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Abstract. In this paper, we first define the multiplier operator J e in terms of Komatu integral
operator. Then we define new classes of p—valent starlike and convex functions with complex
order. The main object is to obtain coefficient inequalities for functions belonging to the newly
defined classes. Also we get coefficient inequalities for functions in certain subclass satisfying a

nonhomogeneous Cauchy-Euler differential equation. Several particular results (known or new)

of the main theorems are mentioned.
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1. Introduction
Let A(p,n) be the class of functions f(z) of the form

fz)=2"+ > az* (p,n €N) (1)

k=p+n
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that are analytic and p—valent in the open unit disk Y = {z: 2 € C,| z |[< 1}

The generalized Komatu integral operatot K2, : A(p,n) — A(p,n) is defined for § > 0

and ¢ > —p as

z

c J Z\ 01
,C(cs,p () = (F(Jg)i)c /tc_l (10g ;)6 f(t)dt, (2)

and K2,/(2) = £(2).
For f(z) € A(p,n), it can be easily verified that

KE () = 2 + Z (Eii) o (3)

k=p+n

Now, in terms of Ko

eps We introduce the linear multiplier operator T p)\ . A(p,n) —
A(p,n) as follows:

cp)\f( ) - f(Z>
Togpf(2) = (1= NKI,f(z) +
cp)\f( ) = jcp)\( cp/\f( ))

Apz (3 F()) = T\ f ()

cp)\f(> = jcp)\( cn;/\l(sf( ))

ford >0,¢c>—p, A >0and m € N.

If f € A(p,n) is given by (1), then making use of (3) and (4) we conclude that

cp )\f< ) = 2P + Z Bk,m(capa )‘7 6)akzka <5>

k=p+n

(C+p)6<1+§<k—p>>r (6)

c+ k

where

Bk,m(cap> )‘7 5) =
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Now if f(2),9(2) € A(p,n), where g(2) = 2P + 372 bpz*, then the Hadamard product

(or convolution) is defined as

f(z)xg(z) =2+ Z apby 2" (7)

k=p+n

It can be easily verified that
() = (T05F()) = (e )T ™ 1(2) — T ()
(il) TR F(2) = TS (2) * T2y (2),
(i) T8 f(2) = THAf (2) % K, f(2)

and
() TIAS() = [pl2) = - = ()] oIS ()
Where m—times
v A 2" A 2"
o(z) =2 {1—1— (1—1—}—9(71—1)) 1—Z+E(1—z)2
Remark 1:

(i) jch = K2, which is the generalized Komatu integral operator [8]

(ii) jc i’0 = P2 which is the integral operator studied by Komatu [9] and Raina and Bapna
[11]

(iii) jf,}f,o = 7 which is the integral operator studied by Shams et al. [13] and Ebadian
et al. [6]

(iv) jcl’fo = L. which is the Bernardi-Libra-Livingston integral operator [3]

(v) jll’fo = 7° which is the integral operator studied by Ebadian and Najafzadeh [5].
(vi) jc 1'x = DY which is the generalized Salagean operator studied by Al-Oboudi [1].
(vii) jc 1o = D™ which is the Salagean operator [12].

Now, we define the class S:f/\’ (8,b,p,n) for functions f € A(p,n) satisfying

1 ( cp)\f( ))
Re< 1+ 5 p Zir;:if(z) -1 > B (8)
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and the class VCT&’(S(B, b,p,n) for functions f € A(p,n) satisfying

v ()
| T (7mar=)

where z € U, b € C\{0} , 0 < f < 1 and jgr;,if(z) is the linear multiplier operator
defined by (4).
Note that f € Vm"s(ﬂ, b,p,n) if and only if lzf’(z) € S;”A"S(ﬁ, b,p,m).

