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1. Introduction

Pawlak [11,12] introduced the rough set theory as a formal tool to deal with imprecision
and uncertainty in the data analysis. The relationship between rough set theory and topolog-
ical spaces was investigated in sets [8], on left-continuous t-norm [13]. H4jek [2] introduced
a complete residuated lattice which is an algebraic structure for many valued logic. It is an
important mathematical tool for algebraic structure of fuzzy contexts [1-7, 9-10, 13-18]. By
using the concepts of lower and upper approximation operators, information systems and deci-

sion rules are investigated in complete residuated lattices [1,2,9,10,13,14]. Kim [7] investigated
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between fuzzy rough set and fuzzy quasi-uniform spaces in complete residuated lattices. Kim

[6] investigated the properties of upper approximation operators in complete residuated lattices.
In this paper, we investigate the properties of upper approximation operators and Alexander

fuzzy topologies induced by maps in complete residuated lattices. We give their examples.
2. Preliminaries

Definition 2.1. [1,2] A structure (L,V,A,®,—, L, T) is called a complete residuated lattice iff
it satisfies the following properties:

(L1) (L,V,A,L,T) is a complete lattice where L is the bottom element and T is the top
element;

(L2) (L,®, T) is a monoid,;

(L3) an adjointness property holds,i.e., for all x,y,z € X,

x<y—ziff xOy <z

A operator * : L — L defined by a* = a — L is called strong negations if a** = a. For

acL,AcLX wedenote (d —A),(@®A),a, T, TieLX as
(@ A)(x) = @ = A, (@OA)R) = aOAR), al) = .

T, ify=x, 1, ify=x,

Tx() = T = _
1, otherwise, T, otherwise.

In this paper, we assume that (L,V,A\,®,—,*, L, T) be a complete residuated lattice with a
strong negation *.
Definition 2.2. [16,17] Let X be a set. A function ex : X x X — L is called a fuzzy preorder if
it satisfies the following conditions:

(E1) ex(x,x) =1 forall x € X,

(E2) ex(x,y) ®ex(y,2) < ex(x,z), forall x,y,z € X.

Example 2.3. (1) We define a function e; : L x L — L as ez (x,y) =x — y. Then (L,er) is a

fuzzy preorder.
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(2) We define a function e, x : LX x LX — Las e;x(A,B) = Aex (A(x) — B(x)). Then (LX ¢, x)

is a fuzzy preorder.

Definition 2.4. [6] An operator T : LX — L is called an Alexander fuzzy topology on X iff it
satisfies the following conditions: for all & € L,A,A; € LX,

(THT(a) =T,

(T2) T(Aier Ai) = Nier T(Ai) and T(VicrAi) = Aier T(Ai),

(T3) T(a ®A) > T(A),

(T4 T(ox — A) > T(A).

Amap f: (X, Tx) — (Y, Ty) is fuzzy continuous if Tx(f~'(B)) > Ty(B) forall B€ L' .

Definition 2.5.[6] A map ® : LX — LX is called an upper approximation operator iff it satisfies
the following conditions

(H1) ®(0 ©®A) = e ©P(A) forall A € LX and o € L.

(H2) (Ve A1) = Ve P(A;) for all A; € LY.

(H3) A < ©(A),

(H4) ®(P(A)) < D(A), for all A € LX.

Lemma 2.6. [1,2] Let (L,V,\,®,—,*, L, T) be a complete residuated lattice with a strong
negation *. For each x,y,z,x;,y; € L, the following properties hold.

MW Ify<z thenx®y<x®z

Q) Ify<z thenx »y<x—zandz —x<y—x.

B)x—=y=Tiffx<y.

@DHx—>T=Tand T -x=nx.

B)xoOy<xAy.

6) x© (Vieryi) = Vier(x©y:) and (Vierxi) ©y = Vier(xi ©y).

(7) x = (Aieryi) = Nier(x = yi) and (Vicrxi) = y = Nier(xi = ).

