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1. Introduction

The classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the

classical Genocchi polynomials Gn(x), together with their familiar generalizations Bα
n (x), Eα

n (x)

and Gα
n (x) of (real or complex) of order α are usually defined by means of the following gen-

erating functions; see [13]-[15] and the references cited therein.

(
t

et−1

)α

ext =
∞

∑
n=0

Bα
n (x)

tn

n!
(| t |< 2π;1α = 1) (1.1)

∗Corresponding author

Received April 02, 2014

542



THE GENERALIZED APOSTOL-EULER AND APOSTOL-GENOCCHI POLYNOMIALS 543

(
2

et +1

)α

ext =
∞

∑
n=0

Eα
n (x)

tn

n!
(| t |< 2π;1α = 1) (1.2)

and (
2t

et +1

)α

ext =
∞

∑
n=0

Gα
n (x)

tn

n!
(| t |< 2π;1α = 1). (1.3)

So that obviously

Bn(x) = B1
n(x),En(x) = E1

n(x) and Gn(x) = G1
n(x),(nεN), (1.4)

where

N0 = N∪{0}(N = 1,2,3, · · ·).

For the classical Bernoulli numbers Bn, the classical Euler numbers En and the classical Genoc-

chi numbers Gn we readily find from (1.6) that

B1
n(0) = Bn(0) = Bn,E1

n(0) = En(0) = En and G1
n(0) = Gn(0) = Gn (nεN), (1.5)

respectively.

Some interesting analogous of the classical Bernoulli polynomials and numbers were first

investigated by Apostol; see [1], [16] and the references therein. We begin here Apostol’s

definition as follows.

Definition 1.1. The Apostol-Bernoulli polynomials Bn(x;λ ) (λεC) are defined by means of

the following generating function

t
λet−1

ext =
∞

∑
n=0

Bn(x;λ )
tn

n!
(| t |< 2π; whenλ = 1; t <| logλ | when λ 6= 1) (1.6)

with of course

Bn(x) = Bn(x;1) and Bn(λ ) = Bn(0;λ ), (1.7)

where Bn(λ ) denotes the so called Apostol-Bernoulli numbers.

Recently Luo and Srivastava [6] further extended the Apostol-Bernoulli polynomials as the

so called Apostol-Bernoulli polynomials of order α .
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Definition 1.2. The Apostol-Bernoulli polynomials Bα
n (x;λ ) (λεC) of order αεN0 are defined

by means of the following generating function(
t

λet−1

)α

ext =
∞

∑
n=0

Bα
n (x;λ )

tn

n!
(| t |< 2π; when λ = 1; t <| logλ | when λ 6= 1) (1.8)

with of course

Bα
n (x) = Bα

n (x;1)andBα
n (λ ) = Bα

n (0;λ ), (1.9)

where Bα
n (x;λ ) denotes the so called Apostol-Bernoulli numbers of order α .

On the other hand Luo [7] gave an analogous extension of the generalized Euler polynomials

as the so called Apostol-Euler polynomials of order α .

Definition 1.3. The Apostol-Euler polynomials Eα
n (x;λ ) (λεC) of order αεN0 are defined by

means of the following generating function(
2

λet +1

)α

ext =
∞

∑
n=0

Eα
n (x;λ )

tn

n!
(| t | log(−λ )) (1.10)

with of course

Eα
n (x) = Eα

n (x;1) and Eα
n (λ ) = Eα

n (0;λ ), (1.11)

where Eα
n (x;λ ) denotes the so called Apostol-Euler numbers of order α .

On the subject of the Genocchi polynomials Gn(x) and their various extensions a remarkably

large number of investigations have appeared in the literature (see for example [2,3,4,5,8,9,10]).

Moreover Luo (8-11) introduced and investigated the Apostol-Genocchi polynomials of (real or

complex) oredr α which are defined as follows.

