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Abstract. Let G be a graph. An injective map f:V(G) - {1,412, ..., +p} is called a pair sum labeling if the
induced edge function, f,: E(G) - Z — {0} defined by f,(uv) = f(u) + f(v) is one-one and f,(E(G)) is either of
the form {£ky, tky, ..., £kg,p} Or {£ky, 2ko, ..., tk(g-1)/2} U {k(q4+1)/2} according as q is even or odd. In this paper
we investigate the pair sum labeling behavior of B, x B, if n is even, Prism C,, X P, ,m is even and some cycle
related graphs.
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1. Introduction

The graphs in this paper are finite, undirected and simple.V (G)andE (G) will denote the vertex
set and edge set of a graph G. pandg denote respectively the number of vertices and edges of G.
The corona G, ©G,0f two graphs G,andG,is defined as the graph obtained by taking one copy of
G, (with p, vertices) and p, copies of G, and then joining thei*"vertex of G to all the vertices in
the it" copy of G,. The product of two graphs G,and G, is the graph G; x G,with vertex set

V; x V,and two vertices u = (uq,u,) and v = (v4, v,) are adjacent whenever
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[uy = v, and u, adj v,] or [u, = v, and u; adj v;]. The graph P,, X B, is called planar grid
and C,, X P, is called prism. Terms not defined here are used in the sense of Harary [1].
Concepts of pair sum labeling have been introduced in [2] and their behaviors are studied in
[3,4,5]. In this paper we investigate pair sum labeling behavior of some cycle related graphs.

2. Pair Sum Labeling
Definition 2.1: Let G be a (p, q) graph. Aone -onemap f:V(G) - {£1,12, ..., £p} is said to
be pair sum labeling if the induced edge function f,: E(G) — Z — {0} defined by

fe(uv) = f(u) + f(v) is one-one and f,(E(G)) is either of the form {tk,, tk,, ..., 2kq/,} OF
{xky, ks, ., thg-1)/2} U {k(g+1)/2} according as q is even or odd. A graph with a pair sum
labeling defined on it is called pair sum graph.

Theorem 2.2: The graph B, X B, is a pair sum graph if n is even.

Proof: We now display the structure of the graphP, X B, .

¢ ¢ ® ¢ ce ® ¢ ® 9

a1 |ai2 |ans a4 i n3 |Q1,n2 |A1,n1 |81n
¢ ® ® ’ - ® ® ’ ®

az 1 az » az 3 az a Az, n3 |A2,n2 [A2n1 [A2n
® ® ® ® Ce ® ® ® ®

a1 |as2 |ass |asas agn3 [a3n2 [A3n1 |A3n
¢ ® ® ® cee ® ' ¢ ¢

An2,1 [@n-2,2 |An23 [An24 an-2, n-3| An-2, n-2| An-2, n-1 | @n-2,n
[ t ® ® ® cee ® ¢ ® ®

an-l, 1 an-l, 2 an-l, 3 an'l, 4 an.]_’ n-3 an-]_, n-2 an.]_, n-1 an-]_, n
® ® ® ® . ® Py o P

an1, dn, 2 an, 3 an, 4 apnn-3 Ann2 ann1 Ynn

Fig. 1

Define f:V(P, X B,) = {+1,+2,...,+n%} by
flaj))=—-QRi+2nj—2n—1);1<i<n1<j<n/2

f(al-,jm/z) =n?-2i—-2nj+2n+1;1<i<n1<j<n/2
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Heref, (E(B, X B)) = {(£(2n + 2), £(6n + 2), £(10n + 2), ..., £(2n? — 6n + 2)), (£ (2n +
6), +(6n + 6), £(10n + 6), ..., £(2n? — 61 + 6)), ..., (£(6n — 2), £(10n — 2), £(14n —

2), .., £2n% —2n+2))} U {(£4, 48, ..., £(4n — 4)), (£(4n + 4), £(4n + 8), ..., +(8n —
4)),(£(8n+4),£(8n +8), ..., £(12n— 4)), ... ... .. ,(£(2n? —4n +4),£(2n% — 4n +
8),...,£(2n? —4))} u {(£2,£6,£10, ..., £(2n — 2))}.

Then £ is a pair sum labeling. Then P, X B, is a pair sum graph if n is even.