(8) Vierxi = Vieryi > Nier(xi — yi) and NicrXi — Nieryi > Nier(xi = i)-

O (x—=y)ox<yand (y—2)©(x—y) <(x— 2).

(1) x—=y<(y—=z)—=>(x—zandx—y<(z—x) = (z—Y).

(A1) Aierx; = (Vierxi)* and \jcrx; = (Nierxi)™
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(12) (x@y) v z=x—(y—z)=y—=> (x—=z)and (xOy)* =x — y*.
(I13)x* = y* =y —=xand (x > y)" =xOy".
(14 y—=z<x0y—=x02z
Theorem 2.7. [6] Let T : LX — L be an Alexander fuzzy topology. Define T*(A) = T(A*). Then

T* is an Alexander fuzzy topology.

Theorem 2.8 [6] Let Tx be an Alexandrov fuzzy topology on X. Define ®r, : LXxL—LX as
follows

@7, (A,r) = N{B€L¥ |A<B, Tx(B) > r}

Then we have the following properties.
(1) r(—,r): LX — X is an upper approximation operator.
() If r < s, then ®7, (A,s) < O, (A, r) for all A € LX.

(3) There exists a fuzzy preorder Ry, € LX*X such that

@1 (A,r) = \/ (A(x) OR7 (x,))-

xeX
(4) If r <, then Ry, > R, forall A € L*.
(5) If @1y, (A, 1)) =B foralli € I # 0, then @1, (A, \icr1i) = B.
(6) Define THTX :IX - Las

Tay, (A) = \/{r; € L| ®r(A,r;) = A}

Then THTX = Ty is an Alexandrov fuzzy topology on X.

(7) There exists an Alexandrov fuzzy topology T such that
Ty (A) = e;x (P (A,r),A).

(8) If r <, then Ty < T forall A € L*.
(9) Define T : LX - Las

T (A) = \/{r* €eL|Tx(A) =T}

Then Tty =Ty = THTX is an Alexandrov fuzzy topology on X.

3. Alexander fuzzy topologies induced by maps
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Theorem 3.1. Let Ty be an Alexandrov fuzzy topology on Y. Then f : X — Y be a map. Define

Tx, T : LX — L as follows

V{Ty(B) |A=f"'(B)}, ifA=f"'(B),

Ty (A) =
W= L A+ f\(B),

V{T;(B)|A=f"'(B)}, ifA=f""(B).
1, ifA#f~(B),
Then the following properties hold.

Tx(A) =

(1) Tx is the coarsest Alexandrov fuzzy topology on X for each f : (X,T) — (Y, Ty) is fuzzy
COntinuous.

(2) Ty is the coarsest Alexandrov fuzzy topology on X for each f : (X, T) — (Y, Ty) is fuzzy
continuous. Moreover, Ty (A) = Tx (A*) for each A € LX.

3) ! (Pry (T px)5 7)) = Py (T3, 7) for all x € X. If f is surjective, then the equality holds.

) ! (CIDT; (Te)r)) = D7 (Tx,r) forall x € X. If f is surjective, then the equality holds.

(5) There exists fuzzy preorder Ry, € L*** and R, € LYY such that

T (6, Y) SR, (f(x), £())-

If f is surjective, then the equality holds.

(6) There exists fuzzy preorder R’; e LXX and R’TY* e LYY such that

Ry (x,9) < R (f (%), £ ())-

If f is surjective, then the equality holds.

(D) f~YPr, (B, r)(y) > P (f1(B),r)(y) forally € X and B € LY. If f is surjective, then
the equality holds.

(8) f*1(¢T; (B,r))(y) = Pry (f~Y(B),r)(y) forally € X and B € LY. If f is surjective, then
the equality holds.

) T7, (f~Y(B)) > T%, (B) forall B € LY and r € L. If f is surjective, then the equality holds.

(10) Tr; (r~4(B)) > TrT; (B) for all B € LY and r € L. If f is surjective, then the equality
holds.



