = (Z kalp"> = g1(y) <eo.
k
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Thus, we have that £(u, v, p; B) and consequently 7 is surjective and is paranorm preserving.
Therefore, it is concluded that 7 is a linear bijection and this clearly states that the spaces
¢(u,v, p;B) and £(p) are linearly isomorphic. This conclusion is what was sought for.

The concept of convergence of a series can be used to define a basis as follows. Let (X, /) be
a paranormed space. Then the sequence (e;) in X is called a Schauder basis for X if for every
x € X there exists a unique sequence of scalars (o) such that

lim (x— ) ockek> =0.

k=0

In this case, the series )~ ; oex which has the sum x is then called the expansion of x with

respect to (e,), and we write x = Y, oyex.

Now, since the transformation 7 defined from ¢(u, v, p; B) to £(p) in the proof of Theorem 2.3
is an isomorphism, the inverse image of basis of the space ¢(p) is the basis for the new space

¢(u,v, p; B). Therefore, following theorem is deduced.

Theorem 2.4. Let oy = {féx}k and 0 < py < H < o for all k € N. The sequence ¢ = {c,(j‘) hen

is given by the following piecewise function

k) (g <p<k—1),
=7 (n=k), (2.8)

Teugvg

0 , (n>k),

for every fixed k € N. In that case, the sequence {c®)} iy is a basis for the sequence ((u,v, p; B)

and any x in {(u,v, p; B) has a unique representation of the form

X = Z (Xkc(k) .
k

~

3. The o-, B- and y-duals of the space ¢(u,v, p ;B)

Before giving the alpha-, beta- and gamma-duals of the sequence space ¢(u,v,p ;B), we

require define the concept of the multiplier space. The set M (X, Y) defined as follows is known
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the multiplier space of any sequence spaces X and Y.
MX,Y)={z=(z) ew:xz=(xz) €Y forallx e X }. (3.1)

It can be observed for a sequence space Z with Y C Z and Z C X that the inclusions M (X, Y) C
M(X, Z) and M(X, Y) C M(Z, Y) hold, respectively. With the notation of (3.1), the alpha-,
beta- and gamma-duals of a sequence space X, which are respectively denoted by X%, X B and

X7 are defined by
X*=M(X, ), XP=M(X, cs) and X¥=M(X, bs).

It is obvious that X% C XP < X?. Also it can be seen that the inclusions X% C Y%, xB cyh
and X? C Y7 hold whenever Y C X.

The results of the following lemmas will be used in the proofs of our theorems.

Lemma 3.1. [39] (i) Let’s assume that 1 < p; < H < o for every given k. In that case, A €

(£(p),L1) iff there exists an integer K > 1 provided that

i
Py

< oo, (3.2)

Z ankK_l

NEF | |NeN

sup Z
k

(ii) Again, let’s assume that 0 < py < 1 for every given k. In that case, A € ({(p),£)) iff the

following inequalities is satisfied

Dk

Y aw| <o (3.3)

neN

Sup sup
NeZFkeN

Lemma 3.2. [40] (i) A € (¢(p),l) iff there exists an integer K > 1 provided that

supz ‘ankK_l ‘pk < oo, (3.4)
neN
where 1 < pp < H < oo for every given k.
(i) A € ({(p), L) iff

sup |an|"* < oo, (3.5)
n,keN

where 0 < py < 1 for every given k.

Lemma 3.3. [40] A € ({(p),c) iff there exists an integer K > 1 provided that (3.4) and (3.5)
hold,
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’fgnzoank = oy (k € N) (3.6)
also holds, where 0 < p;, < H < oo for every given k.

Theorem 3.4. It is assume that N = NN {n € N:n >k} for n € # and the sets d\(p) and

dy(p) are described with the following equations.

Pk

di(p)=qa=(an) €w:supsup| Y dy| <o
neFkeN nen;

and

!

Dy
b(p) = {a= (@) ew:supy | ¥ duk ™| <o,

K>1 ne€7 k |neN;

here, the matrix D = (Dyy,) is given by the following piecewise function

Aln.k
dpk = —rnZZv,, , (k = I’l),
0 , (k>n).

(i) It is true that {{(u,v,p ;B)}* = d(p) in case that 0 < py < 1 for all k € N.

(i) Again, it is true that {{(u,v,p ;B)}* = da(p) in case that 1 < pp < H < oo forall k € N.