Ilustration 1: A pair sum labeling of Py X Pgis
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Fig. 2
Theorem 2.3: The Prism C,, X P, is a pair sum graph if n is even.
Proof: Let V(C, X P,) = {u;,v;: 1 <i <n}and
E(C, X Py) ={ujujy1, viviz1:1 <i<n—-1}U{yv;:1 <i<n}.
Define f:V(C, X P,) = {£1,12, ..., £2n} as follows.
Case(i)n=4m+2
Define f(y;)) =i;1<i<2m+1
fupmers) = —1;1<i<2m+1
fw))=8m—-2i+6;1<i<2m+1
fWomar4i) =—8m+2i—6;1<i<2m+1
Here f,(E(C,, X Py)) = {(£3,%5, ..., £(4m + 1)} U {£2m} U {(£(6m + 5), £(6m +
6),..,+(8Bm + 5)}.
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Case (ii)n = 4m

flu)=i;1<i<2m-1

fuyym) =2m+1

flupme) = —i;1<i<2m-—1

f(ugy) = —(2m+1)

fWoma1-i) =8m —2i+2;1<i<2m

f(Wpms1) = —(dm+20);1<i<2m

£ (E(Cy X Py)) = {(£3,45,..., +(4m — 3)} U {£2m, +4m} U {(+(4m + 3), +(4m +
6), ..., £(10m — 3)} U {+(10m + 1)}.

Then f is a pair sum labeling.

Ilustration 2: A pair sum labeling of C,, X P,is
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Fig. 3
Notation: We denote the vertex set and edge set of ladder L,, = P, X P, as follows.
LetV(L,) ={u;v;:1 <i<n}and

E(L,) ={uujz,viviy1: 1 <i<n—-1}u{yvi:1<i<n}.

Theorem 2.4:L,,OK; is a pair sum graph.

Proof: Let wy w, ..., w, be the pendant vertices adjacent to u; u, ..., u, and wyq Wy Wap
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be the pendant vertices adjacent to v; v, ..., v,.

Case (i) n is odd.

Letn =2m+ 1.

Define f:V(L,OK;) — {*1,%2,...,£(8m + 4)} by
fu)=—4m+1)+2i;1<i<m

f@Wmsr) = —@2m+1)

fUpmsrr) =2m+2i+2;1<i<m
fw)=—4m—-3+4+2i;1<i<m

f(Vmy1) =2m+2

fWmyrsi) =2m+2i+1;1<i<m
fw))=-8m—-6+2i;1<i<m+1

fWomea—i) =8m+6—-20;1<i<m

fWoms14i) = —8m—6+2i;1<i<m

fWops1-i) =8m+5-2i;1<i<m+1

Here f,(E(L,OK)) = f.(E(L,)) U {£6m, £(6m — 4), £(6m — 8), ..., £(4m + 6)} U
{—-4m —1}u {x(6m —2),£(6m —6),...,x(6m + 4)} U {4m + 1}.

Case (ii) n is even.

Let n = 2m. Define a map f as follows:

fUper—i) =21 <i<m

fUpe) =2i—1;1<i<m

fUpe) =2i;1<i<m

fUmsr1-) =—QRi—1)1<i<m
fw)=-8m+2+2i+1;1<i<m

fWomer—i) =8m+1—-2i;1<i<m

fWomei) =—8m—1+2i;1<i<m

fWams1—i) =8m—2—-2i;1<i<m

Here f,(E(L,OK)) = f,(E(Ly)) U {£10m, £(10m — 4), £(10m — 8), ..., £6m} U
+{(10m — 2),£(10m — 6), ..., £(6m + 2)}. Then f is a pair sum labeling.

llustration 3: A pair sum labeling of L,OKjis
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Notation: Two copies of the cycle C,,, connected by the path P, is denoted by [C,, P,].

Theorem 2.5: The graph [C,,, B,,] is a pair sum graph.

Proof: Let the first copy of cycle G, be u,u, ...u,,u; and second copy of cycle C,,be

V1V; ... Uy V;. Let By, be the path wyw, ...w,,,.Let V([Cpp, Br]) =V (C) UV (C) UV (B,)

andE ([Cy, Br]) = E(C) VE (Cp) U E(By) U {uywy, wyvy 1.

Case (i) m is odd.

Define f:V([Cp, Pr]) = {£1,£2, ..., £3m} by

f(Wan-1yj24i) =1;1 < i< (m+1)/2

f(Wan-1y/2-2i4+2) = =2 —2i;1 < i < (m —1)/4if m = 1(mod4)
1<i<(m+1)/4if m = 3(mod4)

f(Wan-3)/2-2i+2) = =20 +1; 1 < i < (m —1)/4if m = 1(mod4)
1<i<(m+1)/4if m =3(mod4)

fw)=-3m—-i+1;1<i<m

fu)=2m+24+i;1<i<m-2

fum_q) =2m+1

fu,) =2m+ 2.
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Here f,(E(Cy,, Py)) = {(£3,15, ..., xn)ju {x(4m + 3),£(4m + 5), ..., x(6m — 1)} U
{£t(5m+1),+(5m + 7/2)}.