508 YONG CHAN KIM

(1) Tz, (B) = TrT; (B*) for all B€ LY and r € L iff ®7,(T%,7)(y) = 7 (T3, 7)(x) for all
x,yeY iﬁ‘RrTY*(x,y) = RY, (y,x) forall x,y €Y.

(12) Define Tr, : LX — L as

Ty (A) = \/{r" €L | T}, (A) =T}

Then Tty =Ty = THTX is an Alexandrov fuzzy topology on X.

(13) Define T : LX — L as

Tr:(A) = \/{r" €L|Tr;(A) =T}

Then Tr; = Tx = Ty, is an Alexandrov fuzzy topology on X.
X

Proof (1) (T1) Tx(a) = V{Ty(B) |a = f~'(B)} > Ty(@) = T.
(T2)

Aier Tx (Ai) = Nier(V{Ty(B)) | Ai = 1 (B))})
=V{Aier Ty (B:) | Ai = £~ (B))})
<V{Ty(AierBi) | AierAi = f~' (Aier Bi)})
< Tx(AierAi)-

Aier Tx (A) = Nier(V{Ty (Bi) | Ai = £ (B))})
=V({Aier Tr (Bi) | Ai = f~'(Bi)})
<V{Ty(VierBi) | VierAi = ' (Vier B1)})
< Tx (VierAi)-

(T3) T(x ©A) > T(A),

Tx(A) =V{Ty(B)|A=f"'(B)}
<\V{Ty(a©B)|acA=f"'(a®B)}
<T(a®A).

(T4) T(ox — A) > T(A).
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Tx(A) =V{Ty(B)|A=f""(B)}
<V{Ty(a—B)|a—A=f"(a—B)}
<T(ox —A).

Let f: (X,T) — (Y, Ty) be fuzzy continuous. Then T(f~!(B)) > Ty(B) foreach B€ LY.

Tx(A) =V{Ty(B)|A=f""(B)}
<VAT(f~'(B)) [A=f"'(B)} =T(4).
(2) Tx(A*) = V{Ty(B) | A* = f~'(B)} = V{Ty(B) | A = f~'(B")} = V{T;(B) | A =
f~1(B*)} = T%(A). Other cases are similarly proved as (1).
(3) Since Tx(f~!(B)) > Ty(B) for all B € LY, we have

FH PR (T 4 1)) = @1y (T 4, ) (f ()
=MB(f() | Tfw) <B, Ty(B) > 1"}
>AMFIB)Y) | Te < f71(B), Tx(f1(B) > r*}
=®r, (Ty,r).

If fis surjective and £~ (By)(x) = £~ (B2)(x) forx € X, then B; = By. Thus, f~ (P, (T 4(),7)) () =
Pr, (T, r)(y) forall x € X.
(5) By Theorem 2.8(3) and (3), there exists fuzzy preorder Ry, € L**X and R}, € L such
that
FH@r (T ps 1)) () 2 @1y (T, ) (v)
iff D7, (T (), 1))(f () = Ry, (f (%), £ ()
> @p (T, r)(y) = Ry, (x, ).
(7) By (3), for B=\/,cy(B(z) ® T), we have

f_l(q)Ty(B7r))( ) CDTY(B,I”)( ( ))

= @7, (Veer (B(2) © T2), 1) (f (1))

:\/ZEY( (Z)QCDTY( )(f(y))
)(f

> Vaiex (B(f (%)) © @1y (T (), 1) (f (V)
> Vaex (F1(B) (%) © Pry (T, 1) (v)

(
= @7 (f71(B),r)(v)-
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If f is surjective

FH @1 (B,1)(») = Veey (B(2) ©Pry (T2, r) (f())
= Viex(B(f(x)) ©Pr, (T 4, 1) (f(¥))

= Vaex (F1(B)(x) © @1y (T, ) (v)

=@, (f1(B),r) ()

€))

= Neex (P (f71(B), 1) (x) =
> Neex (f 1 (®r (B, 7)) (x) = B(f(x)))
> Nyer (f (@ (B, 7)) (v) = B(»))

If f is surjective, then the equality holds.