Proof. Since it is routine to prove the first part of the theorem, only the second part of it will
be proved here. The method for determining the o-dual of the space £(u, v, p ;E) is based on its
definition. Therefore, we will need the following steps. Let’s assume that a = (a,,) € w. In that

case, we get

n—1x
A(n,k
e k;) (Mk )ykan + rnMnVnynan - Dn (y) (n © N>7 (37)

where D = (d,;) defined by (2.2).

Thus, we can easily deduce from (3.7) that ax = (a,x,) € £; whenever x = (x;) € {(u,v,p ;B)

iff Dy € /1 whenever y = (y¢) € £(p). This means that the sequence a = (a,) in the a-dual of

the space ¢(u,v, p ;B) iff D € ({(p),¢1). Therefore, we derive from Lemma 3.1(i) with D instead

of A that {{(u,v,p ;B)}* = d»(p). This completes the proof.
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Theorem 3.5. Let’s define the sets d3(p),ds(p) and ds(p) with the following equations

n,keN

ds(p) = { — (a) € w: sup |a(n)|P* < oo and (rszvk) e &O(p)} ,

dy(p) = {a: (an) Ew: Z A(j, k) a; exists for all k € N},

j=k+1
and
_ , ak -1 /
ds(p) = a=(ay) Ew:sup ) |a(n 1p"<<><>and( K )Efoop .
( ) KL>JI{ ( n) nGNkZ| | FUiVi ( )
Here ay(n) = rkuka k+u_k Z A(], k)a; (k <n).

Jj=k+1
(i) {€(u,v,p :B)}P = ds(p) Ndys(p) is held when O < py < 1 for all k € N.

(i) {€(u,v,p ;B)}P =dy4(p)Nds(p) is held when 1 < p, < H < oo for all k € N,

Proof. (i) The first part should be clear with the following rudimentary calculations

n n k—1 1
aixy = ay A k 2 J)Yji+ Yk
];) Z Z ) g TcUpVi

k=0 j=0 uj

Yn (3'8)

Y'nlUnVp

1
N Z (rkblkvka +M_k Z AUk )yk+

Jj=k+1

= Zak )Yk + ———yp = Eq(y) (n € N),

TnUnVn

where the matrix E = (e, ) is defined by

zlvk(n) ’ (k < I’l),
Cnk = rnZZVn ) (k - I’l), (l’l,k € N)
0 , (k>n)

Thus, one can easily deduce from (3.8) that ax = (azx;) € cs whenever x = (xi) € £(u, v, p; B) iff
Dy € ¢ whenever y = (y;) € £(p). This means that a = (a;) € {{(u,v, p;B)}P iff E € (¢(p),c).
Finally, it is obtained that {{(u,v, p;B)}? = ds(p) Nd4(p) using Lemma 3.3 with the help of
(3.8).

Part (ii) can also be proved in a much similar way to part (i), thus it is left to the reader.

Theorem 3.6.
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1) {K(u,v,p;g)}ﬁ = d3(p) is held when 0 < p; <1 for all k € N.

(i1) {ﬁ(u,v,p;B)}ﬁ =ds(p) is held when 0 < p; < H < oo for all k € N.

Proof. From Lemma 3.2 and (3.8), it can be obtained that ax = (azx;) whenever x = (x) €

{(u,v, p;B)}iff Ey € £., whenever y = (y) € £(p). Thus, {£(u,v, p;B)}¥ = d3(p) for 0 < py <

1, {¢(u,v, p;B)}Y = ds(p) for py > 1 are derived from (3.4) and (3.5) respectively. This ends

the proof.

4. Some matrix mappings on the space ¢(u,v, p; B)

For the sake of brevity, for an infinite matrix A = (a,y), write

1 m

ank(m) = rkukvkank+ u_kj_;HA(Lk)anj (k < m) (41)
and
~ 1 n 1 i Z( i k) 49
Apk — —Apk — ,K)Ay .
n reve T -2 J nj (4.2)

for all n,k,m € N provided the convergence of the series.

Now, let’s give the characterization of the classes <£(u,v, p;g),€m> , (Z(u,w p;g),c) and
<€(u,v,p;§),c0>.