> [ 9)

Now, let us introduce the class SV} (ﬁ,b p,n, p) of functions f € A(p,n) satisfying
the inequality

z(ﬁ[ (g55sG)) +- “Wf()D,

1
P e [ (00) 0wt

-1 > f

(10)

where z € U and jc’?;:‘f\ f(2) is the linear multiplier operator defined by (4) and where (and
throughout the paper unless otherwise stated), the parameters m,n,p,b,¢c,d, A, 5 and
are constrained as follows:

m,n,p eN, ¢>—p, be C\{0}, 6>0, A\>0, 0<F<1 and 0 < p<1.

Remark 2:

(i) SV (B.b,p,n,0) = S5 (B.b,p,n)

(ii) SVIY(B,b,p,n, 1) = VI (B, b,p,n)

(iii) SVS:g(ﬁ,b, L1,p) = SVijg(ﬁ,b, 1,1, u) = SC(b, i, 5) which is the class defined and
studied by Altintag et al. [2].

(iv) SVS:?\(O, b,1,1,0) = S(b) and SVS:E\)(O, b,1,1,1) = C(b) which are the classes studied
by Nasr and Aouf [10].

Now we define the class SZ/\"S(B ,b,p,n, p,m) for functions f € A(p,n) satisfying the non-

homogeneous Cauchy-Euler differential equation

2

z227i+2(1+77)2(j1_j+77(1+77)w_ (p+n)p+1+mn)g(2) (11)
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where w = f(2), g(z) € SVZ;\J(ﬁ,b,p,n,u), n > —p (n € R) and the other parameters
are constrained as above.

The purpose of the present investigation is to obtain coefficient bounds for the classes
SV:?;?(@, b,p,n, 1) and 523’5(5, b,p,n, i, n) , from which we can also get coefficient bounds

for the other mentioned classes.

2. Coefficient Inequalities for the Class SV (ﬁ,b Dy, 1)

Theorem 2.1. Let the function f € A(p,n) be defined by (1). If the function f belongs
to the class SVZ?/’\J(B,b,p, n, ) , then

[1+pulp—1)]2p™ " o] (1 = B)(c+p+n)

ol S T Dot p)mp+ Amr 2
| < [1+ p(p — D] 2p™ b (1 — B)(c + k)°*™(n — 1)!
R Full =D et P 2k =P (k=)
< 11 [+ +2pfol (1= 6) ], (13)
for k>p+n+1
Proof. Define the function F'(z) by
PO = s [ (T0800) + (0= s o). (1)
then for f € A(p,n), we have
z) =2+ i Ay (15)
where
1+ p(k—1)
Ak = ma(c,p, )\,5) [m} Qe
_ [t pk=Dl(etp)™ p+ Ak =p)]" (16)

[+ pu(p — D)) pm(c+ k)om

Thus, from (10) and (14), we get

Re{l+%(%%§)—l)}>5, (= € U)
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Define the function ¢(z) by

- ., (zelU)

Hence, ¢(z) is an analytic function in U with ¢(0) = 1 and Re(q(z)) > 0. Let ¢(z) =
1+ qz+ 2%+ ..., then we get

1+% <1 2F'(2)

p F(2)

—1> =(1-75) (qlz+q222+—|—...) (17)

which is equivalent to
2F'(2) = pF(2) = pb(1 — B)F (2)

Expressing F'(z) in its series form as in (15), and the equating coefficients of z¥(k > p+n),
thus (17) implies
k—1
(k - p)Ak = pb(l - ﬁ) <Qk—p + Z Aer—e)
e=p+n

Setting k =p+n+r (r € Ny), then

p+n+r—1
(Tl + T>Ap+n+7" = pb(l - B) <QH+T + Z Aer+n+re>

e=p+n

Since ¢(z) is a Carathéodory function, then |gx| <2 (k € N) [4], then we obtain

2p[bl (1 - )

A <
’ P+”+T| = n—+r

(L4 [Aprn] + -+ [Apingr_1l])

which for r =0, 1,2 implies

2p|b| (1 —B)

