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1. Introduction

Many researchers [5-8] introduced non-commutative algebraic structures. This concept is
motivated not only by the logically interest, but also by the relation with some remarkable
mathematical structures. In [5], pseudo t-norms were investigated in bounded lattices in a sense
as non-commutative property. Bedregal and Takahashi [4] introduced interval fuzzy connectives

as an extension for fuzzy connectives. This concept provides tools for approximate reasoning
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and decision making with a frame work to deal with uncertainty and incompleteness of infor-
mation [1-3]. Kim [11,12] introduced pairs of (interval) negations and (interval) implications.
which are induced by non-commutative property.

In this paper, we construct interval fuzzy connectives from pairs of negations and implica-

tions. Moreover, we investigate their properties and give examples.

2. Preliminaries

In this paper, we assume that (L,V,A, L, T) is a bounded lattice with a bottom element L

and a top element T.

Definition 2.1. [5,11,12] A map T : L x L — L is called a pseudo t-norm if it satisfies the
following conditions:

(TY) T(x,T(y,z)) =T(T(x,y),z) forall x,y,z € L,

(T2)Ify <z, T(x,y) <T(x,z) and T (y,x) < T(z,x),

(T3) T(x, T)=T(T,x) =x.

A pseudo t-norm is called a t-norm if T (x,y) = T (y,x) for x,y € L

A map S: L xL— Lis called a pseudo t-conorm if it satisfies the following conditions:

(S1) S(x,S(y,z)) = S(S(x,y),z) for all x,y,z € L,

(S2) Ify <z, S(x,y) < S(x,z) and S(y,x) < S(z,x),

(S3) S(x, L) =8(L,x) =x.

A pseudo t-conorm is called a r-conorm if S(x,y) = S(y,x) for x,y € L.

Definition 2.2. [11,12] A pair (n1,ny) with maps n; : L — L is called a pair of negations if it
satisfies the following conditions:

(ND) n;(T)=L,n;(L)=T foralli € {1,2}.

(N2) nj(x) > n;(y) forx <yand i€ {1,2}.

(N3) nj(na(x)) = na(ny(x)) = x for all x € X.
Definition 2.3. [11,12] A pair (I;,5) with maps I}, : L x L — L s called a pair of implications

if it satisfies the following conditions:

ADL(T, T)=L(L, T)=L(L, L) =T,I(T,L)= L foralli € {1,2},
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(I2) If x < y, then I;(x,z) > I;(y,z) for all i € {1,2},
(13) Ii( T, x) = x for all i € {1,2},
14) I, (x,1(y,2)) = L(y,I1(x,z)) for all x,y,z € X,
(I5) I (L(x, L), L) =hL(I(x, 1), 1) =x.

Let (L,V,A,T,L) be a bounded lattice. Let L = {[x;,xs] | x; < x2,x1,x, € L} where

[x1,%] ={xe€L|x; <x<xp}. We define
[e1,x2] < [yn,ye)s iffxr <yi, 02 <yo

[x1,22]) C [y1,¥2], iff y1 <xp <y <y
I([x1,x2]) = x1, r([x1,x2]) = x2.

Definition 2.4. [11,12] A map T : L2 x L2 — L2 is called a interval pseudo t-norm if it
satisfies the following conditions: for all [x1,x2], [y1,y2], [z1,22] € L,
(IT1) T([x1,x2], T([y1, 2], [21,22])) = T(T([x1,x2], [y1,2]), 21, 22])
(IT2) T([x1,x2], [T, T]) =T([T, T}, [x1,x2]) = [x1,x2]-
(IT3) If [x1,x2] < [z1,22] and [y1,y2] < [wi,wa], then T([x1,x2], [y1,y2]) < T([z1,22], [w1,w2]).
(IT4) If [x1,x2] C [z1,22] and [y1,y2] C [wi,wo], then T([x1,x2], [y1,32]) C T([z1,22], [w1, w2)).
A pseudo t-norm is called a interval t-norm if T([x1,x2],[v1,v2]) = T([y1,y2], [x1,x2]) for

[x1,%2], [v1,¥2] € LP

Definition 2.5. [11,12] A map S: L2 x 112 — 12 is called a interval pseudo t-conorm if it
satisfies the following conditions: for all [x;,x2], [y1,y2], [z1,22] € LIZ,

(AS1) S([xr,x2],8([y1,32] [z1,22])) = S(S(x1, 22, [y1,y2]), 21, 22)),

(IS2) S([x1,x2],[L, L]) = S([L, L], [x1,x2]) = [x1,x2].

(IS3) If [x1,x2] < [z1,22] and [y1,y2] < [wy, w2, then S([x1,x2], [y1,¥2]) < S([z1,22], w1, w2]).

