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COMPARING THE MULTISTAGE AND PADE TECHNIQUES FOR
ITERATIVE METHODS IN SOLVING NONLINEAR FOOD CHAIN
MODEL

H.M. NOUR, A. ELSAID* AND A. ELSONBATY

Mathematics & Engineering Physics Department, Faculty of Engineering, Mansoura University, Egypt

Abstract. In this article, we illustrate the advantages of using multistage technique to improve
the solution obtained via iterative methods for series solution of differential equations. This is
accomplished by comparing between the Padé and the multistage techniques when used with the
Adomian decomposition method and the differential transformation method. The case study is
a system of nonlinear differential equations that describes three species food chain model with
Beddington DeAngelis functional response. Numerical simulations illustrate that the multistage
technique presents good results in the different cases of the solution of the considered system

whereas the Padé technique fails when dealing with the case of periodic solution.
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1. Introduction

Several iterative methods were proposed to solve functional equations, mainly differen-

tial equations, in the form of infinite series solution. Yet, a common drawback in these
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methods is the lack of global convergence as the results obtained are accurate only for
a small period of time. Two approaches are used to overcome this drawback. The first
one is to compute a very large number of the series terms but this leads to computational
complexities. The second approach is to use some techniques to improve the obtained
solution.

Two of the well known iterative methods are the Adomian decomposition method
(ADM) [1] and the differential transformation method (DTM) [2]. To solve differen-
tial equations with ADM, an inverse integral operator is applied to a recurrence relation
to obtain the terms of the series solution. Whereas the DTM computes the components
of the Taylor series solution with the advantage that it can be computerized to greatly
reduce the size of computational work.

The Padé approximation is one of the techniques that can be utilized to overcome
the lack of global convergence in the iterative methods. Though the ADM-Padé (ADM-
P) technique show good results [3], we demonstrate that it fails with periodic solutions
whereas the multistage ADM (MADM) [4] and the multistage DTM (MDTM) [5] give
good results in all the cases of the solution of the considered system.

The case study of this work is the mathematical model of a predator-prey system for
three species food chain model. This type of models is usually characterized by the
functional response which is the function that describes the number of preys consumed
per predator per unit time for given quantities of prey and predator. The functional
response proposed in this article is of the Beddington DeAngelis type as it is considered
to be more general than the other types [6] and [7]. This model is a generalization for the
host—parasitoid—hyperparasitoid model studied in [8].

This paper is structured as follows; In Section 2, the mathematical model of the food
chain we use as a case study is introduced. Section 3 presents the basics of the ADM,
the DTM, the Padé approximation, and the multistage technique. Section 4 contains the

numerical simulations and results. Section 5 contains the conclusion of this work.

2. Mathematical model
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In this paper, we study the nonlinear three species food chain model with the Bedding-

ton DeAngelis functional response of the following form

dz

dt
dy — S2x _ S$32

dt y[_az — boy + c1+z+diy 62+y+d22]’ ’

dz _ [ . _ 54Y
dt Z[ as b3z + cg+y+d2z]’

= — 51y
- x[a’l bz C1+$+d1y]’

(2.1)

where x, y, and z represent the population density of the prey, the predator, and the top-
predator at time ¢, respectively. Parameters a;, b;, s;, ¢;, and d; are positive constants.
The state space of system (2.1) is given by R? = {(z,y,2) € B> :2 >0,y >0, z > 0}.

This model can be considered a general form of many food chain models (see [6] and
references within). Model (2.1) has at most four non-negative equilibrium points which
are:

Ey = (0,0,0), By = (3+,0,0), By = (,9,0), and the positive equilibrium point F3 =
(x*,y*, 2%), see [6] and [7].

