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Abstract. The object of the present paper is to derive the integral representation for classes involving the notion of
(m,n)-symmetrical functions with bounded boundary rotation and bounded radius rotation. Some more properties

like radius of univalent and starlike are also investigated.
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1. Introduction-preliminaries

Let 7 denote the class of functions of form
(1) f@)=z+ ) and",
n=2

which are analytic in the open unit disk = {z:z € C and |z| < 1}. Let . denote the subclass
of @7 consisting of all functions which are univalent in %/. We also denote by .*, % the

familiar subclasses of it consisting of functions which are respectively starlike and convex in
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7 . 1t is known that f(z) € .* if and only if

flz)=z exp{/oz—log(l —ze_”)a’m(t)},

for some m(t) € M5.

Pinchuk [1] generalized the class .* by allowing m(¢) to range over the class M. More pre-
cisely a function f(z) is said to be in the class Uy if f(z) =z exp{ [ —log(1 —ze ")dm(t)},
m(t) € My i.e, m(t) is a real valued function of bounded variation on [0, 27] satisfying the con-

ditions.

2 2
2) dm(t) =2, / |dm(t)| < k.

0
Geometrically the condition is that the total variation of the angle which the radius vector
f(re'®) makes whit the positive real axis is bounded above by 7k as z describes the circle
|z| = r for |z| < 1. Thus Uy, the class of functions with radius rotation bounded by mk. Similarly

Vi denotes the class of functions f defined on %/ which map conformally onto a image domain

of boundary rotation at most k. Hence f(z) € V;, if and only if

2r )
f(2) = eXP/O —log(1 —ze ")dm(t), m(t) € My.

It is easy to see that U, is the class of starlike functions and V; is the class of convex functions.

Let &7 denote the class of functions which are analytic in % and have the representation

27 14+ze il
G) -/ i),

1—ze it
where m(t) € My. Clearly we have p, = p and f € Uy and V, if and only if sz’ and 1+ %ﬂ
belong to ;. For p € &, then it has the following properties

(M p(0) =1,
(2) fozn |R{p(2)}|d6 < kr, where k >2 and z = re® 0 < r < 1.
Liczberski and Polubinki [4] introduce the notion of (m, n)-symmetrical functions (n=1,2,3,...,m=
0,1,..,n— 1) which is generalization of notions of even odd and n symmetrical functions. They
also generalized the known result that each function defined in symmetrical subset can be u-

niquely represented as the sum of an even function and odd function.
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Definition 1.1. Let € = (e%) and m = 0,1,2,..,n — 1 where n > 2 is a natural number. A

function f : % +— C is called (m,n)-symmetrical if

flez)=€"f(2), z€e % .

The family of all (m,n)-symmetrical functions is denoted be .#("") | #(0.2) " o7(12) 4pq
(1) are respectively the classes of even, odd and n-symmetric functions. We have the fol-

lowing decomposition theorem.

Theorem 1.2. [4] For every mapping f : % +— C, there exists exactly the sequence of (m,n)-

symmetrical functions f, ,,

n—1
f(z) = Zofm,n<z)a

where
1 n—1

(4) fmm(Z) = - Z g—vmf<8vz)'
h v=0

(fed;n=12,...,m=0,1,2,...n—1).

The following identities follow directly from (4)

n—1 n—1

1 1 "o
) Sun@) =3 LT (€72), fuale) =1 X 77" (€7),
v=0 v=0
(©) Fn(€'2) = € frun(2), Fr(€°2) = € f1,(2).

Definition 1.3. Let Uy (m,n) denote the class of functions f € & satisfies f(0) =0, f/(0) =1

and,
zf'(2)
Smn (2)

€ yka
where f,, »(z) is defined by (4).

Definition 1.4. Let V;(m,n) denote the class of functions f € .« satisfies f(0) =0, f/(0) =1

and

(zf'(2))
mn(2)

S ng,

where f, »(z) is defined by (4).
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Remark 1.5. f € Vi (m,n) if and only if 7f' € Uy(m,n). Spacial cases
(1) For k = 1,m =1 we get Singh and Tygel in [8].
(i1)For m = n = 1 we get paatero in [2].
(ii1)For k = 2,m = 1,n = 2 we get Sakaguchi in [13].

