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1. Introduction and Preliminary Results

Initially a complex Hilbert space H is given. The Banach algebra of all bounded
linear operators on H is denoted by B(H). Sp(A) means the spectrum of the operator
A € B(H). Let S(I) be the class of all self-adjoint bounded operators on H whose spectra
are contained in an interval I C R. A function f : Df(C R) — R is operator monotone
on the interval I, if f is continuous on I and f(A) < f(B) for all A, B € S(I) satisfying
A < B (i.e A— B is a positive operator). The function f is operator convex on I, if f is

continuous on I and
f(sA+tB) < sf(A)+tf(B)

for all A, B € S(I) and for all positive numbers s and ¢. The function f is called operator
concave on [ if —f is operator convex on I.
If f is an operator convex function on the interval I, T; € S(I), and w; >0 (i = 1,...,n)

such that Y , w; = 1, then the discrete Jensen’s inequality is given by

(1) f (Z wm) < Zw@-f(T@-)-

If f is an operator concave function on [ ;| then inequality in (1) is reversed.

Some interpolations of (1) are given in [7]. The power means for strictly positive
operators with positive weights are also defined in [7] and their monotonicity is discussed.
In [5], the class S(I) is considered to give some refinements of the discrete Jensen'’s
inequality, and the monotonicity property of the corresponding mixed symmetric means
is studied. The interpolations given in [7] are special cases of some results in [5].

We start with a result from [5]. To formulate this result we need some notations and
some hypotheses which will also give the basic context of our main results.

The power set of a set X is denoted by P(X). |X| means the number of elements in
X.

The usual symbol N is used for the set of natural numbers (including 0), while N
means N\ {0}.

(Hy) Let I C R be an interval, and let T; € S(I) (1 <i < mn).
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(Hs) Let wy, ..., w, be positive numbers such that ij =1.
j=1
(H3) Let the function f : I — R be operator convex.

(Hy) Let h, g : I — R be continuous and strictly operator monotone functions.
We do not apply Theorem 1.1 in this paper, and therefore on the score of the exact

meaning of the following expresions Ay, (k> 1> 1) see [5] or [6]. Let

k
i W; -1 alklvsis s
S S O o ) =t
(inin)el \s=1 CTrols wi,
aryis
s=1
and foreach k —1>1>1 let
l
1 ! W; aI}:»SiS ts
Ap) = —v— troa (igy ... 1 — =L
v Xt (T ) |
(i1,...,81)ET s=1 ’ Wig
Qryis
s=1
Now we are in a position to formulate one of the main results in [5]:
Theorem 1.1. Assume (H,)-(Hs) are satisfied. Then
(2) f (Zerr> SApp S App1 < S Ao <A = Zwrf<Tr)~
r=1 r=1

In this paper, we first use the method of Horvéth adopted in [3] to construct a new
refinement of Jensen’s inequality for operator convex functions. In this way we are able
to generalize the refinement results given in [5] as well as the results of Mond and Pecari¢
in [7].

Secondly, we introduce a parameter dependent refinement of (1) by using the method
given in [4]. With the help of this new refinement, we construct the parameter dependent
mixed symmetric means for a subclass of S(/) and also give the monotonicity property

of these operator means.
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2. Generalizations

To give the generalization of Theorem 1.1, we start with the following notations intro-
duced in [3]:

Let X be a set. For every nonnegative integer m, define
P.(X)={Y CX||Y|=m}.

We introduce two further hypotheses:

(Hs) Let Sy,..., S, be finite, pairwise disjoint and nonempty sets, let

and let ¢ be a function from S into R such that

c(s) >0, se€S, and Zc(s)zl, j=1,...,n.

SES]'
Let the function 7: S — {1,...,n} be defined by

T(s):=yj, if se€Sj.

(Hg) Suppose A C P(S) is a partition of S into pairwise disjoint and nonempty sets.
Let

k:=max{|A| | A€ A},

and let
A ={AcA||Al =1}, 1=1,... k.

k

(We note that A; (I =1,...,k— 1) may be the empty set, and of course, |S| = > 1]A4].)
1=1

Now, we give a refinement of (1). The empty sum of numbers or vectors is taken to be

Zero.