]
(IS4)If [x1,x2] C [z1,22] and [y, y2] C [w1, 2], then S([x1, x0], [y1,y2]) € S([z1,22], [wi, wa]).
An interval pseudo t-conorm is called an interval t-conorm if S(|x1,x2], [v1,¥2]) = S([y1, 2], [x1,X2])

for [xlax2]7 [)’1;)’2] € L[Z}

Remark 2.6. (1) If T is a pseudo t-norm, then 7' ([x1,x], L) = L =T(L,x) because T ([x1,x;], L) <
T(L,T)=L1.
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(2) If S is a pseudo t-conorm, then S([xi,x2],T) =T = S(T,x) because S([x1,xz], T) >
S(L,T)=T.

Definition 2.7. [11,12] A pair (Nj,N,) with maps N; : L2 — [ s called a a pair of interval
negations if it satisfies the following conditions:

(IND) N;([T,T]) = [L, L], Ni([L,L]) = [T, T] forall i € {1,2}.

(IN2) If [x1,x2] < [y1,y2], then N([y1,y2]) < N;([x1,x2]) foralli € {1,2}.

(IN3) If [x1,x2] C [y1,y2], then N;([x1,x2]) C Ni([y1,y2]) forall i € {1,2},

(IN4) Ny (N2 ([x1,x2])) = Na(Ny ([x1,x2])) = [x1, 2] for all [x1,x,] € L.

Definition 2.8. [11,12] A pair (I;,I,) with maps Ij,I, : L x L — LB is called a pair of
interval implications if it satisfies the following conditions:

) L([T, T[T, T) = L([L, L, [T, T = L([L, L], [L, L)) = [T, TL L([T, TL,[L, 1]) =
[L, L] forallie {1,2}.

(2) If [x1,x2] < [y1,y2], then X;([x1,x2],[z1,22]) > Li([y1,¥2], [21,22]) foralli € {1,2}.

(I3) If [x1,x2] C [y1,y2], then X;([x1,x2],[z1,22]) C Li([y1,¥2],[z1,22]) foralli € {1,2}.

(114) L([T, T], [x1,x2]) = [x1,x] forall i € {1,2}.

A5) Ty ([x1,x2], Lo ([y1,y2], [z1,22])) = Lo ([y1, y2), L ([, x2), 21, 22]))

for all [x1,x2], [y1,y2], [21,22] € LP).

116) I (I ([x1, 2], [L, L)), [-L, L]) = To(Ty (fr,x2], [L, L]), [L, L]) = fer,xa].

Theorem 2.9. [11,12] Let (ny,ny) be a pair of negations on L. Then we have the following
properties.

(1) Define maps I; : Lx L — L as

Ii(x,y) = n(x) Vy, h(x,y) = na(x) Vy.

Then (I1,1,) is a pair of implications.

(2) Define maps N; : L2 — 12 g
Ni([xr1,x2]) = [ (x2),m1 (1), No ([ers x2]) = [m2(x2), 2 (x1))]
Then (N1,N3) is a pair of interval negations such that

Ni(x) = Ni(x) = ni(x),
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N;([x1,x2]) = [Ni(x2),Ni(x1)].

(3) For maps I; in (1), we define maps 1; : LR s 2] — 2] g
I ([x1,x2], v1,32]) = [n1(x2) Vy1,ni(x1) Vy2l,

L([x1,x2], [y1,32]) = [n2(x2) Vy1,m2(x1) V y2].

Then (11,1y) is a pair of interval implications such that I;(x,y) = n;(x) Vy = I;(x,y) and

Li([x1,22], [y1,y2]) = [Li(xa, y1), Li(x, y2)]-

Theorem 2.10. [11,12] Let (L,V,A, T, L) be a bounded lattice and (I,1,) an pair of implica-
tions on L. We define

ny(x) =I(x, 1), na(x) =h(x, 1).

(1) (n1,m2) is a pair of negations.

(2 Li(n2(y),m2(x)) = L (x,y) and L(n1(y),n1(x)) =1 (x,y).
3)Ify <z, then Ii(x,y) < I;(x,z).

(4) For maps I in (1), we define maps I; : L x L2 — L[2) g5

L ([, x2], [v1,32]) = [ (2, 31), 11 (x1,2)]

L ([x1,x2], V1,32]) = [R2(x2,31), L2 (x1,52)]-

Then (11,1y) is a pair of interval implications such that 1;(x,y) = I;(x,y) = Li(x,y) and
L([x1,x2), y1,y2]) = [Li(x2,31), Li(x1,32)]-
(5) Define maps N; : L2 — 2 g
Ni (b, x2]) = (o, L), L (x, L]
No([x1,x2]) = [ (x2, L), B (x1, L))
Then (N1,N3) is a pair of interval negations such that
N;(x) = N;(x) = Li(x, L),

Ni([x1,x2]) = [Ni(x2), Ni(xp)].
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In this paper, sometimes composition function f o g o h will be denoted by fgh.
3. Interval fuzzy connectives and pairs of implications

