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1. Introduction

The classical Bernoulli polynomials B, (x), the classical Euler polynomials E,(x) and the
classical Genocchi polynomials G, (x), together with their familiar generalizations B (x), E{¥ (x)
and G%(x) of (real or complex) of order @ are usually defined by means of the following gen-

erating functions; see [13]-[15] and the references cited therein.

( ! ) e”:iBg(x);—rz(UKZn;l“:l) (1.1)
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2 oo
— 2m;1% =1 1.2
(etﬂ) = L5 rl<amit=1) (1.2)
and
2t axl‘ - o tn o
a1 ¢ :’;Gn()—'(|t|<27r1 =1). (1.3)
So that obviously
Bu(x) = BL(x), Ea(x) = E} (x) and G, (x) = G}(x), (neN), (1.4)

where
No=NU{0} (N =1,2,3,---).

For the classical Bernoulli numbers B,,, the classical Euler numbers E,, and the classical Genoc-

chi numbers G,, we readily find from (1.6) that
(0) = B,(0) = B,,EL(0) = E,(0) = E, and G}(0) = G,(0) = G, (neN), (1.5)

respectively.
Some interesting analogous of the classical Bernoulli polynomials and numbers were first
investigated by Apostol; see [1], [16] and the references therein. We begin here Apostol’s

definition as follows.

Definition 1.1. The Apostol-Bernoulli polynomials B, (x;4) (A€C) are defined by means of

the following generating function
ZB x?L |t|<27r whenA = 1;t <|logA | when A # 1) (1.6)
with of course
B,(x) = B,(x;1) and B,(A) = B,(0;1), (1.7)

where B, (1) denotes the so called Apostol-Bernoulli numbers.

Recently Luo and Srivastava [6] further extended the Apostol-Bernoulli polynomials as the

so called Apostol-Bernoulli polynomials of order .
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Definition 1.2. The Apostol-Bernoulli polynomials BY (x;4) (A€C) of order aeNy are defined

by means of the following generating function

t “ _ t"
M=) Bl(xA)—~ 2m; =131 <|1 (1
(?Lef—1> e n;) n(x,?t)n! (|t|<2m; when A =15t <|logA |when A #1) (1.8)

with of course
B, (x) = By (x; 1)andB,{(1) = B}/ (0; 1), (1.9)
where BY (x; A) denotes the so called Apostol-Bernoulli numbers of order c.

On the other hand Luo [7] gave an analogous extension of the generalized Euler polynomials

as the so called Apostol-Euler polynomials of order .

Definition 1.3. The Apostol-Euler polynomials E&(x;A) (A€C) of order a.eNy are defined by

means of the following generating function

2 R RN
<—)Lef+1) e —n;)En (:4)— (|1 ]log(~2)) (1.10)
with of course
E}(x) = E;(x;1) and EF (1) = E(0; 1), (1.11)

where E¥(x; A ) denotes the so called Apostol-Euler numbers of order c.

On the subject of the Genocchi polynomials G, (x) and their various extensions a remarkably
large number of investigations have appeared in the literature (see for example [2,3,4,5,8,9,10]).
Moreover Luo (8-11) introduced and investigated the Apostol-Genocchi polynomials of (real or

complex) oredr o which are defined as follows.

Definition 1.4. The Apostol-Genocchi polynomials G%(x;A) (A€C) of order a.eNy are defined

by means of the following generating function
2N s ¥ GEea) ™ (11 og(—A)) (112)
Ae+1) € e A g '
with of course
GH(x) = GH(x:1),G%(A) = GH(0:;1)G(x:A) = Gy (::1),Gu(A) = GV (A),  (1.13)

where G,(1),G%(A) and G,(x;A) denotes the so called Apostol-Genocchi numbers of order o

and the Apostol-Genocchi polynomials respectively.
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n
For each integer k > 0, My(n) = Y. (—1)'i* is called sum of alternative integer powers. The
i=0
exponential generating function for My (n) is
1— (_ et)n+1

. (1.14)

ZMk —l—e +e (1) =

Definition 1.5. For an arbitrary real or complex parameter A, the generalized sum of alternative
integer powers My (n; A ) is defined by the following generating functions

tk 1 _)L(_et)n+1

];)Mk(mx)ﬁ =il (1.15)