Definition 1.4. The Apostol-Genocchi polynomials Gα
n (x;λ ) (λεC) of order αεN0 are defined

by means of the following generating function(
2t

λet +1

)α

ext =
∞

∑
n=0

Gα
n (x;λ )

tn

n!
(| t | log(−λ )) (1.12)

with of course

Gα
n (x) = Gα

n (x;1),Gα
n (λ ) = Gα

n (0;λ )Gn(x;λ ) = G(1)
n (x;λ ),Gn(λ ) = G(1)

n (λ ), (1.13)

where Gn(λ ),Gα
n (λ ) and Gn(x;λ ) denotes the so called Apostol-Genocchi numbers of order α

and the Apostol-Genocchi polynomials respectively.
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For each integer k ≥ 0, Mk(n) =
n
∑

i=0
(−1)iik is called sum of alternative integer powers. The

exponential generating function for Mk(n) is

∞

∑
k=0

Mk(n)
tk

k!
= 1− et + e2t + ...+(−1)nent =

1− (−et)n+1

et +1
. (1.14)

Definition 1.5. For an arbitrary real or complex parameter λ , the generalized sum of alternative

integer powers Mk(n;λ ) is defined by the following generating functions

∞

∑
k=0

Mk(n,λ )
tk

k!
=

1−λ (−et)n+1

λet +1
. (1.15)

The object of this paper is to present a systematic account of these families in a unified and

generalized form. We develop some elementary properties and derive the some symmetric iden-

tities for the generalized Apostol-Euler and Apostol-Genocchi polynomials by using different

analytical means on their respective generating functions. Recently, Zhang et al [20], Yang

[18], Yang et al [19] and Pathan [12] also established symmetric identities of the generalized

Bernoulli and Apostol-Bernoulli polynomials. Many of these properties of these generalized

polynomials extend appropriately to generalized Euler and Genocchi polynomials.

2. Some symmetric identities for the Apostol-Euler polynomials

In this section, we give general symmetry identities for the generalized Apostol-Euler poly-

nomials E(α)
n (x;λ ) by applying generating functions (1.10) and (1.15). Throughout this section

α will be taken as an arbitrary real or complex parameter.

Theorem 2.1. For all integers a> 0,b> 0 and n≥ 0,α ≥ 1,λεC, we have the following identity

n

∑
k=0

 n

k

an−kbk+1E(α)
n−k(bx;λ )

k

∑
i=0

 k

i

Mi(a−1;λ )E(α−1)
k−i (ay;λ )

=
n

∑
k=0

 n

k

bn−kak+1E(α)
n−k(ax;λ )

k

∑
i=0

 k

i

Mi(b−1;λ )E(α−1)
k−i (by;λ ). (2.1)

Proof. Let

g(t) =
1

aαbα−1

(
2a

λeat +1

)α

eabxt
(

1−λ (−eat)b

λebt +1

)(
2b

λebt +1

)α

eabyt (2.2)
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=
1

aαbα−1

(
∞

∑
n=0

E(α)
n (bx;λ )

(at)n

n!

)(
∞

∑
n=0

Mn(a−1;λ )
(bt)n

n!

)(
∞

∑
n=0

E(α−1)
n (ay;λ )

(bt)n

n!

)
.

g(t) =
1

aαbα

∞

∑
n=0

 n

∑
k=0

 n

k

an−kbk+1E(α)
n−k(bx;λ )

k

∑
i=0

 k

i

Mi(a−1;λ )E(α−1)
k−i (ay;λ )

 tn

n!
.

(2.3)

Using the similar method, we have

g(t) =
1

aαbα

∞

∑
n=0

 n

∑
k=0

 n

k

bn−kak+1E(α)
n−k(ax;λ )

k

∑
i=0

 k

i

Mi(b−1;λ )E(α−1)
k−i (by;λ )

 tn

n!
.

(2.4)

Equating the coefficients of tn

n! in the last two equations (2.3) and (2.4), we get the desired result.

By setting λ=1 in Theorem 2.1, the result reduces to a similar known result of Yang [18.,

Eq.(9)].

Corollary 2.1. For all integers a > 0,b > 0 and n≥ 0, α ≥ 1 λεC,

n

∑
k=0

 n

k

an−kbk+1E(α)
n−k(bx)

k

∑
i=0

 k

i

Mi(a−1;λ )E(α−1)
k−i (ay)

=
n

∑
k=0

 n

k

bn−kak+1E(α)
n−k(ax)

k

∑
i=0

 k

i

Mi(b−1)E(α−1)
k−i (by). (2.5)

Setting y=0 and α = 1 in Theorem (2.1), we obtain the relation.