In our paper, we also need the the following lemmas.

Lemma 1.6. [3] Suppose p(z) € . Then

/ _ _ 2
9{{zp(z)}z( r(k —4r+kr?) wherle = rk > 4

p(2) 1—r2)(1 —kr+r?)’
and
|z <Ry = #.For2§k§47
R { zp'(z) } _ —2kr+ (8- 4k 4 k*)r? — 2kr?
p(z) | — 2(1—r2)(1 —kr+1r?)
The above inequality is sharp for function p(z) = 1 lkzjz .

2. Main results

Theorem 2.1. A function f € <f belongs to Uy(m,n), then

2wy

)l op2m —i(r—2m
(7) fmn(z) =zexp {_Z Z /0 log(1—zep =5 ))dm(t)} :
v=0

where fi ,(2) is defined by (4) and m(t) is defined (2).
Proof. Suppose that f € Ug(m,n). It follows that

zf'(z)

(®) — oy = Pml2);
fm7n (Z) pm( )
where
27 14 ze,,

; L )
©) 2 Tz dm(t)
Substituting z by €,z in (8) respectively

ZEV / 8,‘1}1Z
(10) Eul o) _ e,

fm,n(gr‘;zz)
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Then

(an i LPE) L [T ),
Jmn(z 2 1—zehem’

or

(12) 28, "1 (€n2) /2”1+ze { %M)dm(t)
Smn(2) 2 i(1—2) '

—3€m

Let (v=0,1,2,....n— 1) in (12) and summing them we get

—i _2mv
(1) ) 1 Pl
fmn@) 2 2n25do g =5 z
by integral (13) we have
1 ] 2 7 2ny
(1 log (fm—(Z)) = Z/ —log[1 —zen " " Jdm(s),
Z n.;=/0

from (14) we get (7). Hence the proof is complete.

Theorem 2.2. A function f € <f belongs to Uy(m,n), then

1 rz 1=l r2n _i(r—2m 2m ] 4 ;lt
(15) flo) = 5/0 { exp l—n Z/O log(1 — yen =5 ))dm(t)] ./0 1_§i dm(t)}dy
v=0

where fy, ,(2) is defined by (4) and m(t) is defined (2).

Proof. Suppose that f € Ug(m,n). It follows that

16 zf'(2)
(16 Jmn (2)

= pm(2)-

Then

2f'(2) = fun(2) pm(2)-

By using Theorem 2.1, we get

lnfl o1 _i(p_ 2y 1 2« 1+Z€,;it
(17) f’(z)zexp{—,, Z/O log(1 —ze >)dm(t)}~2/0 “dm(t),
v=0

1—zen

from (17) we get (15). Hence the proof is complete.
Corollary 2.3. For m =1 and n =1 in Theorem 2.1 we get Paatero [2].

By using the same method in Theorem 2.1, we have the following corollaries.
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Corollary 2.4. A function f € <f belongs to Vi(m,n), then

/ ln—l 27 ,i(I,M)
(8) Son(@) = expd =% [ tog(1=ze," " amr) o
v=0

where fin (2) is defined by (4) and m(t) is defined (2).

Corollary 2.5. A function f € <f belongs to Vi(m,n). Then

, _L/Z 1”‘/2” i) /2”1+ye,;”
A9 S@O=g f 1P|k fy Toell—yen " Odmo)| Jo " Erdm(o) o dy,

where fy, »(2) is defined by (4) and m(t) is defined (2).

Theorem 2.6. A function f € o/ belongs to Uy(m,n). Then fi, »(z) in Ug.

Proof. Suppose that f € Ui (m,n). It follows that

z2f'(z)
(20) = pm(2).
Jmn(2) )
Substituting z by €,z in (20) respectively
&, f' (en2)
21 —— = p(€n2).
e ERCEREG

Now let (v=0,1,2,....n— 1) in (21) and summing them we get

2fia(2) 1 m—1
(22) fm = Z Pm(€52)-
m n

It is vivid that 1 = D pm( €y 2) be bongs to ;. Hence the proof is complete.