Theorem 2.1. If (H,)-(Hs) and (Hs)-(Hg) are satisfied, then

f (ngjj]) SN SN <...< Ny <Ny = ijf(Tj),
j=1 =1
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where
SEA

> c(s)we(s) ’

seEA

" > c(s)wr(s)Tr(s)
Ny, = Z Z (Z c(s)wT(s)) f

=1 AeA; s€EA

and for every 1 < m < k — 1 the operator Ny_,, is given by

v B (g (Brmarma))+ X (7
Z C(S)UJT(S)T.,-(S)
)s

seB

> c(8)wes)

seB

D> (z (s

A€A; \ BEP,_,,(A) seB
Proof. The proof is entirely similar to the proof of Theorem 1 in [3], so we omit it.. [

The first application of Theorem 2.1 leads to a generalization of Theorem 1.1.

Theorem 2.2. Assume that (Hy)-(H3) are satisfied, let k > 1 be a fized integer, and let

I, c{1,...,n}* Forj=1,...,n we consider the sets
Sy = A{(Cn, - yig) ) | (i) € Ly, 1<TI<k, 4 =j}.

Let ¢ be a positive function on S := |J S; such that

Then
(3) f(ngTg) SN < Np1 <. <Ny <Ny = Zw]f(T]),
j=1 J=1
where
Ny
k .
k ZC((Z17 7Zk)7l> wllﬂl
- 5 (et | |
(i1,-yik) €Ik =1 doe((iny ... yig), L) wy,

(il ..... ’Lk)elk 1<h <..<lp—m <k
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k—m
k—m C((il,...,ik),lj) wileilj
( C((il,...,ik),lj)wilj> f l:kfm
J=1 C((il,...,’ik),lj)wilj
=1 :

An immediate consequence of the previous result is Theorem 1.1: choosing

1 1

1S

C((il,...,ik),l) if ((il,...,ik),l>65j

it can be checked easily that the inequality (3) corresponds to the inequality (2).
Theorem 1.1 has some interesting special cases (see [5]). Theorem 2.2 generalizes these

results: apply it to either
I = {(z’l,...,ik)e{l,...,n}k]i1<...<ik}, 1<k<n,

or
[k::{(z'l,...,ik)6{1,...,n}k]ilg...gik}, 1< k.

Now we apply Theorem 2.1 to some special situations which correspond to some results

about operator convexity.The next examples based on examples in [3].

Example 2.3. Let n, m, r be fixed integers, wheren >3, m>2 and 1 <r <n—2. In
this example, for every i =1,2,... ,n and for everyl = 0,1,...,r the integer ¢ + 1 will be

identified with the uniquely determined integer j from {1,... ,n} for which
(4) l+i=j (modn).
Introducing the notation
D:={1,...,n} x{0,...,r},
let for every j € {1,...,n}
S={)eDi+1=j (moam}J{},
and let A C P(S) (S := le S;) contain the following sets:
j=

A ={G,l)eD|l=0,....,r}, i=1,...,n
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and

A:={1,....,n}.

Let ¢ be a positive function on S such that

Y ooclih)+e()=1, j=1,....n

(i,l)ESj
A careful verification shows that the sets Sy, ..., Sy, the partition A and the function c
defined above satisfy the conditions (Hs) and (Hg),
T(i,l)=i+1, (i,l)€eD

(by the agreement (see (4)), i + 1 is identified with j)

|Sj|:T+2, jzl,...,n
and
|Ail =r+1, i=1,...,n, |A]l=n.