Theorem 3.1. Let (L,V,A, T, L) be a bounded lattice and (I,I) an pair of implications on L.
We define 1;,T;,S; : L x LB — L2 and N; - LB — 2]

L (1,2, [y, y2]) = [ (2, 31), i (e, y2)]
L([x1,x2], [y1,y2]) = [2(x2,1), 2 (x1,y2)],
ni(x) =1I(x,1), na(x)=5h(x,1),
Ni(frr,x2]) = [n1(x2),m1 (1)),
No([x1,22]) = [n2(x2),m2 (x1)],

T ([x1,x2], [y1,y2]) = Ni(Ta([r1, x2], Na([y1,32]))),
Ty ([x1,x2], [y1,32]) = Ni(Ia([y1, y2], Na([x1,x2]))),
T3 ([x1,22], [y1,2]) = Na (L (fer, 2], N ([yr,321))),
Ty ([x1,x2], [y1,32]) = Na(Li([yr, y2], Ni ([x1,x2]))),
S1([x1,x2], [y1,y2]) = Ti(Na([x1, x2], [y1,32])),
Sa([x1,x2], [y1,32]) = Ti(Na([y1, 2], [x1,%2])),
S3([x1,x2], [y1,32]) = (N1 ([x1, %2, [y1,32])),

Sa([x1,x2], [y1,¥2]) = (N1 ([y1,32], [x1,%2])).

Then The the following properties hold.
(D) L(N2([y1,y2]), Na([x1,x2])) = Lo ([x1,x2], [y1,y2]) and

L(N1([y1,52]),Ni([x1,%2])) = Li ([x1,x2], [y1,¥2])-
(2) For each i € {1,2,3,4}, T, is an interval pseudo t-norms such that

T1([x1,%2], [y1,y2]) = [n1la(x1,n2(y1)), 1l (x2,m2(y2))],

Ta([x1,%2], [y1,y2]) = [n1la(y1,n2(x1)), 1 D2 (2, m2(x2))],
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T3([x1,x2], [V1,32]) = [m2di (x1,m1 (1)), 2l (%2, 1 (v2))],
Ta([x1,x2], [y1,32]) = [n2i (v1,m1 (x1) ), mady (2,11 (x2))-

3) If mbL(x,y) = nali(n1(y),ni(x)), then Ty = T4 and T, = Tj.

“4)
L (T (1, x2], v1,32]), [z1,22]) = La([x1, 2], Lo ([y1,v2], [21, 22])),

L(Tao (1, x2], [yi,y2])s [z1522]) = Ty, yal Ta([xr, x2], [21,220)),
L3 (T3 (b, xa], [y, val)s 21, 220) = T (b xa ) T (v vl [z, 220)
L (Ta (b, xa], i, yal)s 21, 22]) = L (v yal T (B x2)s [z21,220)-
(5) If [xr,xo] < [yn,y2] i Ti(frrsx2], [y, y2]) = [T, T]iff a([xr, xo], [v1,y2]) = [T, T, then
T1([x1,x2], [y1,y2]) < lz1s22] iff [, x00] < To([yr,y2), [21,22])

iff v1,y2] < L[, xal, [z, 22]) i Tafrr, x2, 1, v2]) < 21, 22],5

T3 ([x1,%2], [y1,y2]) < [z1,22) iff 1, x2] < Ti([y1,y2], [z1,22])
iff v1,y2] < La([x1,x2], [z1,22]) i Ta([x1, 2], [v1,y2]) < [z1,22]-
Moreover, Ty ([x1,x2], [v1,2]) = Ta([x1,x2], [v1,¥2]) and

To([x1,x2), [y1,32]) = T3 ([x1,x2], [y1, y2])-
(6) For each i € {1,2,3,4}, S; is an interval pseudo t-norms such that

S1([x1,x2], [y1,32]) = [l (na(x1),31), 1 (n2(x2),y2) ],

Sa([x1,x2], [y1,32]) = [l (2 (1), x1), 11 (n2(32),%2)
S3([x1,x2], [y1,32]) = [l (n1(x1),y1), 2 (n1(x2),¥2)],
Sa([x1,x2], [y1,32]) = [L(n1(y1),x1), 2 (11 (y2),%2)]-

Moreover,

S1([x1,%2], v1,¥2]) = Sa([x1,%x2], [y1,¥2]),
Sz([)Cl,XZ], [ylayZ]) = S3([X1,X2], [)’17)’2])-

(N
T1([x1,x2]; [y1,2]) = N1S3(N2([x1,x2]), Na([y1,32])),

Tz([xl,)Cz], [ylayZ]) - NIS4(N2([x1vx2])7N2([y17y2]))7
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T3([X1,X2], [ylayZ]) = NZSI(NI([x17x2])7N1([y17y2]))’
T4([x1,x2], [y1,¥2]) = NoSo (N1 ([x1,x2]), N1 ([y1,¥2]))-

Proof. (1) I; (N2([y1,y2]),Na([x1,x2]) = L ([x1,x2], [y1,y2]) from:

I (N2([y1,32]), Na([x1,x2])
=L (L([y1,y2], [, L]), Lo (1, x2], [L, L),
= D([xr,x2], I (L ([y1,y2], [L, L]), [L, L])

=L ([x1,x2], [y1,¥2])-

Other case is similarly proved.