The object of this paper is to present a systematic account of these families in a unified and
generalized form. We develop some elementary properties and derive the some symmetric iden-
tities for the generalized Apostol-Euler and Apostol-Genocchi polynomials by using different
analytical means on their respective generating functions. Recently, Zhang et al [20], Yang
[18], Yang et al [19] and Pathan [12] also established symmetric identities of the generalized
Bernoulli and Apostol-Bernoulli polynomials. Many of these properties of these generalized

polynomials extend appropriately to generalized Euler and Genocchi polynomials.
2. Some symmetric identities for the Apostol-Euler polynomials

In this section, we give general symmetry identities for the generalized Apostol-Euler poly-
nomials E, ( )(x A) by applying generating functions (1.10) and (1.15). Throughout this section

o will be taken as an arbitrary real or complex parameter.

Theorem 2.1. For all integers a > 0,b > 0andn > 0,0 > 1,A€C, we have the following identity

n n k k (a—1)
Z a" kbk+1E (bx A) Z Mi(a—1;A)E, ", " (ay:A)
k=0 \ k i=0 \ i
S (@) Sk (a-1)
=Y bR E Y (ax )Y Mi(b— LA)E® " (by; 1). (2.1)
k=0 \ k i=0 \ i

Proof. Let

- 1 2a * abxt 1_1‘( at)b 2b * abyt
8U1) = Japa (le“‘+l) ¢ ( Ak + 1 )(/leb’+1) ¢ (22)
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D) (£ i

aaba —apo—1 (ZE)E”

RN RN L u "
=¥ (X GHEN B )Y [ | Mila— ES Y (ay:A) .
n=0 \k=0 \ k i=0 \ 1 ’

(2.3)

Using the similar method, we have

n

n
) _ bn_kak+1E(a) (ax 2’)
a%*b” n=0 kgz) k .

agls

Mi(b— LAE® D byia) | -

Il
o
~

(2.4)
Equating the coefficients of % in the last two equations (2.3) and (2.4), we get the desired result

By setting A=1 in Theorem 2.1, the result reduces to a similar known result of Yang [18
Eq.(9)].

Corollary 2.1. For all integers a > 0,b >0andn >0, a > 1 AeC

n k k
Y[ " et E S () Y Mi(a—1;A)E% Y

k—i (ay)
k=0 \ k i=0 \ I
SR L R k1 (@) L[k (a-1)
=) . V", () Y | | Mi(b—DE T (by). (2.5)
k=0 i=0 \ i

Setting y=0 and a = 1 in Theorem (2.1), we obtain the relation

Corollary 2.2. For all integers a > 0,b > 0 andn > 0, AeC,
n i 1 i1 i
Z a b TEi(bx; MMy, —i(a—1;A) = Z b d"Ei(ax; A)M,—i(b—1;1).

(2.6)
Setting x = 0 in (2.6), we have the relation

Corollary 2.3. For all integers a > 0,b > 0 and n > 0, AeC,
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Y a D" E(A)My—i(a—1;1) =Y B "B (AMMu—i(b—1;2). (2.7
i=0 \ i i=0 \ i

For A = 1 in (2.7), the result reduces to similar result of Tuenter [17].

n i—1pn—i n i—1_n—i
Y a 'D"TEM, _i(a—1)=) b a" "EM, _i(b—1). (2.8)
i=0 \ i i=0 \ 1

Setting b=1 in (2.6), we have

Ey(ax;A) = dEi(x; M)M,,_i(a—1;2). (2.9)

-

i=0 i

On the other hand by setting A = 1 in (2.9), the result reduces to similar result of Yang [18,
Eq.(11)].

On the other hand by setting x = 0 in (2.9), we have a recurrence on the Apostol-Euler

polynomials.