Corollary 2.2. For all integers a > 0,b > 0 and n≥ 0, λεC,

n

∑
i=0

 n

i

ai−1bn−iEi(bx;λ )Mn−i(a−1;λ ) =
n

∑
i=0

 n

i

bi−1an−iEi(ax;λ )Mn−i(b−1;λ ).

(2.6)

Setting x = 0 in (2.6), we have the relation

Corollary 2.3. For all integers a > 0,b > 0 and n≥ 0, λεC,
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n

∑
i=0

 n

i

ai−1bn−iEi(λ )Mn−i(a−1;λ ) =
n

∑
i=0

 n

i

bi−1an−iEi(λ )Mn−i(b−1;λ ). (2.7)

For λ = 1 in (2.7), the result reduces to similar result of Tuenter [17].

n

∑
i=0

 n

i

ai−1bn−iEiMn−i(a−1) =
n

∑
i=0

 n

i

bi−1an−iEiMn−i(b−1). (2.8)

Setting b=1 in (2.6), we have

En(ax;λ ) =
n

∑
i=0

 n

i

ai−1Ei(x;λ )Mn−i(a−1;λ ). (2.9)

On the other hand by setting λ = 1 in (2.9), the result reduces to similar result of Yang [18,

Eq.(11)].

On the other hand by setting x = 0 in (2.9), we have a recurrence on the Apostol-Euler

polynomials.

En(λ ) =
n

∑
i=0

 n

i

ai−1Ei(λ )Mn−i(a−1;λ ). (2.10)

Theorem 2.2. For each pair of positive integers a and b and all integers n≥ 0,α ≥ 1,λεC, we

have the following identity

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

(λ )i+ jakbn−kE(α)
k (bx+

b
a

i;λ )E(α)
n−k(ay+

a
b

j;λ )

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

(λ )i+ jbkan−kE(α)
k (ax+

a
b

i;λ )E(α)
n−k(by+

b
a

j;λ ). (2.11)

Proof. Let g(t) = (2a)α (2b)α eab(x+y)t(λ aeabt+1)(λ beabt+1)
(λeat+1)α+1(λebt+1)α+1 . Then the expression for g(t) is symmetric

in a and b and we can expand g(t) into series in two ways to prove the theorem.

g(t) =
(

2a
λeat +1

)α

eabxt
(

λ aeabt +1
λebt +1

)(
2b

λebt +1

)α

eabyt
(

λ beabt +1
λeat +1

)

=

(
2a

λeat +1

)α

eabxt
a−1

∑
i=0

λ
iebti

(
2b

λebt +1

)α

eabyt
b−1

∑
j=0

λ
jeat j
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=
a−1

∑
i=0

λ
i
(

2a
λeat +1

)α

e(bx+ b
a i)at

b−1

∑
j=0

λ
j
(

2b
λebt +1

)α

e(ax+ a
b j)bt

=

(
a−1

∑
i=0

λ
i

∞

∑
k=0

E(α)
k (bx+

b
a

i;λ )
(at)k

k!

)(
b−1

∑
j=0

λ
j

∞

∑
n=0

E(α)
n (ay+

a
b

j;λ )
(bt)n

n!

)

=
a−1

∑
i=0

b−1

∑
j=0

∞

∑
n=0

∞

∑
k=0

λ
i+ jE(α)

k (bx+
b
a

i;λ )akbnE(α)
n (ay+

a
b

j;λ )
tn+k

n!k!
.

Replacing n by n-k in above equation, we get

g(t) =
∞

∑
n=0

 n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

akbn−kE(α)
k (bx+

b
a

i;λ )E(α)
n−k(ay+

a
b

j;λ )

 tn

n!
. (2.12)

On the other hand

g(t) =
∞

∑
n=0

 n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

an−kbkE(α)
k (ax+

a
b

i;λ )E(α)
n−k(by+

b
a

j;λ )

 tn

n!
. (2.13)

Equating the coefficients of tn

n! in the last two expressions for g(t) gives us the desired result.

By setting λ = 1 in Theorem (2.2), we immediately deduce the following result.

Corollary 2.4. For all integers a > 0,b > 0 and n≥ 0, α ≥ 1. Then

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

akbn−kE(α)
k (bx+

b
a

i)E(α)
n−k(ay+

a
b

j)

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

bkan−kE(α)
k (ax+

a
b

i)E(α)
n−k(by+

b
a

j) (2.14)

Setting y = 0,α = 1 in Theorem 2.2, we have the following.