(2) ATL)

T (T ([x1,x2], [v1,32]), [z1,22])
Ni (L (T (br1,x2], [v1,y2]), Na([z1,22])))

= N (L (N1 (I ([x1,x2], N2 ([y1,52]))), Na([z1, 22])))

= Ni (I (N2(N2([z1,22])), I ([x1, 2], Na([y1,32]))))

= Ni(La(fx1,x2], In(N2(Na([z1,22])), Na([y1,¥2]))))

= Ni(L([x1,x2], I ([y1,¥2], No([z21,22]))))

1 (L ([x1,22], No (T ([y1,32], [z1,22]))
(

=Ty (o1, x2), Ti([y1,y2], 21, 22]))-

(AT2) If [y1,y2] < [z1,22], then I ([y1,y2], No([x1,x2]))) = Io([21,22], No([x1,%2])),
L ([x1,%2], Na([y1,32]))) = La([x1,x2], Na([z1,22]) ). Thus

Ty (b1, y2], [x1,%2]) < Ti([z1, 22, [, x2]), Ti([x,x2, v, ye]) < Ti(lxn,xo), 21,22)).
(T3) If [x1,x2] C [z1,22] and [y1,y2] C [wi,w2], then

L ([x1,x2],Na([y1,¥2]))) C Ia([z1,22],Na([w1,w2])). Thus

Tia([x1,x2], 1, y2]) C Tia([x1,x2], [z1,22]).

(IT4)

)
)

Z

)

Tl([xlax2]7[T7T])

N (I (frr,x2], [L,L]))
N ([n2(x2),n2(x1)])

[n1(n2(x1)),n1 (n2(x2))] = [x1,%2]-
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T ([T, Tl e, x2]) = Ni(La([T, T, Na([x1,%2])))
=NiL([T, T], [n2(x2),n2(x1)])
=Ni([L(T,n2(x2)), (T, n2(x1))])
=N ([n2(x2),m2(x1)])

= [n1(n2(x1)),n1(n2(x2))] = [x1,x2].

Hence T} is an interval pseudo t-norm. Moreover,

Ti([x1,x2], [y1,32])) =

1
(I ( Nl(T4([X1 %, v1,32]))))
No (I ( 1,32], Ni([x1,x2]))))
N (I (NI (N ([, x2])), Ni (i, v2]))
= No(L(N1 (Ni([x1,%2])), I ([z1, 22], N1 ([y1,52]))))
N (I (N ( ), L (Ta([y1,y2), [21,22]))))
No (I (
(

Other cases are similarly proved.

3) If n1L(x,y) = noly (n1(y),n1(x)), then
mb(x,n2(z)) = noly (n1(n2(2)),n1(x)) = naly (z,n1(x)).

By (2), Tl = T4 and Tz = T3.

611
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“4)

IZ(T ([ X1,X ] [ylayZ])v[ZbZZ])
1 (T2 ([x1, 2], Na([y1,52])), [z1,22]))
I (N2([z1,22]), N2 (N1 (T2 (1, x2], Na ([y1,32])))))

L(N
(
Iy (n2([z1,22]), Lo ([x1, 2], No ([v1,32])))
(
(

L ([x1,x2], 11 (N2(2), N2 ([y1,32])))
= DL([x1,x2],L2([y1,¥2], [21,22]))

.

2(Ta([x1,x2], [y1,32)), [21,22])
2(NH (L[, y2]s No([x1,x2])), [z21, 22]))
I (N2 ([z1,22]), L2 (D1,v2)s No([x1,%2])))))
L ([y1,52], I (Na([z1,22]), Na([x1,x2])))))
( )-

L([y1,y2], Lo ([x1,x2], [21,22])

o

1(T3([x1,x2], [y1,32]), [21,22)
L (N2 (T (1, %2, N ([yn,320))s [z1,22]))
L (N1 ([z1,22]), Nt (N2 (T ([x1, 2], N1 ([v1,32])))))
L (N (
(
(

]
(
[z1,22]), Tu ([x1,%2], N1 ([y1,2])
X )

2], Io(N1 ([z1,22]), N1 ([y1, 2]
I,

I ([x1,x2],

)
)