EM=Y " |d EQ)M, a—1:2). (2.10)

Theorem 2.2. For each pair of positive integers a and b and all integers n > 0,0 > 1, AeC, we

have the following identity

n n a—1b—1 ] b
y LYo Y Hd b FE (x4 2 A)E) (ay+ = j; A)
k=0 \ k | i=0 =0 a b
S Y Y s e (xS ) E) by 1 L
=) Z Z " a""E, " (ax+ —i;A)E, " (by+ =5 A). (2.11)
k=0 \ k /| i=0,;=0 b a

(Za) (Zb)(x ab(x+y)t (la abt-i—l)(ﬁ,b ubt+1)

Proof. Let g( ) (Ae@1)0FT (R bt 1 1)a+]

. Then the expression for g() is symmetric

in a and b and we can expand g(¢) into series in two ways to prove the theorem.
o() = 2a \“ Jabxt Adedbt 41 26 \“ Jabyt Abedbt 41
Ae +1 Aebt +1 Aebt +1 Ae +1

2a o b a_l i bti 2b o b b-1 : :
— ea xt 7L’e 1 ( ) ea 'yt Ajealj
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- * itiana i 20\ (s
Z ( T 1) e(beer)az Z A/ ()L e 1) e(ax+;])bt
- . e

j=0

) (Z At iE ay+§j;l>(b,f,)n)

nlk!

a—1 )
-(Erg e
i=0 k=0

_aflbfl (o] ] l+] b'. tin (a) a )
=YYy Z E\" (bx+ 2i;2)d D" EN (ay+ = j; )
i=0 j=0n=0k=0 a b
Replacing n by n-k in above equation, we get

= n n a—1b—1

b a . "
HOEDW DY L Y Z a“b"” kE J(bx+ El;l)E,(,ﬁ(aynL l—)];/l) ot (2.12)
n=0 \ k=0 i=0 j=0 !
On the other hand
oo n n \ b-la-l I a. (@) b M
g(t) = Z Z Z Z a" "b Ey " (ax+ —i;A)E, " (by+ = ji A) —- (2.13)
n=0 \k=0 \ k / i=0j=0 b a n

Equating the coefficients of ;—n, in the last two expressions for g(t) gives us the desired result.

By setting A = 1 in Theorem (2.2), we immediately deduce the following result.

Corollary 2.4. For all integers a > 0,b > 0andn >0, o« > 1. Then

n n a—1b—1 b
Y Z Z d*p" kE (bx+ —i)E}Sﬁ(ay-i— Ej)
k i=0 j= a b
n n
=Y Z Z bra" kE (ax+ c—li)E(ﬁ(beréj) (2.14)
=0 \ k | i=0 b= " a
= j=

Setting y = 0, @ = 1 in Theorem 2.2, we have the following.

Corollary 2.5. For all integers a > 0,b > 0 and n > 0, AeC. Then

n n a—1b—1 ) b
y Y Z Y a by (bx + ~ i A)En i (5 i)
k=0 k i=0 j=0 a b

n b—1la—1
=) ) ) Z(l)iﬂbka"_kEk(ax—l— gi;k)En k(bj A) (2.15)
k=0 \ k | i=0,;=0 b
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When b=1 in (2.15), we have the relationship

a—1 . n a—1

n n . . j
y Y AdEp(x+ S A)E, () = Y Y A" Ep(ax; M) E, 1(2iA)
k=0 \ k ) i=0 a =0\ k ) j=0 a
(2.16)
Substituting A = 1 in (2.16), we have the relationship
n n a—1 ' i n n a—1 . ]
y Y dE(x+ DE = Y Y @ (ax)E, 1(2). (2.17)
=0 \ k ) i=0 a =0\ k ) j=0 a

Theorem 2.3. For each pair of positive integers a and b and all integers n > 0,0 > 1, A€C, we

have the following identity

n a—1b—1
Y " Tt e o Tk B @)
k=0 \ k | i=0,;=0 a
=y (" i Z L) FES (ax+ Sit i A)E L (by;A). (2.18)
k=0 \ k | i=0 ;=0 b

Proof. The proof is analogous to Theorem 2.2, but we need to change the order of the summa-

tion of series. On the one hand

(1) = (2a)% (2b) %)t (Y agabl 4 1) (Ao 4 1)
8\) = (;Leat_}_l)aﬂ(lebt_,_l)aﬂ

(1) = 2a “eabx, Adebt 41 2b aeabﬂ Abeabt 41
W=\ e +1 Aebt +1 Aebt +1 Aed +1
2a * abxt o bti ( 2b )Ot (i j

e Al eabyt AJ e
_ ai’ i i+j ae(bx+§i+j)at 2b aeabyt
P o lem +1 Aebt +1

a—1b—1 (bl)n
= Y Z?L’+JZE bx+—l—i—] 7L ZE (ay; A e

i=0 j=0

nlk!’