Theorem 4.1. (i) A € (E(u,v,p;B),&o> iff there exists an integer K > 1 provided that

C(K) =sup Y |auK™ \”;‘ < oo, (4.3)
neN
and
{ank}ken € d3(p)Nda(p) (n €N). (4.4)

Where 1 < pp < H < oo for every given k € N.

(ii) A € ({(u,v, p;B), le) iff

~ Dk
sup Ap | < o0, .
n,keN;| k| (4.5)
and
{ank }ren € da(p) Nds(p), (4.6)

where 0 < p; < 1 for every given k € N.
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Proof. We consider only the case 1 < py < H < oo and leave the case 0 < p; < 1 to the reader
since its proof is similar to this one.

Let us suppose that the conditions (4.3) and (4.4) are met and take an arbitrary x = (x;) €
O(u, v,p;g). In this case, using Theorem 3.5(ii) we obtain {a, }ren € £(u, v,p;g) for every fixed
n € N. This shows the existence of the A-transform of x, that is, Ax exists. Now, let’s take the

following equality resulted from the relation (2.2) from the mth partial sum of the series Y a,xx:
k

1

mmm

ApmYm (n,m € N). (4.7)

Z Ani Xy = Z Ak (M) Yy +

If we consider the hypothesis, then we can derive from (4.7) as m — oo that
Zankxk = Zank m)yi (n € N). (4.8)
Now, by joining (4.8) and inequality holding for an arbitrary K > 0 and complex numbers a, b
lab| < K{}aK_l |p/ - |b|p} )

where p>land 1/p+1/ p/ = 1 (refer to [40]). Thus one can easily obtain

sup Zankxk < SMPZ|ankHyk|
neN
<K[C(K)+gf(y)]
< oo,

In a converse way, let’s suppose that A € (£(u,v, p;B),{) and 1 < py < H < oo for every
k € N. 1In this condition, Ax exists for every x € £(u,v, p; ) and this shows that {a,; }ren €
{¢(u,v, p;B)}P for each n € N. Using Theorem 3.5(ii) immediately results in the necessity of
(4.4). Additionally, equality (4.8) indicates that A = () is in class (£(p),%s). Therefore A

satisfies the condition (3.4) which is also equivalent to (4.3). This ends the proof.

Theorem 4.2. A € ({(u,v, p;B),c) is held iff (4.3)-(4.6) are true for 0 < py < H < oo for every

given k € N. Moreover, there exists a sequence () of the scalars such that

ll_)m Qpk = &k (k € N) (49)
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Proof. Let A € (¢(u,v,p;B),c) and 0 < p;y < H < o for every k € N. Then, since the inclusion
¢ C U, the necessities (4.3)-(4.6) are trivial by Theorem 4.1(i) and (ii).

In proving the necessity of (4.9), let’s consider the sequence ¢®) which is described by
(2.8) lying is the space /(u,v, p;g) for every fixed k € N. Since the A-transform of every
x € L(u,v, p;g) exists and moreover lies in ¢ according to the hypothesis, Ac®) = {ank tnen
also lies in ¢ for every fixed k € N. This clearly indicates the necessity (4.9).

In a converse way, let’s suppose that the conditions (4.3)-(4.6) and (4.9) are met and take any
XE E(u,v,p;g). In this condition, using Theorem 3.5 we obtain that {a, ren € {é(u,v,p;g)}[3
for every fixed n € N. This requires the existence of the A-transform of x, that is, Ax exists.
Moreover, it is obviously seen that the associated sequence lies in the space £,. Moreover, if
we combine Lemma 3.3 together with the conditions (4.3) and (4.9), we see that the matrix Ais
in the class (¢(p),c). Therefore, it is seen that y € £(p) and Ay € ¢. In conclusion, using (4.9)
results in the fact that Ax € ¢ whenever x € £(u, v, p;g). In fact, this is exactly what we want to

prove.

Replacing c by ¢ in Theorem 4.2 results in.

Corollary 4.3. Let’s assume that 0 < py < H < oo for every given k € N. In that case, A €

(e(u,v, p;B),co) iff (4.3)-(4.6) hold and (4.9) also holds with oy = 0 for all k € N.