~—  —

L ([x1,

(bisy2], [z15220))

o

1(Ta(fxr,x2], [y1,32]), 21, 22])

L (N2 (I ([y1,y2]s Ni([x1,x2])) s [z1,22]))

I (Ni([z1,22]), N1t (N2 (I ([y1, 32, Ni([x1,x2])))))
L (N1 ([z1,22]), L ([y1,y2], N ([x1,%2])

( )
(

)
)

L ([y1,52], In(N1 ([z1,22]), N1 (1, x2]

I [)71 )’2] I1([X1,X2],[Z1,Zz]))
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®)

Ta([x1,%2], [y1,¥2]) < [z1,22]

iff [T, T] = Li(Ta([x1,x2], [y1,32]), 21, 22]) = L (1, 2], L ([, x2], (21, 22)
iff [y1,y2] < Ti([x1,x2], [21,22]).

iff [T, T] = L([y1,y2] I ([x1,x2], 21, 22])) = L (P12 B[y, v2), 21, 22))).-
iff [x1,x2] < Io([y1,y2], [21,22])

iff [T, T] = L(Ti (b1, x2], [y1,32]), 21, 22]) = Lo ([x1,%2], o ([y1, 2], [21, 22]))

iff Ty ([r,x2], [y1,32]) < [z1,22].

Since T1([x1,%x2], [y1,¥2]) < [z1,22] iff Ta([x1,x2], [y1,¥2]) < [z1,22], then Ty ([x1,x2], [y1,y2]) =
T4 ([x1,x2], [y1,¥2])-

Ta([x1,x2], [y1.¥2]) < [21,22]

iff [T, T] = L(T2([x1,x2], [y1,32]), 21, 22]) = Lo ([y1,y2], Lo ([x1,%2], [21,22]))
iff [y1,y2] < To([x1,x2], [21,22]).
iff [T, T] = Li([yr,y2] Lo ([x1,x2], [21,22])) = Ba(xn,x2], T (v, y2)s [z1,220))-
iff [x1,x2] <L ([y1,¥2],[z1,22])
iff [T, T] = Li(T3([x1,x2], [y1,32]), 215 22]) = Li(ferx2], L (v, vzl [21,22])

iff T3 ([x1,x2], [v1,32)) < [z1,22)-

613

Since Ta([x1,x2], [y1,¥2]) < [z1,22] iff T3([x1,x2], [y1,¥2]) < [21,22], then T ([x1,x2], [y1,¥2]) =

T3([x1,x2], [y1,¥2]).
(6)

(Sa([x1,x2], [y1,32]), 21, 22]) =T (N2 ([z21,22]), 82 ([x1,%2], [y1,2]))
L (N2 ([z1,22]), (N2 ([, v2]), i, x2])) = T (N2 ([z1, 22]), I (N (e, x2]), [y, 32]))
=L (Ni([x1,%2]), i (N2([z1,22]), 1, 32])) = (N1 ([x1,%2]),S2([v1,32], [21,22]))
L (N2 (S2 (v, v2)s [21,220))), [x1,x2]) = Sa([xr, 2], Sa (i, v2), [21,22])-
(IS2) If [y1,y2] < [z1,22] and [x1,22] < [wy,wo], then
Li(N2([y1,32]), [x1,%2])) < Li(Na([z1,22]), [wi, wa]). Thus

So([x1,x2], v1,32]) < Sa([wi, wa), [z1,22)).
(IS3) If [x1,x2] C [wi,ws] and [y1,y2] C [z1,22], then
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I (N2 ([v1,32]), [x1,x2])) € I1(Na([z1,22]), [wi,w2]). Thus

SZ([x17x2]7 [y17y2]) C SZ([W17W2]7 [Z17Z2])'
(IS3)

Sa(frr,x2], [L, L)) =Li(Ni([L, L)), [xr,x2]) = Li([T, T, [, x2])
= [L(T,x1), [ (T,x1)] = [x1,x2].

So([-L, L], [x1,x2]) =L (Na([xr,x2)), [ L, L])
= L ([n2(x2),m2(x1)], [ L, L])
= [l1(n2(x1), L), 11 (n2(x2), L)]

= [n1(n2(x1)),m (n2(x2))] = [x1,x2].

Moreover,
Sa(fr,x2] vi,y2]) = TLi(Na([yr,2]), [x1,x2])
=L ([n2(y2),m2(y1)], [x1,%2])
= [Li(n2(y1),x1), 11 (n2(y2) ,%2)]

Sa([x1,x2], y1,y2]) = Li(N2([y1,32]), [x1,x2])
= L(Ni([x1,x2]), [y1,y2]) = S3([x1,x2], [y1,32])-

Other cases are similarly proved.