_aflb—l 0o oo i+ b . kinp(Q), .
=YY Y Z E V(bx+Zi+ jiA)d* b ES® (ay; 1)
i=0 j=0n=0k=0 a
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Replacing n by n-k in above equation, we get

oo n n a—1b—1 b tn
=Y ¥ L Y A0 b Lk GAE S @id) | 1 (219)
n=0 \ k=0 \ k i=0 j=0 a "

On the other hand, we have

=S n n b—1la—1 n

=Y (Y y Zan kg ax+gi+ FVEM (byA) | = (220)
n=0 \ k=0 k i=0 j=0 n

~

Equating the coefficients of ﬁTn, in the last two expressions for g(t) gives us the desired result.
By setting A = 1 in Theorem 2.3, we immediately deduce the following result.

Corollary 2.6. For all integers a > 0,b > 0andn >0, o« > 1. Then

n n a—1b—1 b
Z Z Z akb"~ kE (bx+ —i+j)E}5‘2{(ay)
k=0 k i=0 j=0 a
n n —la—1 a (@)
=Y Z Z brka"~ kE ax+Ei—|—j)En_k(by) (2.21)
k=0 k i=0 j=

Setting y = 0, @ = 1 in Theorem 2.3, we have the following.

Corollary 2.7. For all integers a > 0,b > 0 and n > 0, AeC. Then

Z n Z Z l+jakbn—kEk(bx_|_ éi“f—j;l)En_k()L)
k=0 \ k | i=0j=0 a
n n b—1la—1 o a
=) Y Y (W) Er(ax+ it jsA)Ey k(). (2.22)
k=0 \ k [ i=0,;=0 b

When b =1 in (2.22), we have the relationship

n

n _ n n a—1 .
Y Z AdEy( x—l— ), E,_«(A Z Y Aa" R E(ax+ j;A)E, 1 (A).
k=0 \ k | i=0 k=0 \ k | j=0
(2.23)
Substituting A = 1 in (2.23), we have the relationship
n n a—1 ' i n n a—1 '
Z Z a Ek(x+ Z)En—k = Z Z a’ Ek(ax+j>En—k~ (2'24>
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3. Some symmetric identities for the Apostol-Genocchi polynomials

In this section, we give general symmetry identities for the generalized Apostol-Genocchi
polynomials Gg,a)(x;/l) by applying generating functions (1.12) and (1.15). Throughout this

section o will be taken as an arbitrary real or complex parameter.

Theorem 3.1 For all integers a > 0,b >0 andn > 0,a > 1,AeC, we have the following identity

SN (@ o[k (a-1)
Z a”*kkaank(bx;l) Z Mi(a—1;1)G,_; '(ay;A)
k=0 \ k i=0 \ i
SN (@ Sk (a-1)
=Y V' *a G (ax;2) Y Mi(b—1;2)G,” . (by; 1) (3.1)
k=0 \ k i=0 \ i

Proof. Let

8() = — Zat_\" ja (1A (=) 26t )" g (3:2)
a®p%—1 \ Led +1 Aebt +1 Aebt +1 .

1 ] n _ k —1 tn
s=—Y [ ¥ G (b3 1) Y Mi(a—1:1)G% VN (ay:d) | =
a"b™ =0 \k=0 \ k i=0 \ i "

(3.3)

Using similar plan, we have

I o (v ") ok k1 @) Sk (a—1) i
s)=—z L | X "G, (ax ) ) Mi(b—1:A)G; " (by:4) | o
a=o" n=o \k=0 \ k =0\ 1 "

(3.4)

Equating the coefficients of ;—n, in the last two equations (3.3) and (3.4), we get the desired result.

By setting A=1 in Theorem 3.1, the result reduces to a similar known result of Yang [18.,

Eq.(9)].