Corollary 2.5. For all integers a > 0,b > 0 and n≥ 0, λεC. Then

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

(λ )i+ jakbn−kEk(bx+
b
a

i;λ )En−k(
a
b

j;λ )

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

(λ )i+ jbkan−kEk(ax+
a
b

i;λ )En−k(
b
a

j;λ ) (2.15)
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When b=1 in (2.15), we have the relationship

n

∑
k=0

 n

k

a−1

∑
i=0

λ
iakEk(x+

i
a

;λ )En−k(λ ) =
n

∑
k=0

 n

k

a−1

∑
j=0

λ
jan−kEk(ax;λ )En−k(

j
a

;λ )

(2.16)

Substituting λ = 1 in (2.16), we have the relationship

n

∑
k=0

 n

k

a−1

∑
i=0

akEk(x+
i
a
)En−k =

n

∑
k=0

 n

k

a−1

∑
j=0

an−kEk(ax)En−k(
j
a
). (2.17)

Theorem 2.3. For each pair of positive integers a and b and all integers n≥ 0,α ≥ 1,λεC, we

have the following identity

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

(λ )i+ jakbn−kE(α)
k (bx+

b
a

i+ j;λ )E(α)
n−k(ay;λ )

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

(λ )i+ jbkan−kE(α)
k (ax+

a
b

i+ j;λ )E(α)
n−k(by;λ ). (2.18)

Proof. The proof is analogous to Theorem 2.2, but we need to change the order of the summa-

tion of series. On the one hand

g(t) =
(2a)α(2b)αeab(x+y)t(λ aeabt +1)(λ beabt +1)

(λeat +1)α+1(λebt +1)α+1

g(t) =
(

2a
λeat +1

)α

eabxt
(

λ aeabt +1
λebt +1

)(
2b

λebt +1

)α

eabyt
(

λ beabt +1
λeat +1

)

=

(
2a

λeat +1

)α

eabxt
a−1

∑
i=0

λ
iebti

(
2b

λebt +1

)α

eabyt
b−1

∑
j=0

λ
jeat j

=
a−1

∑
i=0

b−1

∑
j=0

λ
i+ j
(

2a
λeat +1

)α

e(bx+ b
a i+ j)at

(
2b

λebt +1

)α

eabyt

=

(
a−1

∑
i=0

b−1

∑
j=0

λ
i+ j

∞

∑
k=0

E(α)
k (bx+

b
a

i+ j;λ )
(at)k

k!

)(
∞

∑
n=0

E(α)
n (ay;λ )

(bt)n

n!

)

=
a−1

∑
i=0

b−1

∑
j=0

∞

∑
n=0

∞

∑
k=0

λ
i+ jE(α)

k (bx+
b
a

i+ j;λ )akbnE(α)
n (ay;λ )

tn+k

n!k!
.
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Replacing n by n-k in above equation, we get

g(t) =
∞

∑
n=0

 n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

akbn−kE(α)
k (bx+

b
a

i+ j;λ )E(α)
n−k(ay;λ )

 tn

n!
. (2.19)

On the other hand, we have

g(t) =
∞

∑
n=0

 n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

an−kbkE(α)
k (ax+

a
b

i+ j;λ )E(α)
n−k(by;λ )

 tn

n!
. (2.20)

Equating the coefficients of tn

n! in the last two expressions for g(t) gives us the desired result.

By setting λ = 1 in Theorem 2.3, we immediately deduce the following result.

Corollary 2.6. For all integers a > 0,b > 0 and n≥ 0, α ≥ 1. Then

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

akbn−kE(α)
k (bx+

b
a

i+ j)E(α)
n−k(ay)

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

bkan−kE(α)
k (ax+

a
b

i+ j)E(α)
n−k(by) (2.21)

Setting y = 0,α = 1 in Theorem 2.3, we have the following.

Corollary 2.7. For all integers a > 0,b > 0 and n≥ 0, λεC. Then

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

(λ )i+ jakbn−kEk(bx+
b
a

i+ j;λ )En−k(λ )

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

(λ )i+ jbkan−kEk(ax+
a
b

i+ j;λ )En−k(λ ). (2.22)

When b = 1 in (2.22), we have the relationship

n

∑
k=0

 n

k

a−1

∑
i=0

λ
iakEk(x+

i
a

;λ )En−k(λ ) =
n

∑
k=0

 n

k

a−1

∑
j=0

λ
jan−kEk(ax+ j;λ )En−k(λ ).