5. The Hausdorff measure of noncompactness and compact operators on

~

the space /,,(u,v;B)(1 < p < o)

Here the classes of compact operators given by infinite matrices from £, (u,v; B) to cg, ¢, {
and ¢, are characterized. Meanwhile, the necessary and sufficient conditions for A € (¢; (u,v;B), ¢ »)
to be compact are given, where 1 < p < oo,

Goldenstein, Gohberg and Markus in 1957 first defined the Hausdorff measure of noncom-
pactness and then Goldenstein and Markus studied it. A matrix transformation between BK-
spaces is continuous. Thus it is expected to find conditions for a matrix map between BK-spaces

to define a compact operator. Applying the Hausdorff measure of noncompactness achieves

this. Some authors have set up classes of compact operators in terms of infinite matrices on
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some sequence spaces via this method. For example see [41-50]. In recent years, Malkowsky
and Rakocevi¢ [51] , Djolovi¢ and Malkowsky [52] and Mursaleen and Noman [53] have set
up some identities or estimates for the operator norms and Haudsdorff measures of noncom-
pactness of linear operators. These operators are represented by infinite matrices mapping an
arbitrary BK-space or the matrix domains of triangles in any BK-spaces.

Let’s assume that X is a normed space. Then S is written for the unit sphere in X, that means
Sy={x€eX:x=1}. If X and Y are Banach spaces then B(X,Y) consists of all continuous
linear operators L : X — Y; B(X,Y) is a Banach space with the operator norm defined by ||L|| =
sup{||L(x)|| : [[x|| < 1} forall L € B(X,Y).

We have the right to write ||a||y = sup E‘, arXy

x€Sy [k=0
right-hand side exists and is finite which is the case whenever X is a BK-space and a € X B iff

for a € w provided the expression on the

(X, ||-Il) is a normed sequence space [54].

From now on, let 1 < p < oo and ¢ denote the conjugate of p, that is, g = p/p—1 for 1 <
p <o or g =oofor p=1. Again, all finite sequences terminating in zeros are written in a set,
namely @.

For our study, the following fundamental results will be used.

Lemma 5.1. [54] Let’s assume that X and Y be BK-spaces. In that case, we get (X,Y) C
B(X,Y), namely, every A € (X,Y) defines a linear operator Ly € B(X,Y ), where Ls(x) = Ax for
all x € X.

Lemma 5.2. [42] Let’s assume that X O ¢ be BK-space and Y € {cp,c,lx}. Then
1Ll = 1Al (x e.) = supl|Anllx <o
n

when A € (X,Y).
Lemma 5.3. [55] It is true that Eg =/{, and ||a||2p = ||all¢, for alla = (ay) € Ly, when 1 < p < co.

Lemma 5.4. [46] We assume that 1 < p < oo and q be the conjugate of p. If A € ({,,c), then
the following equalities hold.
oy = lim ayy exists for every k € N,
n—yoo

a= (ak) S EQ7
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supl|An — alfg, < oo,
n

oxy for all x = (x) € £,
0

fimn() = I

Theorem 5.5.Let a = (a;) € {£,(u,v;B)}B. In that case @ = (a;) € ¢, and the following

I;)akxk = kz(,)aNkyk (5.1)

is valid for every given x = (xi) € £,(u,v;B), where

~ ay 1 >~ .
ay = +— A(j,k)a; (ke N).
i & B (ke

Proof. This can easily be seen from [[51] Theorem 3.2].

If 1 < p < o, then the inclusion £, (u,v; B) D ¢ holds iff u = (uy) € £,,. Thus, we shall suppose

that u = (uy) € £, whenever we study the space £, (u,v;B).

Theorem 5.6. If a = (ay) is the newly introduced one above, then we get

[e]

o\ Ve
. N (Zlaqu> (1 <p <o),
lally (.5 = llalle, = =0

supla| , (p=1)
forall a= (a) € {€,(u,v;B)}P when 1 < p < co.

Proof. We assume that a = (ay) € {£,(u, v;B)}B. Obviously a = () € ¢4 and the equality (5.1)

holds from Theorem 5.5 for all x = (x¢) € £,(u,v;B) and y = (yx) € £, which are connected by

the relation (2.2). It is immediate by Theorem 2.2(ii) that x € § 0 (u:B) iffye S 0, Thus, we can

write from (5.1) that

= sup
xeslp(uﬁv;g)

= sup
YESy,

Y awi

k=0

Z arXy

= llally, - (5.2)
k=0

*
Hang(w;g)

Moreover, since a € £, we obtain from Lemma 5.3 and (5.2) that

lally (.5 = llalle, = llalle, <<,

which terminates the proof.