3. Methods of solution

3.1 Adomian decomposition method

Consider the standard operator

Lu+ Ru+ Nu =g, (3.1)

where v is the unknown function, L is the highest order derivative which is assumed to
be easily invertible, R is a linear differential operator of order less than the order of L,
Nu represents the nonlinear terms, and g is the source term. By applying the inverse

operator L™! to both sides of equation (3.1) we obtain
u=v— L YRu) — L' (Nu), (3.2)

where the function v represents the terms arising from integrating the source term g and

from using the auxiliary conditions. The standard Adomian method defines the solution
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u by the series

0= . (33)
n=0

and the nonlinear term by the series
Nu=) A, (3.4)
n=0

where A,, are the Adomian polynomials determined formally from the relation[1]

A, = [d)\” Z)\Uz ] ,n=0,1,... (3.5)

A=0
The solution components ug, ui, us, ..., are then determined recursively by using the
relation
=t (3.6)
Upp1 = —L'Ruy — L7YA;, k>0
where ug is referred to as the zeroth component.
By replacing each nonlinear term in system (2.1) by its corresponding Adomian poly-

nomials and applying the inverse operator, which is an integral operator from ¢y to ¢, a

truncated series solution is thus obtained as

N N N
EN=D Tny YN =D Yn, and zy = Y 2, (3.7)
n=0 n=0 n=0

3.2 Differential transformation method

The DTM is a semi analytical-numerical technique which uses the form of polynomials
as the approximation to the exact solution. It is an iterative procedure for obtaining
Taylor series solutions of functional equations. The differential transformation of an
analytic function w(t) is defined by

1 du(t)

]t:tm k = 1727 (38)
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The inverse differential transformation of U(k) is defined by

iU )(t — to)F, (3.9)

k=

(=]

In real applications, the function u(t) is expressed by the truncated finite series of the

form

= U(k)(t - to)". (3.10)

k=

o

Let u(t), v(t) and w(t) be three uncorrelated functions of time ¢ and U(k), V(k), and
W (k) are their corresponding differential transforms. Then the following basic properties

of the differential transformation hold ([5], [9], and references therein)

1- I u(t) = v(t) £ w(t), then U(k) = V (k) + W (k).
2. Tf u(t) = av(t), then U(k) = aV (k), where a is a constant.
3 TFu(t) = o(t)w(t), then U(E) = S V()W (k — k).

4 Tf u(t) = ", then U(k) = 6(k — Z): where 5(k —n) = {4 15m.

Also, algorithms are available for computing the differential transform of general ana-
lytic nonlinear functions and for arbitrary order differential equations[10].

In system (2.1) we have

X(0) = mo = z(to), Y(0) = 9o, Z(0) = 20,
X(].) = (L’()[al — blfL'O — ¢]

c1+xzo+diyo !’ (3_11)
Y(1> - yo[_a2 - b2y0 + cl+;(2)i:r0d1yo B C2+;(3)iod2zo]’
Z<1) = ZO[a?’ - b?’ZO - C2+2éiod2zo]‘

To write the iterative scheme of system (2.1) in a more compact form, we define the

following terms

Qxy(i)= >, X(m)Y(i—m), and (3.12)
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The following equations describe the iterative scheme of system (2.1) for £ = 1,2, ...

X(]{ + 1) = m[i (alX(n) — bngjx(n))q)l’ny(k — n)

= (3.13)
—51Qy,x (k) — 20 x(n)®1x,y (b —n)l,
o 1
Y<k: + ]') - (k+1)q>1’x’y(0)q>2,Y,Z(O)

ioz:io( CLQY( ) — bQQY7Y(Z>>¢27Y,Z(n — Z)CI)LX,y(kI — 7’L)
>

+ 22 ($2flyx (n)Poy 2 (k — 1) — 83Q7y (n)P1,x v (k — 1)) (3.14)
n=0
k—1
— Z \Ify(n)q)zy’z(k? - ’I’L)(I)LX’y(O)
n=0
k=1 n
— Z Z ‘I’y(l)@zyz(ﬂ — l)q)LX’y(k' — n),
n=01=0
1 k
Z(k’ + 1) = m[z (—agZ(n) - ngZ,Z(n))‘bzxz(k} — n)
=0 (3.15)
+S4QZ7y(/{Z) — Z qu('ﬂ)@zyz(k‘ — n)]
n=0

In the following subsections, the two improvement techniques we considered (the Padé

approximation and the multistage technique) are presented.