Now we suppose (Hy)-(Hs) are satisfied. Then by Theorem 2.1

T

i ; . doe(i, ) winTing
f (Z ijj> <Ny =) <ZC (¢,1) wz’+l) F| =%
=1

i=1 1=0 S>> e (i, ) wigy
1=0
n Z_:lc<])wj7-‘] n
(5) + (Z C(j)wj> FlE5———| 2D wiA1)
j=1 > e(j)w; j=1
j=1
In case
1
w] = Ea J = ]-7 y 1,
1 m—1
) = —— 1 D, ) = —— =1

it follows from (5) that

1 1 < Ti+ T+ ...+ Ty
—Z — > f
n o mn, r+1
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1, (1¢ 1
— (5 Zf@) <D D)
j=1 j=1
Example 2.4. Let n and k be fixed positive integers. Let
D :={(iy,...,ip) €{l,...;k}" |i1n+...+in=n+k—1},
and for each j =1,...,n, denote S; the set

For every (iy,...,i,) € D designate by Ag, .. ;. the set

77777

It is obvious that S; (j = 1,...,n) and Ag,.. ., ((i1,...,in) € D) are decompositions of
S = U S; into pairwise disjoint and nonempty sets, respectively. Let ¢ be a function on

Ssuch that
(i1, y00),7) >0, ((t1,...,1n),7) €S

and
(6) > (i, i) ) =1, j=1,...,n.
In summary we have that the conditions (Hs) and (Hg) are valid, and

7 ((i1, - yin) g) =7, ((ir,...,in).j) €S.

Suppose (H,)-(Hs) are satisfied. Then by Theorem 2.1

(ij )s = Y ((ic((il,...,in),l)wl>

(21 yeeesin)ED =1

S e (it yin) ) wiT) .
(7) 15 <
doe((iny-oyin), D) wy j=1

=1

If we set
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and
c((iy ... yin),J) = Tli—l’
(")
then (6) holds, since by some combinatorial considerations

n+k—2
o= ("1E07),
n

Z "_n—i—k—l n+k—2 B n+k—1 4
Z]_—n "1 = k1 , j=1,...,n.

(’il,...,in)ED

and

In this situation (7) can therefore be expressed as

n

1 — 1 1 1
f<;ZT>Sﬁ > f<mzizﬂ>§5;f@>-

k=1 ) (i1,....in)ED =1
Let us close this section by deriving a sharpened version of the arithmetic mean -

geometric mean inequality.

Example 2.5. Let n > 2 be a fized positive integer, let
S;={G,5)e{l,....n}" |i=1,....5}, j=1,....n,

and let

Ai::{(i,j)e{l,...,n}Q|j:i,...,n}, i=1,...,n.

If Ty, ..., T, are strictly positive operators, then it follows from Theorem 2.1 that

_IH(T1+.7;L.+T,L)§2”: —(%i%>ln =k

i=1 j=i
Jj=i
< (M) +...+In(7})
— n Y
and therefore
AR
=i 7 T +...+T,
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3. Parameter Dependent Refinement

In this part of the paper we use the following hypothesis:
(H;) Consider a real number A such that A > 1.

Now we give a parameter dependent refinement of the discrete Jensen’s inequality (1).

Theorem 3.1. Suppose (H,)-(Hs) and (H;). For k € N, we introduce the sets

Sk:{(ll,,ln)ENn|ZZ]:k’}, k’GN,
j=1
and define the operators

Ck()\) = Ck(Tl,...,Tn;wl,...,wn;)\)

n

1 k! S 2 A
(8) 1:—_1)k Z .‘—,!<;>\ij>f B —

7=1
n
. - 11:...7p
(41yeeeyin ) ESk Z szJ

(Zw] >_ A <G <. <G <. 2> wif(Ty), keN
(b) For every fized A > 1

hm Cr(A Z w; f(T;

It follows from the definition of Sy that S, C {0,...,k}" (k € N), and it is obvious

j=1

The proof of Theorem 3.1 is essentially the same as the proofs of the similar results in

that

[4], so it is omitted. But to prove the second part of the theorem we need the following

two results. First, we generalize Lemma 15 in [4].
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Lemma 3.2. Let (X, ||||) be a normed space. Let p,...,p, be a discrete distribution
with n > 2, and let A\ > 1. Letl € {1,...,n} be fixed. e; denotes the vector in R™ that
has 0s in all coordinate positions except the lth, where it has a 1. Let q1,...,q, be also a

discrete distribution such that ¢; >0 (1 < j <n) and

@ > max (qu, - -1, Q415 -+ > Gn) -
If

g:{(tl,..., W) ER" ;>0 (1< 5 <n), Z }

s a bounded function for which

7, :=limg
el
exists, and p; > 0, then
k! ’ , Aiip, Ainp
3 1 in n —
khﬁrrolo g —~ i'ql...qng — e =T.