Theorem 5.7. Let’s assume that A = (a,) is an arbitrary infinite matrix, X is any given se-

quence space when 1 < p < oo. In case A € (ﬁp(u,v;g),X), we have A € (£p,X) such that
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Ax = Avyfor every x € ) (u, v;E) and 'y € £p, in which the sequences x and y are connected via

the relation given by (2.2) and A = (auk) is described as (4.2) .

Proof. Let’s take any x € £,(u,v;B) and A € (¢, (u,v;B),X). Then, A, € {£,(u,v;B)}? for all
n € N, where A, is the sequence in the nth row of the matrix A. Hence, we have by Theorem
5.5 that A,, € Kg = {, for all n € N and the equality Ax = gy holds for all sequences x = (x;)
and y = (y;) which are connected by the relations (2.2). Thus gy € X. Since every y € £, is the
associated sequence of x € £, (u, v; B). Therefore, we deduce that A € (¢ »,X ), which concludes

the proof.

Before going to Haussdorff measure of noncompactness, let us have one more definitions
first. We remember the idea of compact operator. A linear operator L from a Banach space X
to another Banach space Y is said to be compact if its domain is all of X and for each bounded
sequence (x,) in X, the sequence (L(x,)) contains convergent subsequence in Y. K(X,Y) is the
space of compact operators from X to Y.

Let X is a metric space. In this case, we write My for the class of all bounded subsets
of X. In a metric space (X,d), the open ball of radius r € R centered at x € X, is the set
B.(x) ={y € X :d(x,y) <r}. x(Q) is defined by the following set is known the Hausdorff

measure of noncompactness of the set Q € My.
n
x(0) :inf{e >0:0C UB(xi,r,-), xeX, r<e(i=0,1,--+), nGN}.
i=0
The function ¥ = Mx — [ 0, o) is called the Hausdorf measure of noncompactness in the
literature.

The certain fundamental properties related to Hausdorff measure of noncompactness can be

reached in [55], for instance if Q, Q) and Q» are bounded subsets of a metric space (X,d), then

x(Q) =0iff Q is totally bounded QO C Q, implies x(Q1) < x(Q»).

Moreover, suppose X is a normed space. In this case the function } has some additional prop-

erties connected with the linear structure, e.g.

x(Q1+02) < x(Q1) +x(Q2), x(@Q) = || (Q) forall o € C,
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where C is the complex field.

Lemma 5.8.  [46] We assume that X is a Banach space having a Schauder basis (dy);_,
Q € Mx and P, : X — X (n € N) is the projector onto the linear span given by {dy,dy,--- ,d,}.

Thus, we obtain the following inequalities

élimsup (SMPH(I_Pn)(x)H) < x(Q) < limsup <Sup||(1—Pn)(X)||> :

n—oo xeQ n—oo xeQ
here a = limsupp_yo ||l — By||-

Particularly, the following result indicates how to compute the Hausdorff measure of non-

compactness in the spaces £, (1 < p < o) and cy.

Lemma 5.9. [42] We assume that Q is a bounded subset of the normed space X in which X
is £, for £, (1 < p < o) orco. In case P, : X — X is the operator described by the equality

P, (x) = xl"l = (x0,X%1,%2,+ ,%,0,0, ) for every x = (x) € X, we obtain

n—oo

x(Q) = lim (supH(I_Pn)(x)H> :
xeQ

The following lemma is related to the Hausdorff measure of noncompactness of a bounded

linear operator.

Lemma 5.10. [55] Let’s assume that X and Y are Banach spaces and L € B(X,Y). Thus we

obtain
IL]l = % (L(Sx)) (5.3)

and

LeK(X.Y)iff L]y =0. (5.4)
Lemma 5.11. [53] Assuming that X D ¢ is a BK-space, we obtain

(a) In case A € (X,cp), then
[Lally = limsupl|An||x
n—oo

and

Ly is compact iff lim||A,||x = 0.
n—o0
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(b) In case A € (X,{s), then
0 < |[|ILally < Limsupl|An]y
n—soo
and
Ly is compact iff lim[|A,||3 = 0.
n—oo
(c) In case A € (X,0y), then

lim | sup ZAn
r=e \N€Z: ||neN

*

y A,

neN X)
) o
X

The necessary and sufficient conditions for a matrix transformation from a BK-space X to