(2.23)

Substituting λ = 1 in (2.23), we have the relationship

n

∑
k=0

 n

k

a−1

∑
i=0

akEk(x+
i
a
)En−k =

n

∑
k=0

 n

k

a−1

∑
j=0

an−kEk(ax+ j)En−k. (2.24)
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3. Some symmetric identities for the Apostol-Genocchi polynomials

In this section, we give general symmetry identities for the generalized Apostol-Genocchi

polynomials G(α)
n (x;λ ) by applying generating functions (1.12) and (1.15). Throughout this

section α will be taken as an arbitrary real or complex parameter.

Theorem 3.1 For all integers a > 0,b > 0 and n≥ 0,α ≥ 1,λεC, we have the following identity

n

∑
k=0

 n

k

an−kbk+1G(α)
n−k(bx;λ )

k

∑
i=0

 k

i

Mi(a−1;λ )G(α−1)
k−i (ay;λ )

=
n

∑
k=0

 n

k

bn−kak+1G(α)
n−k(ax;λ )

k

∑
i=0

 k

i

Mi(b−1;λ )G(α−1)
k−i (by;λ ) (3.1)

Proof. Let

g(t) =
1

aαbα−1

(
2at

λeat +1

)α

eabxt
(

1−λ (−eat)b

λebt +1

)(
2bt

λebt +1

)α

eabyt (3.2)

=
1

aαbα−1

(
∞

∑
n=0

G(α)
n (bx;λ )

(at)n

n!

)(
∞

∑
n=0

Mn(a−1;λ )
(bt)n

n!

)(
∞

∑
n=0

G(α−1)
n (ay;λ )

(bt)n

n!

)

g(t)=
1

aαbα

∞

∑
n=0

 n

∑
k=0

 n

k

an−kbk+1G(α)
n−k(bx;λ )

k

∑
i=0

 k

i

Mi(a−1;λ )G(α−1)
k−i (ay;λ )

 tn

n!
.

(3.3)

Using similar plan, we have

g(t)=
1

aαbα

∞

∑
n=0

 n

∑
k=0

 n

k

bn−kak+1G(α)
n−k(ax;λ )

k

∑
i=0

 k

i

Mi(b−1;λ )G(α−1)
k−i (by;λ )

 tn

n!
.

(3.4)

Equating the coefficients of tn

n! in the last two equations (3.3) and (3.4), we get the desired result.

By setting λ=1 in Theorem 3.1, the result reduces to a similar known result of Yang [18.,

Eq.(9)].

Corollary 3.1. For all integers a > 0,b > 0 and n≥ 0, α ≥ 1 λεC,
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n

∑
k=0

 n

k

an−kbk+1G(α)
n−k(bx)

k

∑
i=0

 k

i

Mi(a−1;λ )G(α−1)
k−i (ay)

=
n

∑
k=0

 n

k

bn−kak+1G(α)
n−k(ax)

k

∑
i=0

 k

i

Mi(b−1)G(α−1)
k−i (by) (3.5)

Setting y=0 and α = 1 in Theorem (3.1), we obtain the relation.

Corollary 3.2. For all integers a > 0,b > 0 and n≥ 0, λεC,

n

∑
i=0

 n

i

ai−1bn−iGi(bx;λ )Mn−i(a−1;λ ) =
n

∑
i=0

 n

i

bi−1an−iGi(ax;λ )Mn−i(b−1;λ )

(3.6)

Setting x = 0 in (3.6), we have the relation.

Corollary 3.3. For all integers a > 0,b > 0 and n≥ 0, λεC,

n

∑
i=0

 n

i

ai−1bn−iGi(λ )Mn−i(a−1;λ ) =
n

∑
i=0

 n

i

bi−1an−iGi(λ )Mn−i(b−1;λ ) (3.7)

For λ = 1 in (3.7), the result reduces to similar result of Tuenter [17].

n

∑
i=0

 n

i

ai−1bn−iGiMn−i(a−1) =
n

∑
i=0

 n

i

bi−1an−iGiMn−i(b−1). (3.8)

Setting b = 1 in (3.6), we have

Gn(ax;λ ) =
n

∑
i=0

 n

i

ai−1Gi(x;λ )Mn−i(a−1;λ ). (3.9)

On the other hand by setting λ = 1 in (3.9), the result reduces to similar result of Yang [18,

Eq.(11)]. By setting x = 0 in (3.9), we have a recurrence on the Apostol-Genocchi polynomials.