(11) Let @7, (T, 7)(y) = D1y (Ty,7)(x) forall x,y € Y. For B=\/,cx(B(y) © T), we have

T7, (B) = Avey (@1 (B, ) (x) = B(x))
= Nxey (@1 (Vyey
= Axex (Vyex (B(y
= Ayer (Pr (Ty, r)(x) = (B(y) = B(x))
(

Let T%, (B) = T7. (B*) be given.

T7 (B) = Avyey (Pr (Ty, ) (x) = (B(y) = B(x))
T7:(B") = Acyer (Pry (T, 1) (y) = (B (x) = B*(y))
= Neyer (P (T, 1) (y) = (B(y) = B(x)).

Put B=T,. Then ®7, (Ty,r)(x) = CID’}Y* (Tx,7)(y). Hence ®r;, (Ty,7)(x) = Dr; (Tx,r)(y).
(12) Since T7, (A) = ey x (P (A,r),A) = T iff A = ®gy (A, 7), by (6), the result holds.



ALEXANDER FUZZY TOPOLOGIES INDUCED BY MAPS 511

Example 3.2. Let Y = {x,y,z} be asetand (L = [0, 1],®,—,*) be a complete residuated lattice

with a strong negation defined by
xOy=(x+y—1)VvV0, x—>y=(1—-x+y)Al,x"=1—x.
(1) Let Y = {x,y,z} be a set. Define a map Ty : [0,1]" — [0,1] as
Ty(A) = (1-A(x)+A(z)) N1 =A(x) = A(2).

Trivially, Ty (@) = «.

Since * ®A(x) = x ®A(z) > A(x) = A(z), Ty (0 ®A) > Ty (A). Since (& - A(x)) — (o —
A(z)) > A(x) — A(z), Ty (o — A) > Ty(A). By Lemma 2.10 (8), Ty (V;crAi) > Ajer Ty (A))
and Ty (A;crAi) > Aicr Ty (Ai). Hence Ty is an Alexandrov fuzzy topology.

By Theorem 2.8 (1), we obtain an upper approximation operator ®z, (—,r) : LY — LY as

follows:

@7, (1., r)(z) = \{B(2) | B> 11, Ty(B) > r}.

Since B(x) =1 and Ty(B) =1—1+B(z) > 1 —r, then B(z) > 1 —r. We have @, (1,,7)(z) =
1—r

P, (1, r)(x) = AN{B(x) | B> 1, Ty(B) > r*} =1,
@7, (1,r)(v) = AN{B(y) | B> 1y, Ty(B) > r*} =0,
@7, (1;,r)(x) = N\{B(x) | B> 1., Ty(B) > r*}.

Since B(z) = 1 and Ty (B) = (1 —B(x) + 1) A1 =1, then @7, (1,,7)(x) = 0.

7y (L, r)(x) =1 g (1, r)(y) =0 Pp(Le,r)(z) =1 -7
Pry (1y,7) (%) =
P, (15,7)(x) =
For A =\, cx(A(x) ® Ty), we have

0
0

D7 (A, r)(y) = V (Ax) © Py (T, 1) ()

xeX

7y (A1) = (A(x),A(y),A(2) V (A(x) — ).
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If A(x) —r < A(z), then @7, (A,r) = A. Thus

Ty, (A) =\V{r € L|®y(A,r)=A)
— (1—A(x) +AR)) A1 =Ty(A).

Moreover, we obtain

Ty (A) = Awex(Pry (A, 7)(x) = A(x))
=A(z) V(A(x) —r) = A(z)
= (A(z) = AQR)) N ((Alx) —r) = A(2))
=(1+r—A(x)+A(z)) VO.