A .
(il,...,in)GSk 1 n ZA’LJP‘] Z)\Z]pj
=1 =1

Proof. We have to modify just the final part of the proof of Lemma 15 in [4]. We can
suppose that [ = 1.

Choose 0 < € < 1. Since the distribution function F,,_; of the Chi-square distribution
(x*-distribution) with n — 1 degrees of freedom is continuous, and strictly increasing on

10, 0o, there exists a unique t. > 0 such that
Fn—l(ta) =1-—c¢.
Define

(% )2
S]i = (ilka .. 'lnk €S | Zk i <tep,

let S7 := S;, \ S} (k € Ny), and consider the sequences

b= D : -

yp— ZTL
ay, = —' ,CI1 gl 5 |

(14 -sink) €S} E Niikp; E Nikp;
j=1 j=1
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and
2, n
(i1kse-vink ) ESE " Z/\ijkpj Z)\ijkpj
j=1 J=1
where k € N, .

By using the first part of the proof of Lemma 15 in [4], we have that
(i)
k! A ,
Z " gt =1 —e+0.(k), keN,

— %
) - Zlk! e an!
(i1kse-vink ) €Sy

where klim d:(k) =0 (let k. € N such that 0.(k) < e for all k > k.),
—00

(ii) for every £; > 0 we can find an integer k., > k. such that for all £ > k.,

Ailkpl )\Mkpn
S, Y
j=1 Jj=1

Since g bounded on its domain (||g — 71| < m), it follows from (i) and (ii) that

. . 1
— 7| <er, (k- sink) €S

k! i . Aitp, Ainp,
Z |—Z'q1 Ce q’n qg . — T

1! zn:)\ijpj Xn:)\ijpj
j=1 j=1

(i1,...,in)ESk

k! : - Aipy A p
< Z ﬁqlll--'qzn g n R B - -N
(i1,in)est 1T Z)\ijpj Z)\ijpj
j=1 =1
k! ; , Aiipy Aimp
(i1,in)es? 0 Z)\ijpj Z)\z’jpj
=1 =1

<e(l—e+06(k)+m(e—0.(k)), k>k,,

and this gives the result.

The second lemma corresponds to the symbolic calculus for self-adjoint operators.

667
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Lemma 3.3. Assume (Hy) and let f: I — R be continuous. Let the function

j=1
defined by
g(ty, ... ty) = f (thTj) .
j=1
Then
limg = f(T}), 1<i<n
e
Proof. Let

o= 1r§nji£n (min Sp(7;)) and fj:= gja;; (max Sp(1})) .

where Sp(T') denotes the spectrum of 7. Then
Sp (Z%‘TJ) Cla,f]CI
j=1

for all t; >0 (1< j <n)with » t;=1.
=1
It is enough to prove that f is continuous on S([a, f]).

To prove this let € > 0 be fixed, and let (4,)
A, = A e S([a,d]).

nen be a sequence in S([a, 4]) such that

Since f is continuous on [, 3], the Stone-Weierstrass theorem implies the existence of
a sequence of real polynomial functions (fy),cy Which converges uniformly on [, f] to f.

It follows that there exists kg € N such that

F(®) = FO)] < 5. te o).

The fundamental result for continuous functional calculus (see for example [2]) yields that

(9) 1 (An) = Fro (Al = [I(f = fro) (An)l| = Sup )lf(t) = fro(t)]
< sup |f(t) = fio()] <3, neEN,
tela,f] 3
where ||-|| means the norm on H. Similarly, we have
(10) 104 = FA)] < 5.