Corollary 3.1. For all integers a > 0,b >0andn >0, o« > 1 AeC,
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5 n l’l*kbk‘l’lG(a) b ‘ k Mi(a—1:A G(a_l)

)y a o (bx) Y i(a—1:2)G,% " (ay)

k=0 \ k i=0 \ I
o1 n—k k+1 () Sk (a—1)

=Y . V"G (a) Y | | Mib—1)G T (by) (3.5)
k=0 i=0 1

Setting y=0 and o = 1 in Theorem (3.1), we obtain the relation.

Corollary 3.2. For all integers a > 0,b >0 and n > 0, AeC,

L I Sl B P
) a'B"Gi(bx M) My—i(a—1;4) = Y| b1 d" ' Gi(ax; M )My, _i(b—1; 1)

=0\ I i=0 \ i
(3.6)
Setting x = 0 in (3.6), we have the relation.
Corollary 3.3. For all integers a > 0,b > 0 andn > 0, AeC,
Z a’_lb”_‘G,-()»)Mn_i(a —LA)= Z b’_la”_’Gi(l)Mn_,-(b— LA) (3.7)
i=0 \ i i=0 \ i
For A = 1 in (3.7), the result reduces to similar result of Tuenter [17].
L n 1 . n n i1 .
Y ad '"GiMy—i(a—1) =) b d" ' GiM, (b —1). (3.8)
=0\ I i=0 \ i
Setting b =1 in (3.6), we have
Gulax;A) = Z a G A)M,_i(a—1;1). (3.9)

=0\ 1
On the other hand by setting A = 1 in (3.9), the result reduces to similar result of Yang [18,

Eq.(11)]. By setting x =0 in (3.9), we have a recurrence on the Apostol-Genocchi polynomials.

Gu(A) =Y. " d G, i(a—1:0). (3.10)
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Theorem 3.2. For each pair of positive integers a and b and all integers n > 0,0 > 1, AeC, we

have the following identity

n [ 5\ a=1b-1 ' b
) 2:2 WG (bx+ Zi2) G (ay+ T s A)
k=0 \ k | i=0 ;=0 a b
n n b—1la—1 . b
=2 LY@ PG (axt L 2)G Y by + 2 jA) (3.11)
k=0 \ k | i=0j=0 b a

(Zat) (th)“e“b(xﬂy)’(lae“bt—i-1)(}Lbe“b’+1)
(Aear_,_l)zxﬂ(lebt_'_])aﬂ

in a and b and we can expand g(¢) into series in two ways to prove the theorem.
o) = 2at \“ Jab Adet 41 26t \“ Jab Abeabt 41
Aed 41 Aebt +1 Aebt +1 Aed 41
2at \% oS i [ 266\ i i at
— Al bti abyt A et
(ke“’—i—l) ¢ i;’) © R y1) € ];) ¢

i 2at \* Geiti bz_l 2 (26t N\ g
L 2eii+1) € 4 A1) €

Proof. Let g(t) = . Then the expression for g(¢) is symmetric

Jj=0
a—1 00 oo n
— i ( i g . (bt)
(;’)l kgka bx—l— > (Zk ZG ay+b],l) -

a=1b—1 o o n+k

= Z Z A’JFJG]((OC)(bx—FlZi;?L)akb”Gg,a)(ay—kgj;?t)t .
o i a b nlk!
i=0 j=0n=0k=0

Replacing n by n-k in above equation, we get

g(t) = Zb ,;0 . Z{) Za b G —z )G, (ay+ ] A) — (3.12)
n= = i=0 j=
On the other hand
o (v [ 7 b 1"
sh)=Y | Z Za” DG (ax+ i A)G by + 2 jiA) | S (313)
n=0 \ k=0 k i=0 j=0 b a n.

Equating the coefficients of an, in the last two expressions for g(t) gives us the desired result.