[Apia] < ZELZEL
2p |b] (1 — 5) 2p b (1 — ) (n+2p|b| (1 — 3))

< - = <
|Ap+n+1| = n+1 (1 + |Ap+n|) = n(n + 1) )
and
2p bl (1 =
Apiial < 2B 0 a4 14y

2p[b| (1 = B) (n+2p[b| (1 = B)) ((n+1) + 2p|b[ (1 — B))
- n(n+1)(n+2)
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respectively. Making use of mathematical induction yields

Ayinss] ety H n+ )+ 2900 (1 - B)
P = n(n+1) n—i—r i
2p|b| (1 — — D)
_ p‘“(nfj)(? LT 10+ ) + 20 18l (1 — 5]
. 14
for r > 1. So, we have
b _
’Ap+n’§2p| |(Tj 6)7 (18)
and
2p[b] (1 — B)(n — 1)1 "2
] < 2R DR IT (ot +20pia-5) (19)

for K > n + p+ 1. Hence making use of (16) , we readily get the inequalities (12) and
(13), and the proof is complete.

By choosing suitable values of the parameters m, ¢, ¢, A, 8, b, p, n and p in Theorem 2.1,
we deduce particular results. Some of these special cases are mentioned in the corollaries
below.

Setting i = 0 and p = 1, respectively, in Theorem 2.1, we get

Corollary 2.2. If a function f(z) € A(p,n) is in the class SZ&"S(B, b,p,n), then

2p™ o] (1 = B)(c+p+n)"
n(c+ p)™(p 4+ An)™

’ap+n’ <

2p™ 1 [b] (1 — B)(c + k)™ (n H

(c+p)°mp+ Ak —p)]™ (K

lax| < (n+7)+2p|b|(1—-25)],

7=0

fork>p+n+1.

Corollary 2.3. If a function f(z) € A(p,n) is in the class V;ﬁ\";(ﬂ,b,p, n), then

2210 (1 — B)(c+p+n)'™"
(p+n)(c+p)™(p+ An)m

’ap+n| >

k—p—n—1

2p™ 2] (1 = B)(c + k)™ (n—l)
~ kc+p)mp+ Ak —p)]" (k—p)! H

Jax| < [(n+7)+2pbl(1—5) ],

7=0
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fork>p+n+1.

For m = 1 and A = 0, then jcl,}fo = IC‘;p and SVi:g(ﬁ,b,p,n,u) = SV°(B,b,p,n, 1)
which is the class of all functions f(z) € A(p,n) satisfying the inequality defined by re-
placing K2, f(z) instead of j:;if(z) in (10).

Corollary 2.4. If a function f(z) € A(p,n) is in the class SV°(B8,b,p,n, 1), then
[L+pp—1)]2p 6| (1 = B)(c+p+n)
[1+p(p+n—1n(c+p)

[+ pup—= D) 2p [l (1 = B) e+ k) (n = 1)t

[1+ pu(k = 1)) (c+p)°(k—p)!
fork>p+n+1

|ap+n| S )

-1

I1 [n+)+ 20 -5,

lag| <

Also, for m = 1 and A = 1, then jc{;j‘flf(z) = é(ngpf(z)), and SViJf(ﬁ,b,p,n,u) =
SW?(B,b, p,n, ) which is the class of all functions f(z) € A(p,n) satisfying the inequal-
ity defined by replacing 2 (Kg,pf(z))/ instead of j:';f;f(z) in (10).

Corollary 2.5. If a function f(z) € A(p,n) is in the class SW2(3,b,p,n, i), then

[1+pulp—1)] 207 0] (1 = B)(c+p+n)
[1+u(p+n—"1)]n(c+p)(p+n)

|ap+n| S

)

-1

H (n+35)+2pb|(1—5)],

[+ ulp — 1] 20% o] (1 = B) (e + k)P (n — 1)1 *
[T+ (k= D] (c+ p)ok(k — p)!

for k>p+n+1.

lag| <

Also if A = A(1,1) which is the class of all functions f(z) = z + Y ,, axz® that are

analytic and univalent in ¢ . So, we have the following known coefficient bounds.