Example 3.2. Put L = {(x,y) € R* | (3,1) < (x,y) < (1,0)} with a bottom element (%, 1) and

a top element (1,0) where

(x1,51) < (x2,¥2) € x1 <x2 or x; = x2,y1 < ¥o.
(1) Define 1,1 : L x L — L as follows:

11(()61,))1), (Xz,yz)) = (%7 yzx;1y1) A (1;())

12((x15y1>7 <x27y2)) = (%7)’2 - x/z\g_)l)l) A (170)

Then it satisfies (I1)-(I3) and (I14) from:

Li((x1,31),2((x2,32) (x3,33))) = Li((x1,01), (32,33 — *22) A (1,0))

_ (X_3 X2Y3—X3Y2—X2)1 ) A (1’0)

b((x2,y2),11((x1,1), (x3,33))) = L((x2,32), (33, %5) A (1,0))

= (i =) A (1,0),
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(15) L (I ((x1,1), (3, 1)), (2, 1) = (x1,31) = L (B((x1,01), (3, 1)), (3, 1)) from

Hence (1}, 1) an pair of implications .

(2) By Theorem 3.1, we obtain: 1,1 : L x L2 — L] a5 follows:

Il([(xlayl)7(x2:y2)]v[(Z17W1)7(Z27W2)])
= [I1((x2,¥2), (z1,w1), 11 ((x1,)1), (z2,w2))]
(3, ™22) A (1,0), (2, 722) A (1,0)]

X7 X X1’ X

e

2([(x17y1)7(x2:y2)]7[(Z17W1)7(Z27W2)])
= [L((x2,y2), (z1,w1),L2((x1,)1), (22,w2))]
(w1 =22 A(1,0),(2,w2 — 2 A(1,0)]

X3 X7 X1

(3)N{,Ny: LB — 2] a5 follows:

N1 ([(x1,31), (x2,32)])

1 1 1
E’ X )7(2xl7 xly )]

=
[

No([(x1,31); (x2,¥2)]) = [n2(x2,¥2),m2(x1,31)]
[

_ 1 1
= (35> 1= 35): (s 1= 551

4

Ty ([(x1,31), (x2,32)], [(z1,w1), (22, w2)])

= Ni(L([(x1,31), (x2,52)], No([(21,w1), (22, w2)])))

= N1 (L ([(x1,31), (2,32))s (55, 1= 32), (525 1= 35)))))
=Ni([(gi5 1 — 32 — 22) A (1,0), (5, 1 — 3 — 52-) A(1,0)])

= [(x1z1,xw1 +31) V (3, 1)), (222, X20w2 +y2) V (5, 1))]

= [n1hL((x1,y1),m2(z1,w1)), m b ((x2,y2),n2(22,w2))].
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To([(x1,31), (x2,52)]: [(z1,w1), (22, w2)])
=Ni(La([(z1,w1), (z2,w2)|, N2 ([(x1, 1), (%2, 32)])))

= Ni(L([(z1,w1), (z2,w2)], [(755,1 = 28 (35 1 — 35
_Nl([(szzz l_Z_)CZ_ZZZx) (1,0), (lezl 1_2y_x11_2;vlzl)/\(170)])

= [z zy+wi) V(3. 1)), (022, 2202 +w2) V (3,1))]

= [miL((z1,w1),n2(x1,51)),mL2((22,w2),m2(x2,2)) -

T3([(x1,31), (x2,52)], [(z1,w1), (22, w2)])

=No (L ([(x1,31), (x2,52)], Ni ([(z1,w1), (22, w2)])))

= N (T ([, 1), (2 32)], [, 1222), (L, 1200y

= No(([(zg 2522) A (1,0), (g 522 A (1,0)])

= [z, 2 +w1) V (3, 1)), (022,252 + w2) V (3, 1))

= [maly ((x1,31), 11 (z1,w1)), a1 ((x2,2), 11 (22, W2)) |-

Ta([(x1,31), (x2,2)], [(z1,w1), (22, W2)])
1(

=No(Li([(z1,w1), (22, w2) [, Ni ([(x1,1), (x2,¥2)])))
=No(Li([(21,w1), (z2,w)], [ 7522), (2 24)1)
= Na([(3g» 2222 A (1,0), (55, F4225) A (1,0)))
= [(x12z1,x1w1 +y1) V (% 1)), (xzzz,xzwz+y2)v(%,1))]
= [m21 ((z1,w1),m1(x1,31)), m2li (22, w2), 11 (%2, 32) ).
(5)
mb((x1,51), (x2,32))  =ni(,y2—21)A(1,0))
= (3o, m =2 1y )V (5, 1)
mali(n1(x2,y2),m1 (1, 01)) - = ma(3L, 20 (5 = 522) A (1,0))
= (3 g =22 +y) V(g 1)

Since ni L ((x1,y1), (x2,¥2)) = nali(n1(x2,¥2),n1(x1,y1)), then Ty = T4 and T, = Tj.