3.3 Padé approximation

The Padé approximants are a particular type of rational fraction approximation which
idea is to match the Taylor series expansion as far as possible [11]. The L, M Padé
approximant to U(t) = i u,t" is uniquely determined for given L and M and is denoted
by n=0

L
Wt
Pty 2P

Qut) &

[L/M] = .

(3.16)

The normalization condition @y(0) = 1 is imposed such that Qs () and Pp(t) have

no common factors [11] and [12]. The Padé approximant for the truncated sum Uy (t) =
K

> u,t™ is the same as for U(t) when K > L+ M [12].

n=0
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The diagonal approximant [M/M] is usually the most accurate Padé approximant [13].
Therefore, we construct the diagonal approximants in the following numerical simulations

such that the series in (3.7) are transformed as follows

M

M M
> dutt > fut” hpt"
Ty = n]\:;—, Yy = nA:JO , and zy = ”]\:40 : (3.17)
> eptn > gnt” > kntn
n=0 n=0 n=0

where N > M + M.

3.4 Multistage technique

The other technique used to increase the accuracy of iterative methods is to divide
the interval [tg, 7)) into m subintervals, [to,t1), [t1,t2), ..., [tm-1,T). Then the N + 1
terms partial sums z}, = % oy = % yl and z}, = % z! are obtained as the
system solution for the ﬁrsg :s(ilbinterval [toﬁf). Then, the sol?;gons T, Yy, and 2} are
used to obtain a new initial condition for the next subinterval [t1, t3) and another solution
T3, Y%, and z% for subinterval [t;,t,) is obtained. This procedure is applied over the m
successive subintervals, and the obtained solutions for each subinterval [t,_1,t,) can be

used to obtain the initial condition at ¢, for the next subinterval [t,,,+1).
4. Numerical implementation

In this section, we present the numerical results obtained when model (2.1) is solved
by ADM, DTM, MADM, MDTM, ADM-P, and 4" order Runge-Kutta method (RK4).
Three sets of values are assigned to the system parameters to illustrate three cases of the

solution stability [6] and [14].

Case ax bl a9 bg as bg S1|S2 |83 |Sa2]|C1 dl

1 1 711]04]1 1011052 |2 |2 |2 |1 |1

2 1 ]1 (041 15|05(2 |2 |2 |1 |1 |1

3 |11 |1 |01 |O |1 (10102 (O |1




MULTISTAGE AND PADE TECHNIQUES FOR SERIES SOLUTION METHODS

co | do | 2(0) | y(0) |=2(0)
114 103 0.5 0.4
114 103 0.5 0.4

0 |1 |0.7046 | 0.2941 | 0.2853

817

Case 1 represents an asymptotically stable coexistence equilibrium point of the model.

Case 2 and Case 3 correspond to a ratio-dependent food chain model with positive periodic

solution and asymptotically stable equilibrium point, respectively.

MADM and MDTM are used with NV =6 and h = 0.4; ADM-P has M = 3; RK4 step
is 0.01. We show ADM-P for [M/M], [M — 1/M], and [M/M — 1] as in some cases the

last two give better results.

Fig.1 to Fig. 3 have the legend shown in Fig. 1-a. In numbering the figures (a), (b),

and (c) represent the solution of Case 1, Case 2, and Case 3, respectively.
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Fig. 1 Prey population density using ADM-P and MADM.
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820 H.M. NOUR, A. ELSAID* AND A. ELSONBATY

predator
0.8;’ - // ! ////
l{\\’ |-
07f \ s
Ly
osc | W, ‘
1 |
05 \ \
L , / \ !
i N ) N
0.4 ‘ \\ ﬁ‘L \\\‘ O -~
\ s

Fig. 2-c.

Fig. 2 Predator population density using ADM-P and MADM.
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Fig. 3 Top-predator population density using ADM-P and MADM.