) < |[Lally <4.lim ( sup

X NeZ,

¥ A

neN

Ly is compact iff lim | sup
= \ Ne.Z,

co,?1 and /. to be compact (only sufficient condition for /) are given by this Lemma. As a

result, we obtain

Theorem 5.12. Assuming 1 < p < e and q=p/(p— 1), we obtain

(a) In case A € (€,(u,v;B),co), it is true that

- 1/q
|Lally = limsup (Z |c7nk|q> (5.5)

n—ee  \ k=0
and
- 1/q
Ly is compact iff lim <Z |C7nk|q> =0. (5.6)
(b) In case A € (£,(u,v;B), L), it is true that
- 1/q
0 < ||Lally = limsup (Z |c7nk|q> (5.7)
n—ee  \ k=0
and
- 1/q
Ly is compact iff lim <Z |C7nk|q> =0. (5-8)
7% \k=0

Proof. Let us assume that A € (Ep(u,v;g),co). Since A, € {Ep(u,v;g)}ﬁ for all n € N, using

Theorem 5.6 we easily get

o 1/q
1400} 0oy = Il = (Z\ank\q> (59)
k=0
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for all n € N. Thus we have (5.5) and (5.6) (5.9) and Lemma 5.11(a).
Because the second part of the theorem has exactly same idea as in the first part of it, the

proof of the second part can be obtained similarly.

Theorem 5.13. Assuming 1 < p < coand A € ({,(u,v;B),c), then

1 . ~ ) ~

5 Jim iLg:HAn—ocng < |[Lally < lim ff;’f“A”_ alle, |, (5.10)
where & = (0y,) is described as in (4.9).

Proof. Let’s suppose that A € (¢,(u,v;B),c). Then, using Theorem 5.7, we will have Ac
(¢p,c). Therefore, it is seen that the sequence (supnzr||An — 0| t,)7= of non-negative reals is
nonincreasing and bounded according to Lemma 5.4. Consequently, it is obvious that the limit
given in (5.10) exists.

Now, we can shortly write § =S 0 (u:B)" Thus, using (5.3) and Lemma 5.1, we easily get

ILallz = % (AS) (5.11)

and AS € M., here M, denotes the class of all bounded subsets of ¢. Moreover, it is known that
every z = (z,) € c has a distinct representation as z =ze+.,._(z, — Z)e(”), here 7 = limy—yoo2y.
Therefore the projectors P, : ¢ — ¢ (r € N) by Py(z) =Ze and P,(z) =Ze+ Y/ _b (2, —2)e!™ can be
defined for r > 1. Consequently, we will have for every r € N that (1 — P,)(z) = ¥, (z, — 2)e™

and thus

(= P)(2)l¢.. = suplzn —7] (5.12)

n>r
for all z € ¢ and every r € N. In fact, it is obvious seen that || — P,|| = 2 for all » € N. Thus,

from (5.11) and Lemma 5.8 we obtain

SR < Lall < 1(4), (5.13)

where

(A) = limsup (supu(l—Pr)(Ax)nzw) |

r—roo xeS

Let’s suppose that y € £, be associated with sequence defined by (2.2) for every given x €

¢, (u,v;B), we will have Ae (¢p,c) and Ax = Ay by Theorem 5.7 because of the fact that A €
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(£,(u,v;B),c). Moreover, the limits o = lin, ety exist for all k, & = (&) € £, and
,finfog"(y) = Z&kxk-

using Lemma 5.4.

For all r € N, the equalities

Z Ank — C)Y

An( Z Ok Yk
k=0

=Ssup
loo n>r

=Ssup
n>r

[7=P)AD),. = |t =P)AY)|,

can be derived from (5.12). Furthermore, for all » € N we obtain

Z Ak — O )Y

sup||(I —Py)(Ax)||,_ = sup (sup

xS n>r yESgp

)—WMA—MM—WMA—MV

n>r

using the definition of the norm ||.||; and Lemma 5.3, because of the fact thatx € S =S 0 (uiB)
iff y € £,. In conclusion, we obtain (5.10) from (5.13), due to the fact that the limit in (5.10)

exists. This marks the end of the proof.