Case (ii)m is even.

Assign the label to the vertices of path Pp,_; : up us ..., upas in case (i).

Label the vertexu,by m/2 + 1.

fw)=2m+1+i;1<i<m-1

fu,) =2m+1

fw)=-3m+i;1<i<m-1

f(v,) = —-3m.

Here f,(E(Cpp, By)) = {(£3,15, ..., tn)}u{n+ 1,+Bm + 1)} U {x(4m + 3), £ (4m +
5),..,x(6m—1)} U {£(5m+ 1)}.

Then clearly f is a pair sum labeling.

Ilustration 4: A pair sum labeling of [Cs, Ps] is

Fig. 5

Theorem 2.6: Let G be the graph with V(G) = V(C,,) U {v}and E(G) = E(C,) U {u,v, usv}.
Then G is a pair sum graph.

Proof: LetUiU;, ... U, Uy be the cycle G, .

Case (i)n = 2m + 1.

Define f:V(G) - {£1,%+2,..,£(n+ 1)} by

fu)=i;1<i<m+1

fun_zis2) = —2-2i;1<i<[m/2]

fUp_ziz) =1-2i;1<i<|m/2]

flv)y=-2.
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Here f,(E(G)) = {(£3,15, ..., £(2m+1))}u {2,+1} if n = 1(mod4) and f,(E(G)) =
{(£3,£5, ..., £ (2m+1))}U {—2,+1} if n = 3(mod4).

Case (i)n = 4m + 2.

fu) =—-(4m+2)

flury) =21<i<2m+1

fUamezsi) = =251 <i<2m

fv)=2m-1.

Here f,(E(G)) = {(£6,%10, ..., £(8m+2))}u {+4m, +(2m + 3)}.

Case (iii)
Sub case (i) n = 4.

A pair sum labeling of G withn = 4 is

Fig. 6

Sub case (ijn =4m,m > 1

fu)) =—4m+1

flugp) =2i—1;1<i<2m

fUamezsi) = 20+ 11 <i<2m-1

fv)y=2m-2.

Here £,(E(G)) = {(£4,48, ..., £(8m-4)Ju {£(2m + 1), £(4m — 2)}.

Then £ is obviously a pair sum labeling.
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Ilustration 5: A pair sum labeling of Gwithn = 9 is

Fig. 7

Notation: Let G, denotes the graph with vertex set V(G,) = V(C,) U {v;: 1 < i < n}and edge

set E(G,) = E(Cy) U {wyvy, Wiis1ymoan: 1 < i < 1.

Theorem 2.7:1f n is even then G,, is a pair sum graph.

Define f:V(G,) = {1, £2, ..., £2n}

fu)=2;1<i<n/2-1

fQup) =—-2—-2i

f(unjeri) = —21<i<n/2-1

f(up) = —2n

fw)=2i—-1;1<i<n/2

F(Vnjees) = —Qi— ;1< i <n/2.

Here £,(E(G)) = {(£6,£10, ..., £(2n-6))}U {£(3n — 2), +(2n — 2)} U {#3, 45, .., £(2n -
Nu{xBn-1),+2n -1}

Then G,, is a pair sum graph.
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Illustration 6: A pair sum labeling of Gg is

Fig. 8

Notation: Let G,, denotes the graph with vertex set V (G, ) = V(C,) U {v;,w;: 1 <i <n}and

edge set E(G;{) = E(Cn) V) {uivi,uiwiviwi: 1<i< n}.

Theorem 2.8: If n is even then G,, is a pair sum graph.

Proof: Define f:V(G,) = {£1,+£2,...,+3n} by

flu)) =6i—51<i<n/2

f(unjosi) = —6i+51<i<n/2

f(w)=6i—4;1<i<n/2

f(Vnj24i) = —6i+ 41 <i<n/2

fw;))=6i—3;1<i<n/2

f(Wnja4i) =—6i+3;1<i<n/2

Here f,(E(G)) = {(£8,1£20,+32, ..., £(6n — 16))}
u{+(Bn-6)}u{(34,5),(1516,17),...,(6n —9,6n — 8,6n — 7)}
U {(-3,—4,-5),(~15,—-16,—17), ..., (—6n + 9,—6n + 8, —6n + 7)}.

Then £ is a pair sum labeling.
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Ilustration 7: A pair sum labeling of G is

Conclusion

Here we investigatepair sum labeling behavior of B, X B, (n is even), C,,, X P,

(mis even), L,OK, , [C,,, P,] and some more standard graphs. Investigation ofpair sum

labeling behavior of,, X B, (m # n), C,, X B, (n # 2), [Cp,, B,] (m # n) are open

problems for future research.
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