Tr,(A) =V{1-reL|Ty(A)=1;
=(1-A(x)+A(z)) A 1.
Hence Ty, = Tu;, = Ty. Since Ry, (x,y) = @7, (1y,7) (), then D7, (A,7)(y) = Vyex (Alx) ©
R, (x,)) with

1 0 1—r
Rp,=101 0
00 1

(2)Let X ={a,b,c,d},Y ={x,y,z} beasetand f : X — Y be a map as follows:

x,f(c) =yfd) =z

=
Q
N—r
I
=
S
N—r
I

Since f is surjective and f~1(By)(x) = f~!(By)(x) for x € X, then B; = B,. By Theorem 3.1,

we obtain a map Ty : [0,1]% — [0,1] as

0, if A # f~1(B).

For Ai(a) =A;(b) =0.7,A1(c) =0.8,A,(d) = 0.5, we have B|(x) =0.7,B;(y) = 0.8,B;(z) =

o) { (1=B(f(@)+BU@) AL, ifA=7"(B)

0.5 such that A} = f~!(By). Hence Tx(A;) = (1 — B (x) +B1(z)) A1=0.8.
For As(a) = 0.6,A5(b) = 0.3,A1(b) = 0.8,A;(c) = 0.5, A, # f~!(B). Hence Tx(A,) =0.

We obtain an upper approximation operator ®7, (—,r) : LX — LX as follows:

@1y (La,r)(d) = N/ (B)(@) | f7(B) = 1o, Ty(B) 2 r*}.
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Since B(f(a)) = B(x) =1 and Ty(B) =1 —1+B(f(d)) > 1 —r, then B(f(d)) > 1 —r. We
have ®7, (14,7)(d) = 1 —r. Similarly, @7, (15,7)(d) =1—r,

q)Tx(lavr)(a) = q)Tx(lavr)(b) = 1=q)TX(1aar)(C) =0,

D1y (1p,7)(a) = P (1p,7) () = 1, Pry (15,7)(c) =0,
Py (Le,r)(a) = Py (1c,7) (D) = P (1e, r)(d) = 0,Pry (1e,7)(c) = 1,
@7 (1a,7)(@) = N {F( “1(B) > 14, Ty(B) > r'}.
Since B(f(d)) =B(z) = 1 and Ty (B) = 1 > 1 —r, then @7, (14, 7)(a) = 0. Similarly, @7 (14, 7)(b) =
0,
P, (14,r)(c) =0,Pr (14,7)(d) = 1.

Since R7, (a,b) = @1y (14,7)(b), then @7y (A, 7) (D) = V,ex (A(x) © R, (x,b)) with

110 1—r
1 10 1—r
001 O
000 1

ro__
Ry, =

For A = \/,cx(A(a) ® T,), we have

D7y (A,7)(b) = \/ (A(a) © P, (Ta,7)()),

acX
(I)Tx(Aar) = (A(a) VA(b),A(a) VA(D),
A(c),A(d) v (A(a) —r) V (A(b) —1)).
If A(a) = A(b) and A(a) —r < A(d), then &7, (A, r) = A. Thus

Tip (A) = V{r' € L| @p(A,r) =4}
=(1—-A(a) +Ad)) N1 =Tx(A).
Moreover, we obtain
TY(A) = Aex (@1 (4,1)(x) = A(x))
— (A(b) = A(@) A (Ala) > A(b))
A(((A@) =) = A@) A (AB) — ) — Ad))).

\_/A
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For B(x) = 0.9,B(y) = 0.3,B(z) = 0.2, f'(B)(a) = f ' (B)(b) =0.9, ! (c) =0.3, /1 (d) =
0.2. Then

TY>(B) =(l1+r—B(x)+B(z))v0=0.8
T (f'(B)) = (f"'(B)(a) —0.5) = f~'(B)(d))
A((f1(B)(b) — Hf '(B)(d)) =0.8.
If T4 (A) = 1, then A(a) = A(b), A(a) —r < A(d). So, 1 —r < 1 —A(a) +A(d). Thus,

Tr(A) =V{1-reL|T(A)=1}
=(1—A(a)+A(d))N1.
Hence Tr, = THTX =Ty.