Now remember that the upper limit (limit superior) of a bounded real sequence x = (x;,) can

be defined by

limsupx, = lim (supxn) . (5.14)

n—oo n=oo \ p>r

Moreover, if x,, > 0 for all n, then

limsupx, = 0 iff limx, =0.
n—oo n—eo

Using the newly obtained notation results in:

Corollary 5.14. When it is assumed that 1 < p <o, q=p/(p—1) and A € (Ep(u,v;g),c), then
. 1/q 1/q
5 dimsup <Z |t — Ock|q) < ||Lally < limsup (Z |Gt — ock|q>
n—oo 0 n—roo k=0

and

oo 1/q
Ly is compact iff lim (Z |G — &k|‘1> =0,
n—yoo

k=0

here & = (o) is described as in (4.6).

Proof. This result can directly be proved from Theorem 5.13 by using (5.14) and (5.4).
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Theorem 5.15. Assuming 1 < p < oo and A € ({1(u,v;B),£,), then

- 1/p
1Lally = lim (szldcp (Z \ankl”) ) : (5.15)

n=r

Proof. Let’s suppose that § = § - Then, using Lemma 5.1; we have Ls(S) = AS € /.
£y (u,v;B) p

Therefore, using (5.3) and Lemma 5.9, it can be written as

1Ll = 2(AS) = lim (supuu—Pr)(Ax)rup) - (5.16)

xS

here P : £, — ¢, (r € N) is the operator defined by P,(x) = (x0,x1,- - ,x-,0,0,---) for all x =
(xx) € ).

Secondly, let’s suppose that x = (x;) € £} (u,v; B). Because of the fact that A € (¢, (u,v; B),£,)
from Theorem 5.7, it is obtained that A € (4y,£,) and Ax = Ay, where y = (y;) € ¢, is the

associated sequence defined by (2.2). Thus, we easily obtain the following inequality

1= P)(AR) ]y, = |[(7 = P)(AY)

tp

Il
T
Il
702

holding for every n € N. This results in

o 1/p
sup |[(I = F:)(Ax)ll,, < sup ( Y \%!”)

xeS n=r+1
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holding for every n € N. Hence, using (5.16) we obtain

1/p
< [i P
1Lally < Lim Sup< Y lam ) : (5.17)

n=r+1

In a converse way, let’s suppose that c* € £;(u,v;B) such that R(c¥)) = ) (k € N) , here
= {c,gk)}neN is described using (2.8) for each k € N. Therefore, using Theorem 5.7 we get
Ac®) = Aek) = = (a7 for every k € N. Now, let’s suppose that E = {c¥) : k € N}. In this

condition, £ C S and therefore AE C AS and this indicates that
X(AE) < 2(AS) = ||Lally- (5.18)

Additionally, using Lemma 5.8 and (5.18), it can be written as

1/p
X(AE) = lim sup( Y ]ank\p> < [[Lally-

n=r+1

In conclusion, (5.15) can be easily obtained from (5.17) and (5.18).

Corollary 5.16. When it is assumed that 1 < p < oo and A € (¢, (u,v;g),fp) then

1/p
Ly is compact iff lim sup ( Z |ank|p> =0.
F—yoo

n=r+1

Proof. This immediately follows from Theorem 5.15 and (5.4).

Theorem 5.17. When it is assumed that 1 < p <o, g=p/(p—1) and A € ({(u, viB),{1), then
Z Ank

1/q
(5.19)
neN

) (5.20)

Proof. Let’s suppose that A € (Ep(u,v;g),ﬁl). Since A, € [Ep(u,v;g)]ﬁ for all n € N, using

Z Ank

neN

a\ /4 00
) < ||Lally < 4. llm sup (Z

NeZ,

lim | sup (Z
r=ee \ NeZ \ k=
r \k=0

Z Ank

r=ee \ NeZ, neN

Ly is compact iff lim | sup (
=0

Theorem 5.6 we have that

3 An

neN

) An

neN

(5.21)

rh(B) Lq
p
Therefore, (5.19) and (5.20) can be obtained from Lemma 5.11 (c) and (5.21).
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Remark 5.18. The obtained conclusions from Theorem 5.12, Corollary 5.14 and Theorem

5.17 are still valid for ¢;(u,v;B) in place of £,(u,v; B) having ¢ = 1 and by substituting the

summation over k by the supremum over k.
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