Gn(λ ) =
n

∑
i=0

 n

i

ai−1Gi(λ )Mn−i(a−1;λ ). (3.10)
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Theorem 3.2. For each pair of positive integers a and b and all integers n≥ 0,α ≥ 1,λεC, we

have the following identity

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

(λ )i+ jakbn−kG(α)
k (bx+

b
a

i;λ )G(α)
n−k(ay+

a
b

j;λ )

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

(λ )i+ jbkan−kG(α)
k (ax+

a
b

i;λ )G(α)
n−k(by+

b
a

j;λ ) (3.11)

Proof. Let g(t)= (2at)α (2bt)α eab(x+y)t(λ aeabt+1)(λ beabt+1)
(λeat+1)α+1(λebt+1)α+1 . Then the expression for g(t) is symmetric

in a and b and we can expand g(t) into series in two ways to prove the theorem.

g(t) =
(

2at
λeat +1

)α

eabxt
(

λ aeabt +1
λebt +1

)(
2bt

λebt +1

)α

eabyt
(

λ beabt +1
λeat +1

)

=

(
2at

λeat +1

)α

eabxt
a−1

∑
i=0

λ
iebti

(
2bt

λebt +1

)α

eabyt
b−1

∑
j=0

λ
jeat j

=
a−1

∑
i=0

λ
i
(

2at
λeat +1

)α

e(bx+ b
a i)at

b−1

∑
j=0

λ
j
(

2bt
λebt +1

)α

e(ax+ a
b j)bt

=

(
a−1

∑
i=0

λ
i

∞

∑
k=0

G(α)
k (bx+

b
a

i;λ )
(at)k

k!

)(
b−1

∑
j=0

λ
j

∞

∑
n=0

G(α)
n (ay+

a
b

j;λ )
(bt)n

n!

)

=
a−1

∑
i=0

b−1

∑
j=0

∞

∑
n=0

∞

∑
k=0

λ
i+ jG(α)

k (bx+
b
a

i;λ )akbnG(α)
n (ay+

a
b

j;λ )
tn+k

n!k!
.

Replacing n by n-k in above equation, we get

g(t) =
∞

∑
n=0

 n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

akbn−kG(α)
k (bx+

b
a

i;λ )G(α)
n−k(ay+

a
b

j;λ )

 tn

n!
. (3.12)

On the other hand

g(t) =
∞

∑
n=0

 n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

an−kbkG(α)
k (ax+

a
b

i;λ )G(α)
n−k(by+

b
a

j;λ )

 tn

n!
. (3.13)

Equating the coefficients of tn

n! in the last two expressions for g(t) gives us the desired result.

By setting λ = 1 in Theorem 3.2, we immediately deduce the following result
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Corollary 3.4. For all integers a > 0,b > 0 and n≥ 0, α ≥ 1. Then

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

akbn−kG(α)
k (bx+

b
a

i)G(α)
n−k(ay+

a
b

j)

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

bkan−kG(α)
k (ax+

a
b

i)G(α)
n−k(by+

b
a

j) (3.14)

Setting y = 0,α = 1 in Theorem 3.2, we have the following.

Corollary 3.5. For all integers a > 0,b > 0 and n≥ 0, λεC. Then

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

(λ )i+ jakbn−kGk(bx+
b
a

i;λ )Gn−k(
a
b

j;λ )

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

(λ )i+ jbkan−kGk(ax+
a
b

i;λ )Gn−k(
b
a

j;λ ). (3.15)

When b = 1 in (3.15), we have the relationship

n

∑
k=0

 n

k

a−1

∑
i=0

λ
iakGk(x+

i
a

;λ )Gn−k(λ ) =
n

∑
k=0

 n

k

a−1

∑
j=0

λ
jan−kGk(ax;λ )Gn−k(

j
a

;λ ).