(3)Let X ={a,b,c,d},Y ={x,y,z} be aset and g : X — Y be a map as follows:

For each B € LY with B(z) = 1 and A = g~ !(B), we have Tx(A) = 1. Thus, we obtain a map
Ty : [0,1]X — [0,1] as
1, ifA=g"'(B),

TX(A){
0, ifA#g (B

)
)-
For Aj(a) = A1(b) = 0.3,A1(c) = Ai(d) = 0.5, we have Bi(x) = 0.3,B1(y) = 0.5,B1(z) = 1
such that A; = g~!(B;). Hence Tx(A;) = (1 —B1(x) +B(z)) Al = 1.

For As(a) = A(b) = 0.3,A1(b) = 0.8,A(c) = 0.5, A, # g~ (B). Hence Tx(A;) = 0.

We obtain an upper approximation operator ®7, (—,r) : LX — LX as follows:

@, (1a,7)(d) = N\{g'( “1(B)>1,, Ty(B) > r}.

Since B(f(a)) = B(x) =1 for B(z) =1 and Ty(B) = (1 =1+ B(f(d))+1) A1 =1, then
@7, (14,7)(d) = 0. Similarly, @7, (1, r)(d) =0,

q)Tx(lmr)(a) = ¢Tx(la7r)<b) = 1aq)TX(1aar><c) =0,
q)Tx(lbvr)(a) = q)Tx(lb?r)(b) = 17¢Tx(1bar)(c) =0,
Pry (1e,r)(a) = Pry (1e,r)(b) = 0,Pry (1¢,r)(c) = Pry (e, r)(d) = 1,

q)TX ld }” /\{g (B) Z ld, Ty(B) 2 r}.
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Since B(f(d)) =B(z) =1and Ty(B) =1 > 1 —r, then @7, (14,7)(a) =0. Similarly, @7, (14,7)(b) =
0,

D7, (14,7)(c) = 0,®7, (1g,7)(d) = 1.

Since Ry, (a,b) = ®ry (14,7) (b), then ®r, (A, r)(b) = Vx (A(x) O R (x,b)) with

1100
1100
0011
0011

roo__
Ry, =

For A =\/,ex(A(a) © T}), we have
CI)TX(A,F)(b) = \/ (A<a) @CI)TX(TG,}’)([?)),
P, (A,r) = (A(a) VA(D),A(a) VA(D),A(c) VA(d),A(c) VA(d)).

If A(a) = A(b) and A(c) = A(d), then A = g~ !(B) and ®7, (A,r) = A. Thus

THTX(A) :\/{r* €L | QDTX(A,I’) :A}
— 1 =Tx(A).

Moreover, we obtain

Tx(A) = Avex(Pry (A, r)(x) = A(x))
= (Aa) = A(b)) A (A(b) — Ala))
A(A(c) = A(d)) A (A(d) — A(c)).
For B(x) =0.9,B(y) =0.3,B(z) =0.2, g '(B)(a) =g '(B)(b) =0.9,¢ ' (c) =g '(d) =0.3.
Then
T9°(B) = (14+r—B(x)+B(z))V0=0.8
T3 (g~ (B))
If T (A) = 1, then A(a) = A(b), A(c) = A(d). Thus,

1.

Tr(A)=\/{l-reL|T{(A)=1}=1.

Hence Tr, = THTX =Ty.
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(4) By (1), we obtain a map T : [0,1]Y — [0,1] as
Ty(A) = (1-A"(x) +A™(2)) A1 = (1 —A(z) +A(x)) A 1.
We obtain an upper approximation operator ®r: (—,r) : LX — LX as follows:
@7 (1,,7)(z) = \{B(z) e LX | B> 1., T} (B) > r'}.
Since B(x) = 1 and Ty (B) = (1 —B(z) + 1) A1 = 1, then @7 (1,,7)(2) =0,

@7 (15,r)(y) = A{B(y) e L* | B> 1, Ty(B) > r'} =0,

D (1y,r)(y) = N{BO) € LX | B> 1, Ty(B) > r} = 1,
@7 (1;,r)(x) = N{B(x) e LX | B> 1, Ty(B) > r'}.