(6) The converse of Theorem 3.1 (5) cannot be true because T; = T4 and T, = T but

(CRRINERY EYCHINEAY)

LG, -1, G OLIG D G =15 3)- (10 #1(1,0),(1,0)]
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S1([(x1,31), (x2,32)], [(z1,w1), (22, w2)])

= Li(N2([(x1,31), (x2,32)1), [(z1,w1), (22, w2)])

=L ([(35:1 = 22), (575 1 = 2], [(z1,w1), (z2,w2)])

= [(2x121,2x1w1 — 2x1 +y1) A (1,0), (2x222, 2xpwp — 2x2 + y2) A (1,0)]

= [l (n2(x1,y1), (z1,w1)), 11 (n2(x2,¥2), (22, w2))].

So([(x1,31), (x2,32)], [(z1,w1), (22, w2)])

= Li([N2((z1,w1), (z2,w2))s [(x1,31), (x2,¥2)])

=L ([(55,1=32), (51 = 29 [, 01), (32, 32)])

= [(2x121,221y1 = 221 +w1) A (1,0), (23222, 2202 — 222+ w2) A (1,0)]
= [li(n2(z1,w1), (x1,31)), 11 (n2(22,w2), (x2,¥2))].

S3([(x1,31)5 (x2,32)]; [(z1,w1), (22,w2)])
=L (N1 ([(x1,31), (x2,32)]), [(z1,w1), (22, w2)])
= Iz([(z—)lq, 1;2}}2)7(2_)1617 1x1y1 )] [(Zl,Wl); (Z27W2)])

= [(2x121,221y1 — 221 +w1) A (1,0), (2x222, 2222 — 222 +w2) A (1,0)]

= [L(n1(x1,y1), (z1,w1)), 2 (n1(x2,¥2), (22, w2))].

Sa([(x1,31), (x2,32)], [(z1,w1), (22,w2)])
=L (N1 ([(z1,w1), (z2,w2)]), [(x1,31), (x2,32)])
= IZ([(%? lzzwz),(i, 1;1W1 s [Ger, 1) (x2,32)1)

= [(2x121,2x1w1 — 2x1 +y1) A (1,0), (2x222, 2X2w2 — 2x2 +y2) A (1,0)]

= [L(n1(z1,w1), (x1,1)), L2 (n1 (22, w2), (%2, ¥2))]-
Example 3.3. Put L = {(x,y) € R? | (3,1) < (x,y) < (1,0)} with a bottom element (3, 1) and
a top element (1,0) where
(x1,31) < (x2,2) € x1 <x2 or x1 =x2,y1 < y2.
(1) Define 11,1, : L x L — L as follows:

L((x1,31), (k2,32)) = (2,72 — 23+ 22221) A (1,0)
L((x1,3), (x2,32)) = (31— WTZW)/\(I,O).
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Then it satisfies (I11)-(I4) and (I5) from:

L ((e,01), B (2, 2), (63,33)) = D (o1, 3n), (2,1 = 2222) A (1,0))
_ (xx 2x1x%—x1y2— 2x1+22xx11y;2 4xsxy+4x3— 4x3)’1)/\( )

D((x2,2), 11 (1,31, (63,33))) = B((x2,2), (2,33 — 2x3 + 250 A (1,0))
:( 2, 2X1Xp—X1Y2— 2x1+22xxlly;2 Axzxy+4x3— 4x;y1)/\( )

Hence (I1,1>) an pair of implications .
(2) Put 1 (x,y) = (2, 2), na(x,y) = (%,1— ). Then

2x7 x 2x7?

nl(n2([x17x2]7 [ylayZ])) = ([x17x2]7 [y17YZ])7 l’l2(l’l1([)€1,)€2], [y17y2])) = ([XI’XZL [ylaYZ])'

I ((x1,31), (%,
Iz((xl,yl)a(%,

Hence (n1,n,) is a pair of negations.

(3) By Theorem 3.1, we obtain: 1,1 : L x 12 — L] a5 follows:

L ([(x1,31), (2,32)]5 [(z1,w1), (22,w2)])
= [l1((x2,32); (z1,w1), [1 ((x1,31), (22, w2))]
(2L, wy — 22y + Z=Z2) A (1,0), (2w — 22 + Z222) A (1,0)]

e

2([(x1,31), (x2,32)], [(z1,w1), (22, w2)])
[L((x2,2), (z1,w1), 22 ((x1,31), (22,w2))]
[(%71 - )%_22%) A (170)7 (%7 1- %) A (170)]'

“4)

T1([(x1,31), (%2, 32))s [(z1,w1), (22, w2)])

= Ni(L([(x1,31), (x2,52)], No([(21,w1), (22, w2)])))