Figl, Fig2, and Fig3 show that ADM solution diverges as time increases and does
not preserve the positivity, boundedness, nor the periodic behavior of the solution. The
ADM-P has a better performance than ADM solution but it does not preserve the periodic
behavior in Case 2 and Case 3. On the other hand, the solution obtained by MADM is
more accurate in all cases and with a time step A = 0.4, it coincides with the solution
obtained using RK4 with time step equals 0.01.

The terms of the series solution obtained using DTM and MDTM are identical to those
obtained by ADM and MADM, respectively. This asserts the fact that DTM solution
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shows the same disadvantages of ADM solution and MDTM, as MADM, gives more

accurate solution.

5. Conclusion

In this work, it is shown that though the ADM-P solution is more accurate than both
ADM and DTM, it also diverges after a period of time. More importantly, it does not
preserve the periodic behavior of the solution. Both the MADM and the MDTM presented
accurate results in simulating all cases of the solution, including periodic type, for the
system of nonlinear differential equations. These two methods also inherits the advantage
of giving a functional form of the solution within each time interval. Also, the accuracy of
the two methods can be controlled via changing truncation order N or subinterval width

h. Yet, there is no formula that shows how to choose the more suitable A or N.

REFERENCES

[1] G. Adomian, Solving Frontier Problems of Physics: The Decomposition Method, Kluwer
Academic Publishers, Boston, MA, (1994).

[2] J. K. Zhou, Differential Transformation and its Applications for Electrical Circuits, Huar-
jung University Press, Wuuhahn, China, 1986, in Chinese.

[3] O.D. Makinde, Solving ratio-dependent predator—prey system with constant effort harvest-
ing using Adomian decomposition method, Appl. Math. Comput. 186 (2007) 17-22.

[4] G. Gonzélez-Parra, A. J. Arenas, L. Jédar, Piecewise finite series solutions of seasonal
diseases models using multistage Adomian method, Commun. Nonlin. Sci. Numer. Simulat.
14 (2009) 3967-3977.

[5] J. Arenas, G. Gonzédlez-Parra, M. Chen-Charpentier, Dynamical analysis of the transmission
of seasonal diseases using the differential transformation method, Math.Comp. Model. 50
(2009) 765 T76.

[6) W. Li , L. Wang, Stability and bifurcation of a delayed three-level food chain model with
Beddington DeAngelis functional response, Nonlin. Anal. Real World Appl. 10 (2009) 2471-
2477.

[7] R. K. Naji , A. T. Balasim, Dynamical behavior of a three species food chain model with
Beddington—DeAngelis functional response, Chaos Solitons & Fractals 32 (2007) 1853-1866.



MULTISTAGE AND PADE TECHNIQUES FOR SERIES SOLUTION METHODS 823

[8] A. Elsonbaty, A. Elsaid, H.M. Nour, Effects of environmental fluctuation and time delay on
ratio dependent hyperparasitism model, Commun Nonlinear Sci Numer Simulat 16 (2011)
2609-2619.

9] I. H. Abdel-Halim Hassan, Application to differential transformation method for solving
systems of differential equations, Appl. Math. Model. 32 (2008) 2552-2559.

[10] A. Elsaid, Fractional differential transform method combined with the Adomian polynomi-
als, Appl. Math. and Comput. 218 (2012) 6899-6911.

[11] G. A. Baker Jr, Essentials of Padé Approximants, Academic Press, New York, 1975.

[12] P. Yang, Y. Chen, Z. Bin Li, ADM-Padé technique for the nonlinear lattice equations, Appl.
Math. Comput. 210 (2009) 362-375.

[13] A. Wazwaz, The modified decomposition method and Padé approximants for solving the
Thomas-Fermi equation, Appl. Math. Comput. 105 (1999) 11-19.

[14] S. B. Hsu, T. W. Hwang, Y. Kuang, A ratio-dependent food chain model and its applications
to biological control, Math. Biosci. 181 (2003) 55-83.