(3.16)

Substituting λ = 1 in (3.16), we have the relationship

n

∑
k=0

 n

k

a−1

∑
i=0

akGk(x+
i
a
)Gn−k =

n

∑
k=0

 n

k

a−1

∑
j=0

an−kGk(ax)Gn−k(
j
a
). (3.17)

Theorem 3.3. For each pair of positive integers a and b and all integers n≥ 0,α ≥ 1,λεC, we

have the following identity

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

(λ )i+ jakbn−kG(α)
k (bx+

b
a

i+ j;λ )G(α)
n−k(ay;λ )

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

(λ )i+ jbkan−kG(α)
k (ax+

a
b

i+ j;λ )G(α)
n−k(by;λ ). (3.18)
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Proof. The proof is analogous to Theorem 3.2, but we need to change the order of the summa-

tion of series. On the one hand

g(t) =
(2at)α(2bt)αeab(x+y)t(λ aeabt +1)(λ beabt +1)

(λeat +1)α+1(λebt +1)α+1

g(t) =
(

2at
λeat +1

)α

eabxt
(

λ aeabt +1
λebt +1

)(
2bt

λebt +1

)α

eabyt
(

λ beabt +1
λeat +1

)

=

(
2at

λeat +1

)α

eabxt
a−1

∑
i=0

λ
iebti

(
2bt

λebt +1

)α

eabyt
b−1

∑
j=0

λ
jeat j

=
a−1

∑
i=0

b−1

∑
j=0

λ
i+ j
(

2at
λeat +1

)α

e(bx+ b
a i+ j)at

(
2bt

λebt +1

)α

eabyt

=

(
a−1

∑
i=0

b−1

∑
j=0

λ
i+ j

∞

∑
k=0

G(α)
k (bx+

b
a

i+ j;λ )
(at)k

k!

)(
∞

∑
n=0

G(α)
n (ay;λ )

(bt)n

n!

)

=
a−1

∑
i=0

b−1

∑
j=0

∞

∑
n=0

∞

∑
k=0

λ
i+ jG(α)

k (bx+
b
a

i+ j;λ )akbnG(α)
n (ay;λ )

tn+k

n!k!
.

Replacing n by n− k in above equation, we get

g(t) =
∞

∑
n=0

 n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

akbn−kG(α)
k (bx+

b
a

i+ j;λ )G(α)
n−k(ay;λ )

 tn

n!
. (3.19)

On the other hand

g(t) =
∞

∑
n=0

 n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

an−kbkG(α)
k (ax+

a
b

i+ j;λ )G(α)
n−k(by;λ )

 tn

n!
. (3.20)

Equating the coefficients of tn

n! in the last two expressions for g(t) gives us the desired result. By

setting λ = 1 in Theorem 3.3, we immediately deduce the following result.

Corollary 3.6. For all integers a > 0,b > 0 and n≥ 0, α ≥ 1. Then

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

akbn−kG(α)
k (bx+

b
a

i+ j)G(α)
n−k(ay)

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

bkan−kG(α)
k (ax+

a
b

i+ j)G(α)
n−k(by) (3.21)

Setting y = 0,α = 1 in Theorem 3.3, we have the following.
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Corollary 3.7. For all integers a > 0,b > 0 and n≥ 0, λεC. Then

n

∑
k=0

 n

k

a−1

∑
i=0

b−1

∑
j=0

(λ )i+ jakbn−kGk(bx+
b
a

i+ j;λ )Gn−k(λ )

=
n

∑
k=0

 n

k

b−1

∑
i=0

a−1

∑
j=0

(λ )i+ jbkan−kGk(ax+
a
b

i+ j;λ )Gn−k(λ ). (3.22)

When b = 1 in (3.22), we have the relationship

n

∑
k=0

 n

k

a−1

∑
i=0

λ
iakGk(x+

i
a

;λ )Gn−k(λ ) =
n

∑
k=0

 n

k

a−1

∑
j=0

λ
jan−kGk(ax+ j;λ )Gn−k(λ ).

(3.23)

Substituting λ = 1 in (3.23), we have the relationship

n

∑
k=0

 n

k

a−1

∑
i=0

akGk(x+
i
a
)Gn−k =

n

∑
k=0

 n

k

a−1

∑
j=0

an−kGk(ax+ j)Gn−k. (3.24)
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