Since B(z) = 1 and Ty (B) = 1 — 1 + B(x) > 1 —r, then B(x) > 1 —r. We have & (1,,7)(x) =

1—r

For A = \/,cx(A(x) ® Ty), we have

Py (4,1) () = \/ (A(x) © @y (T, 1) (v),
xeX

1 (A,r) = (Alx) V (A(z) — r),A(y),A(2))-

If A(z) —r < A(x), then @7+ (A,r) = A. Thus

THT;‘ (A) = \/{I’* eL | CI)T;(A,I’) :A}
= (1-A(z) +A(x)) A1 =Ty (A).

Moreover, we obtain
Ty (A) = Viex(Prz(A,7)(x)
= (A(x) V(A(z) = 1))

N
) —
=(1+r—A(z) +A(x)) AL
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For B(x) = 0.9,B(y) = 0.3,B(z) = 0.2, T;*(B) = (1+0.5—B(z) + B(x)) VO = 1.

Tr(A) =V{1-reL|T7(4)=1)
=(1-A(z) +A(x)) AL
Hence Tr; = THTY* =Ty. Since R’T; (x,y) = @1z (1x,7) (), then D1 (A, 7)(y) = Viex (A(x) ©
RrT; (x,y)) with

1 00
= 0 10
I1-r 0 1

(5) LetX ={a,b,c,d},Y ={x,y,z} be asetand f : X — Y be a map as follows:
fla) = f(b) =x,f(c) =y f(d) =z
We obtain a map T% : [0,1]% — [0, 1] as

o) { (=B +BA@DNL if4=1(B)
0, ifA# f~(B).

For Ai(a) =A;(b) =0.3,A1(c) =0.8,A1(d) = 0.4, we have B|(x) =0.3,B1(y) =0.8,B1(z) =
0.4 such that A; = f~1(By). Hence T}(A;) = (1—By(z) + B1(x)) A1 =0.9. For Ay(a) =
0.6,A(b) = 0.3,A5(b) = 0.8,A5(c) = 0.4, Ay # f~1(B). Hence T} (A,) = 0. Since f is surjec-
tive and f~!(By) = f!(By), then B; = B,. Hence T} (f~'(B)) = T} (B).

We obtain an upper approximation operator ®r (—,r) : LX — LX as follows:
@ (1a.7)(a) = A{F'( ~'(B) = 14, Ty (B) 2 r'}.

Since B(f(d)) =B(z) =1 and Ty(B) =1 —1+B(f(a)) > 1 —r, then B(f(a)) > 1 —r. We have
@7y (14,7)(a) = 1 —r. Similarly, @y (14,7)(b) = 1 —r, @7z (14,7)(c) =0, Prz (14,7)(d) = 1,

@ (14,7) (@) = D72 (10, 7)(b) = 1, @7 (10, 7) () = Br (10,7) (d) =0,
D7 (1p,7)(a) = Pry (1, 1) (b) = 1,Pr (15, 7)(c) = Py (15, 7)(d) = 0,

@7, (1,7)(a) = Prz (1e,7) (b) = Pr (1, r)(d) = 0, @7 (e, r) (c) = 1.
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Since RrT; (a,b) = ®r;(14,7)(b), then Pry (A,7)(D) = Vyex (A(x) @RrT; (x,b)) with

1 I 00
. 11 00
0 0 10

1—r 1—7r 0 1

For A =\/,cx(A(a) ® T,), we have

D (A,r)(b) = \/ (A(a) © Py (T, r)(b)),
Pry(A,r) = (A(a) VA(D) V (A(d) —r),
A(a) VAB)V (A(d) — 1), A(c),A(d)).

If A(a) =A(b) and A(d) — r < A(a), then Pr¢(A,r) = A. Thus

THT;(A) = \/{’”* €L | CI)T;(A,I") :A}
=(1-A(d)+A(a)) N1 =Tx(A).