Theorem 2.7. Let f € Uy(m,n) and let F(z) = zf'(z). Then F(2) is starlike for |z| < ra, where

ry is the least positive root of the equation
1 —3kr+ (K> +6)r* — 3k’ +r* =0,

where |z| = r and k > 4. For 2 < k <4, then F(z) is starlike for |z| < r3 where r3 is the least

positive root of the equation
2 — 6kr + (12 — 4k 4 3k%)r* — dkr® +2r* = 0.

However the bound r3 is not sharp when 2 < k < 4.
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Proof. Let f € Ui(m,n). Then

2wy

n—1 T .
F(z) = zexp {_% Y /02 log(1 —zemz(tn))dm(t)} Pm(2).
v=0

It follows that

Flz) 1A T zew 2P (2)
(23) F(z) _1+Z1;)/0 1 —ze, (fzgv)dm(t)—i_ pm(2)’
or
/ n—1 /
en T LT mleo+ 2
Hence
F'(z) 1"71 . 2P (2)
(25) &R{ a }_%{nvgpm(emz)}wz{pm(z)}.

Therefore, we have

/ . —4 2
%{me(z)}z( rik—dr+kr) , Where |z| = rk > 4,

Pm(2) 1—r2)(1 —kr+r?)
and
1=l 1 —kr+r2
m{z‘;)pm<8,‘;ﬂ)} > m, where |Z| =nrk>4.
Then

ZF'(2) 1 —kr+r? —r(k—4r+kr?)
E"{F@}Z - Ta-2i—kr+r)

(1 —kr+7r*)? —r(k—4r+kr?)
- (1—=r2)(1 —kr+r?) ’
where |z| = r < Ry = F=Vk=4 V2k2_4. Hence R {ZFF;—S)} > 0 provided Q(r) = 1 — 3kr + (k> +6)r* —
3kr® +r* > 0. The equation Q(r) = 0 has a unique positive root in (0,Rp). For 2 < k < 4, by

using (25), we have

R { ZF'(z) } V—kr+r?  —2kr+ (8 —4dk+k*)r? —2kr

Fe) [ (=R =) (1 —krt )

where |z| = r < Ry = K=Yk =4 V22*4. Hence R {Zgég) } > 0 provided
D(r) =2 — 6kr+ (12 — 4k + 3k*)r* — 4kr® +2r* > 0.

Also D(r) = 0 has aroot in (0,Ryp).



ON SYMMETRICAL FUNCTIONS WITH BOUNDED BOUNDARY ROTATION 501
Corollary 2.8. Let f € Uy(m,n). Then f is convex for |z| < ry, where r; is the least positive

root of the equation
1 —3kr+ (kK> +6)r* = 3kr* +r* =0,

where |z| = r and k > 4. For 2 < k <4, then f(z) is convex for |z| < r3, where r3 is the least

positive root of the equation
2 — 6kr+ (12 — 4k + 3k%)r* — 4kr® +2r* = 0.

However the bound rs3 is not sharp when 2 < k < 4.

1
Theorem 2.9. Let f € Ui(m,n) and let F(z) = [ {_f'"'"(t)];’"’"(_t)}z dt. Then F(z) is in Vy.
Proof. Since f € Uy(m,n), we have

F/(Z) _ {_fm,n (Z)fm,n(_z)}i

Z
and
111—1 o i( _Zﬂ)
fmn(z2) =zexp{ —— / log(1 —zey, " dm(t)
yv=0"0
Then
2@y 2my
ZF/Z / lnfl 2 Ze’;(*T) lnfl 27 Zem(*T)
(F/(( ))) -1 +% / T (1) — o / _l(t_@)dm(t)
g v=070 ] _zg, T =070 1 4ze," "
or

1 1 n—1 1 n—1
v=0 v=0
n

Since pu(z) € Py s0 L Y"1 pu(€)z) also in Py, by setting g(z) = L Y2 pu(ehz),

we have

M = l{q(z) —|—C](_Z)} where Q(Z) € H,

(o (2o} (oo ()]

%((;))’ _ <k:2) {ql(Z) +2ql(—Z)}_ <k12> {qz(Z) +;12(—Z)},
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where g;(z) € 95, i = 1,2, also w € %, i=1,2. Hence
(zF'(z))"  [(k+2 k—2
F/(Z) - 4 w1 (Z> - 4 WZ(Z)7

where w;(z) € %, i = 1,2. Hence

which means F'(z) € V;.
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