3
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Since A,, — A, we obtain A’ — A’ for every i € N, and therefore there is ng € N such

that

(1) I Fra(An) = Fro A <

for all n > ny.

Now the inequalities (9-11) give that
1/ (An) = S < 1S (An) = o (An) L+ 1o (An) = fro (A

+fe(A) = f(A)] <&
for all n > ng, and hence f(A4,) — f(A).
The proof is complete. O
Suppose (H;)-(Hs) and (H7). We consider three special cases of (8).

(a) k=1,ne N, :

. STy + (A= D wiT,
_—Z(1+()\—1)wi)f =1

k . .
o 1 k i k—i )\Z’LUlTl + /\k—zw2T2
Cr(A) = Z (Z) (Nwy + N wy) f ( S U ) .

1 k! - 2 A
CL(\) = () | S
1(A) n(n+Ah— 1>k (hw%esk ).y, (; ) SO N
j=1

Next, we define some further operator means and study their monotonicity and con-

vergernce.

Definition 3.4. We assume that (Hy), (Hz) and (Hy) are satisfied and X > 1. Then we

define the operator means with respect to (8) by

1 k! UL
12 Myg(k N i=h 7 [ ———— 5 (S,

7777 ’Ln)GSk .]:1
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; ANw;g(T))

(hog [ Zo— ||, ke
> A,
=1

We now give the monotonicity of the means (12) by the virtue of Theorem 3.1.

Proposition 3.5. For A > 1, we assume (Hy), (Hy) and (Hy). Then
(a)
My =M 0,0 <...< My, (kN <...<M,, keN,

1

if either h o g~1 is operator convex and h™! is operator monotone or h o g~1 is operator

concave and —h~! is operator monotone.
(b)
MgZMh’g(O,A)Z...ZMh’g(k?,/\)Z...ZMh, keN,

1

if either ho g~! is operator convex and —h~! is operator monotone or ho g=! is operator

concave and h™' is operator monotone.
(c¢) In both cases
lim My, ,(k, ) = M,,.
k—o00

Proof. The idea of the proof is the same as given in [5]. O

As a special case we consider the following example.

Example 3.6. If I :=|0,00][, h :=In and g(z) := z (z €]0,0]), then by Proposition 3.5
(b), we have the following inequality: for every T; >0 (1 <j<n), A>1, and k € N

n 7]’6 1 T Z A Jw]
i (n+A—1) 11“..1»,1 =
1/ =
n > Aw;T .
W j=1
HTJ = H “n < E :ijﬁ
i=1 (itysin)€S, | D0 NGw; —
Jj=1

which gives a sharpened version of the arithmetic mean - geometric mean inequality

71 !...zn‘ Z A J
" i AZJTj n(n+A 1)k 1 =1 1
% j=1
[z < 1 | ﬁz
j=1 (i1,0in) €Sk \ D Al

J=1
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Supported by the power means we can introduce mixed symmetric operator means

corresponding to (8):

Definition 3.7. Assume (Hy) with I :=]0,00[ and (Hy). We define the mized symmetric

means with respect to (8) by

M, (k,\)
1 k! "
ooy Tt ()
(n + )\ — 1) (ini)ESs 110 .. Tyt s
A, N,

S .
M T, T s
> A, D Abw;
=1 j=1

if s, 7€ R and s # 0.

The monotonicity and the convergence of the previous means is studied in the next

result.

Proposition 3.8. Assume (Hy) with I :=]0,00[ and (Hz). Then
(a)

(13) My < ... < Mg, (k) <...< M, (0,\) = M,,

iof either
(i))1<s<ror
(i) —r < s < —1 or
(iii) s < =1, r > s> 2r;
while the reverse inequalities hold in (13) if either
(w) r<s<—1or
(v)1<s<—ror
(vi) s >1,r<s<2r.
(b) All of these cases
lim M, (k,\) = M;

k—00

for each fized A > 1.
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Proof. We apply Proposition 3.5 (b). O
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