By setting A = 1 in Theorem 3.2, we immediately deduce the following result
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Corollary 3.4. For all integers a > 0,b >0andn >0, & > 1. Then

n [ p\a=1b-1 b
y Y ) A" G (bx+ 2 i) G\ (ay + )
k=0 k i=0 j= a b
L[ n e a. b .
= Z Z ba" G\ ax—i—zl)GflOi)k(by—F—]) (3.14)
k=0 \ k | i=0j= a
Setting y = 0, @ = 1 in Theorem 3.2, we have the following.
Corollary 3.5. For all integers a > 0,b > 0 and n > 0, AeC. Then
y Z Z Vi Gy(bx + 2 i) G (2 A)
=0 \ k | i=0j= a b
n n b—la—1 ] b
-y Y Z VHipka =k Gy (ax+ Lis )G (2 i 1), (3.15)
=0 \ k | i=0j= b a

When b = 1 in (3.15), we have the relationship

n n n n a—1 .
y Z Ak Gy ( x—l— )G k(A Z Y Aa" Gy (ax; 1) G i (L5 2).
k=0 \ k k=0 \ k | j=0 a
(3.16)
Substituting A = 1 in (3.16), we have the relationship
n n a—1 . i n n a—1 f ]
) Y dGix+-)Gk =) Y a"“Grlax)G,—i(%). (3.17)
k=0 \ k | i=0 a k=0 \ k | j=0 a

Theorem 3.3. For each pair of positive integers a and b and all integers n > 0,00 > 1, LeC, we

have the following identity

y (" i Z )G )(bx+él—|—] )G (ay:2)
k=0 \ k /) i=0j=0
n b—1la—1
-y ("X Z 2B FG (ax+ Sit j:A)GY, (by: ). (3.18)

k=0 \ k / i=0 ;=0 b
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Proof. The proof is analogous to Theorem 3.2, but we need to change the order of the summa-

tion of series. On the one hand

(ZaI)a(2bt)ae“b(x+y)t(;tae“bt—|— 1)(lbe“bt—|— 1)
(At 4 1)+ (Qebt 4 1)o+1

g(t) = 2at_\" bt Ae™ 41 20t \* Jaby Abettt 11
ded 1+ 1 Aebt +1 Leb 11 e 1
2at ’ abxt o ( 2bt )a b=1
= e }Llebll o~ eabyt 27 At
(le“’+1> IZO lebf—i—l JZO

el i 2a * oot bitjar (2D ) e
— Lk ded 41 Aebt +1

(ZZWZG +2ig ) )(zcn s (b’>">

|
i=0 j=0 n!

g(t) =

n+k

nlk!’

a—1b—1 o (=)
=L LY Y AG et i i) 6l )
i=0 j=0n=0k=0

Replacing n by n — k in above equation, we get

g(t) = Z() Y ) 2:’) Za b G bx+—z+] )G, (ay; ) i (3.19)
n= = i=0 j=
On the other hand
oo n n \ b-la-1 R a (@) n
g(t) = Zb kzo . Z:,) Zoan— PG (axt it j; )G, (by; A) | . (3.20)
n= = 1=0 j= .

Equating the coefficients of ;—", in the last two expressions for g(t) gives us the desired result. By

setting A = 1 in Theorem 3.3, we immediately deduce the following result.

Corollary 3.6. For all integers a > 0,b >0andn >0, & > 1. Then

n o n\azlb-1 b
y Y Z A" G (bx+ i+ )G\, (ay)
k=0 k i=0 j=0 a
n n b—la—1
-y ) Zbk kG (ax+ Sit )G (by) (3.21)
k=0 k i=0 j=0 b

Setting y = 0, &« = 1 in Theorem 3.3, we have the following.
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Corollary 3.7. For all integers a > 0,b > 0 and n > 0, AeC. Then

n n a—1b—1 o b
Z Z Z (l)’+fakb"*ka(bx+ —i+ j;A)Gu k()
k=0 \ k | i=0,;=0 a
n n b—1la—1 o
_ i+jk n—k a. ..
= Z Z Z(l) b " "Grlax+ —i+ j; )G,k (R). (3.22)
k=0 \ k /) i=0 ;=0 b
When b = 1 in (3.22), we have the relationship
n a—1 i n n a—1
Z Z AdfG(x+ = A)Gyi(A) = Z A"k Grlax+ jA)Gui ().
k=0 \ k | i=0 a k=0 \ k | j=0
(3.23)
Substituting A = 1 in (3.23), we have the relationship
n n a—1l i n n a—1
Yy Y dGix+-)Ga =Y, Y " Gilax+ /)Gy (3.24)
k=0 \ k | i=0 a =0\ k | j=0
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