Moreover, we obtain
T7:(A) = Avex(Prz(4,7)(x) = A(x))

(Afa) = A(D)
A((A@) =) = A@) A (Ad) =) = AB))).

T/ (A7) = (A(b) = A*(@)) A (A"(a) = A% (b))
A(((A"(d) = ) = A7(@) A ((A7(d) = r) = A%(b)) )
= (A(b) = A(a)) A (A(a) — A(b))

By Theorem 3.1 (11), T7, (A) = T’Tg (A*) forall A € LX and r € Liff &7, (T,,7)(b) = D (Tp,r)(a)
forall x,y € Y iff Ry, (a,b) = Ry, (b,a) forall a,b € X. For B(x) = 0.8,B(y) = 0.6,B(z) = 0.3,



ALEXANDER FUZZY TOPOLOGIES INDUCED BY MAPS 519
FYB)(a)=fY(B)(b) =0.8,f'(B)(c) = 0.6, ' (B)(d) = 0.3. Then
l4+r—B*(z)+B*(x))v0=0.9

1+r—B(x)+B(z)) V0 =T}*B)

((f~1(B)*(d) —0.4) = f~1(B)*(a))

(
(
( )
AN (B)*(d)—0.4) — f71(B)*(
(
(
)

(f~'(B)(a) —0.4) = f~(B)(d)
N(H(B)(b) —04) — f1(B)(d)) =T3 (' (B).
IfT’T;(A)—l then A(a) =A(b), A(d) —r <A(a). So, 1 —r < 1—A(d)+A(a). Thus,

T(4) =V{l—reLl|Ty,)=1)
=(1-A(d)+A(a)) N1.
Hence Try = THTX* =Ty.
(6) Let X ={a,b,c,d},Y ={x,y,z} be asetand g: X — Y be a map as follows:

g(a) =g(b) =x,8(c) = g(d) = .

We obtain a map T% : [0,1]X — [0,1] as

T;;<A>—{ b= ®)
0, ifA#g ' (B).
(

For Aj(a) = A;(b) = 0.3,A1(c) = A;(d) = 0.5, we have B;(x) = 0.3,B1(y) = 0.5,B1(z) =0
such that A| = g~ !(B;). Hence T} (A1) = (1 —B;(z) + B1(x)) A1 = 1. For Ay(a) = Ay(b) =
O.3,A1(b):O8A1( )=0.5,A # g~ '(B). Hence T (A2) =0. Since RY., (a,0) =@y (1a,7) (b) =
D1y (1a,7)(b) = Ry (a,b), then D (A, 1) (b) = Viex (A(x) ORT (x, b)) = Vyex (A(x) OR7, (x, b)) =
@7, (A, r)(b) with

1100
R R 1100
o 0011

0011

For A =\/,cx(A(a) ® T,), we have

D7 (4,7)(0) = \/ (A(a) © @y (Ta,r) (D)),

acX
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CIDT;(A,r) = (A(a) VA(b),A(a) VA(D),
A(c)VA(d),A(c) VA(d)) = Dr, (A, r).
If A(a) =A(b) and A(c) = A(d), then Pz (A, r) = A. Thus
Tug, (4) =V{r € L|®rg(A,r) =4}
=1=Tx(A") =Ty (A).
Moreover, we obtain
TY(A) = Aeex(Prz(4,r)(x) = A(x))
= (A(b) = A(a)) N (A(b) = Aa))
NA(c) = A(d)) A (A(d) — A(c)).
Moreover, Ty =T . For B(x) = 0.8,B(y) =0.6,B(z) =0.3, g ' (B)(a) =g~ (B)(b) = 0.8, (c) =
0.6 = g~ !(d). Then
T94(B) =(1+r—B(x)+B(z))V0=0.9
Ty (¢~ (B))

If T% (A) = 1, then A(a) = A(b), A(c) = A(d). Thus,

1.

T (A)=\/{l-reL|T(A)=1}=1.

_ _ *
Hence TT; = THT; = Ty.
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