= Ni(L([(cr,y1), (k2 32)] (55,1 = 32), (7551 = 55)])))
=Ni([(za5: 1 = 25 — 22) A (1L,0), (g7, 1 = 2 — ) A (1,0)))
= [(x1z1,2101 +w1) V (3, 1)), (222, 2252 +w2) V (3, 1))]

= [mb((x1,y1),m2(z1,w1)),mb((x2,y2),n2(22,w2))].
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Ta([(x1,31), (x2,32)], [(z1,w1), (22,w2)])
= N1 (L([(z1,w1), (z2,w2)], N2 ([(x1,31), (x2,32)])))
= Ni(L([(z1,w1), (z2,w2)], [(55, 1 = 3%), (70, 1 = 35)]))

=Ni([(zg 1= 32 — 22 A (1L,0), (5o, 1 — 3 — 52 ) A (1,0)))
= [(x1z1,x1w1 +31) V (5, 1)), (222,00w2 +y2) V (3, 1))]

= [miL((z1,w1),n2(x1,51)),mL2((22,w2),m2(x2,y2) ) -

T3([(x1,31), (x2,52)], [(z1,w1), (22, w2)])

= No (L ([(x1,31), (x2,52)], Ni ([(21,w1), (22, w2)])))
= No(Li ([(x1,01), (2, 32)], [(555. 1;2wz) (2 12“ 1))
=No([(z 2222 A (1,0), (g ™) A (1,0)))
= [(x1z1,xw1 + 1) V (3, 1)), (222, X0w2 +y2) V (5, 1))]

= [mady ((x1,31), 1 (z1,w1)), a1 ((x2,2), 11 (22, W2)) |-

Ta([(x1,31), (x2,32)]; [(z1,w1), (22,w2)])
= No(Li ([(z1,w1), (z2,w2) |, Ni ([(x1,31), (x2,32)])))
Na (L1 ([(21,w1), (z2,w2)), [, 522), (2, 524D))
No([(3s, 22222 A (1,0), (55, 252220 A (1,0)])
),

X222
(x222,22y2 +w2) V (3, 1))]

Y
= [(x121,21y1 +w1) V (% 1)
= [n2D1 ((z1,w1),m1(x1,1)),m201 ((22,w2), 11 (x2,¥2) )]

(&)

mb((x,y1), (0,52)  =m(2,1 =222 A(1,0))

2-2

= (5L, 8522y v (5, 1)

moly(my (x2,y2),m1 (x1,y1)) - = np(2, X228 A\ (1,0))

2-2

~ (5222 v (1),

Since niL((x1,y1), (x2,y2)) = n2l1 (n1(x2,y2),m1(x1,y1)), then Ty = T4 and T = T5.
(6) The converse of Theorem 3.1(5) cannot be true because T; = T4 and T, = T but

Gn.Con<Gn.C)

LG~ 1), G OLIG D G DD =15 2) (1,0 #1(1,0),(1,0)]
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S1([(x1,31), (2, y2)]5 [(21,w1), (22, w2)])

=L (N2([(x1,31), (x2,32)]) [(z1,w1), (22, w2)])

=L ([(z5, 1= 32), (505 1 = 25 [(21,w1), (z2,w2)])

= [(2x121, 22131 — 221 +w1) A (1,0), (2x222, 2222 — 222+ w2) A (1,0)]

= [Li(n2(x1,31), (z1,w1)), [ (n2(x2,¥2), (22, w2))]-

So([(x1,31), (x2,32)], [(21,w1), (22, w2)])

=L ([N2((z1,w1), (22,w2))], [(x1,31), (x2,32)])

=L ([(55,1 = 32), (3 1= 29, [(e1,31), (x2,32)))

= [(2x121,2x1w1 — 2x1 +y1) A (1,0), (2x222, 2x2w2 — 2x2 + y2) A (1,0)]

= [l1(n2(z1,w1), (x1,51)), 11 (n2(22, w2), (x2,2)) -

S3([(x1,31), (x2,32)], [(z1,w1), (22,w2)])
=L (N1 ([(x1,31), (x2,¥2)]), [(z1,w1), (22,w2)])
_IZ([(zxZale))z)?(szalxly )] [(Z],Wl 7(227W2)])

)
= [(2x121,2x1w1 — 2x1 +y1) A (1,0), (2x222, 2X2w2 — 2x2 +y2) A (1,0)]
)

= [IZ(nl(xlaYI>7(Z1;W1)) (nl(x27 y2 7(Z27W2))]

Sa([(x1,31) (x2,32)]; [(z1,w1), (22,w2)])
=L(N1([(z1,w1), (z2,w2)]), [(x1,51), (x2,52)])
=L([(o5,152), (o5, 220 [(x,31), (2,32)))

= [(2x121,221y1 — 221 +w1) A (1,0), (2x222,2y222 — 222 +w2) A (1,0)]

= [L(n1(z1,w1), (x1,51)), L2 (n1(22,w2), (x2,¥2))].
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