Corollary 2.6. (cf, e.g. Altintag et al. [2]) If a function f(z) € A is in the class
SC(b, 1, B), then
[T i+ 2p bl (1 - ) ]

14+ p(k—=1D](k—1)! "~

lag| <
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for k> 2.

Corollary 2.7. (cf, e.g. Nasr and Aouf [10]) If a function f(z) € A is in the class
S(b), then

1525 (j +21bl)
(k—1)

|ay| <

for k > 2.

Corollary 2.8. (cf, e.g. Nasr and Aouf [10]) If a function f(z) € A is in the class
C(b), then

for k> 2.
3. Coefficient Inequalities for the Class ngé(ﬁ,b,p,n,u,n)

Theorem 3.1. Let the function f € A(p,n) be defined by (1). If the function [ belongs
to the class Egé(ﬁ,b,p,n,u,n), then

(p+n)p+n+1)[1+pulp—1]2p"" 0] (1= B)(c+p+n)"

MHMS(p+n+m@+n+n+1HP+Mp+n—UMWHﬂWm@+Amm’ (20)
x| < (p+n)p+n+1)[1+ulp—1)]2p™ b (1 - B)(c+ k)™ (n—1)!
S ke D[+ plk— D] (c+p)mp+ Ak —p)]" (k—p)!

X [(n+34) +2p[b|(1—-5)], (21)

Jj=0

fork>p+n+1andn>—-p (ne€R).

Proof. f(z) € A(p,n) given by (1) and g(z) = 2# + 322, bpz* € SV:?)’F(@, b, p,m, )

, then by the Cauchy-Euler differential equation (11), we get

(p+n)p+n+1)
k+nk+n+1) "

ajp =
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where fork > p+n+1and n > —p (n € R). Since by satisfies the inequalities (12) and
(13) in Theorem (2.1), then we get readily the inequalities (20) and (21) which completes
the proof of the theorem.

Corollary 3.2.  Let the function f € A(p,n) satisfy the Cauchy-Euler differential
equation given by (11) such that g(z) € S;tl/\"s(ﬁ,b,p, n), then

(p+n)(p+n+1)2p™ b (1 — B)(c+p+n)m
p+n+n)p+n+n+n(c+p)™(p+ An)m’

|ap+7Z| <

| < (p+n)(p+n+1)2p""" b (1= B)(c+ k)" (n—1)!
O k)t + (et p)mp+ Ak —p)]" (k- p)!
k—p—n—1

< I s +20pl(1-9)].

for k>p+n+1andn>—-p (n€R).

Corollary 3.3. Let the function f € A satisfy the Cauchy-Euler differential equation
giwen by (11) such that g(z) € Vglf(ﬁ, b,p,n), then

(p+n)(p+n+1)2p™ 2 ] (1 = B)(c+p+n)™"
p+n+n)p+n+n+1)(p+n)n(c+p)™(p+ In)™’

|(lp+n| S (

| < (p+n)(p+n+1)2p"2b| (1 — B)(c+ k)" (n —1)!
= )k + Dk(c+p)mp+ Ak —p)]" (k - p)!

X [(n+7) +2p[b] (1—5) ],

=0

k—p

fork>p+n+1landn>—-p (p€R).

Corollary 3.4. Let the function f € A satisfy the Cauchy-Euler differential equation

o Pw

dw

7 Tl +mw = (1+n)(2+1+n)g(z)
where w = f(z) and g(z) € SC(b, 1, B), then

(L+n)2+n) [T [ +2p bl (1-5) ]
k+n)(k+n+1)[1+pk = 1] (k- p)

lag| <
(
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for k>2and n> -1 (n€R).
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