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Abstract. The paper deals with the existence of solutions for a nonlinear degenerated equation in divergence
form having lower order term, this problem is associated to elliptic operators in the framework of weighted orlicz-

Sobolev spaces and L' data.
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1. Introduction

Let Q C RY be a bounded domain, and M, P two N-functions such that P < M, M,P be
the complementary functions of M, P, respectively. In this article, we prove the existence of

solution for quasilinear degenerate elliptic equations of the form :

(D) —div(p(x)a(x,u, Vu)) +ao(x,u, Vu) = f,
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DEGENERATED ELLIPTIC PROBLEM IN WEIGHTED ORLICZ-SOBOLEV SPACES 993
where A(u) = —div(p (x)a(x,u, Vu))+ao(x,u, Vu) is a Leray-Lions operator defined on D(A) C
Wi Ly (Q).
a:QxRxRY - RV and ap: Q x R x RN — RY are Carathéodorys functions satisfying some

naturals growth conditions with respect to # and Vu and the degenerate ellipticity condition

ao(x,s,&)n + p(x)alx,s,&)& > Ao[M(Ars) + p(x)M(A2[E])].

The source term £ is supposed in L! (Q). In no degenerate case Gossez [12] solved(1.1) with f €
W_IEM(Q). An existence theorem have been proved by Benkirane and Elmabhi [6,8] with f €
W E;(Q) and f € L1 (Q), respectively, but the result is restricted to N-functions M satisfying
a A, condition. An other work in this direction can be found in [9] in non-weighted case.
So for our nonlinear operator A(u) = —div(p(x)a(x,u, Vu)) + ao(x,u, Vu), with coefficients
are singular or degenerated the classic ellipticity conditions are violated one has to change
the classical approach introducing weighted spaces. The case where f € W_IEM(Q, p), and
A(u) = —div(a(x,u,Vu)) + ap(x,u,Vu) is treated in [3] by using the framework of pseudo-
monotones operator in complementary systems introduced by Gossez. Note that this type of
equations can be applied in sciences physics. Non-standard example of M(¢) which occur in
the mechanics of solids and Fluids are M(¢) = tlog(1 +t). Note that the use of the truncation
operator in (1.1) is justified by the fact that the the solution does not in general belong to L*(Q)

for f € L'(Q). Specific examples to which our results apply include :

—div(p(x)|[VulP2Vu) = f inQ

—div(p(x)|VulP2VulogP (1+|Vu|)) = f inQ

p)M(|Vul)Vu

1v |Vu|2

=f inQ,
where p > 1, f is function in L' (Q) and p is a given weight function on Q.
2. Preliminaries

In this section we present, some definitions and well-known about N-functions, weighted

Orlicz-Sobolev spaces (standard references are in [1], [5] and [8]).
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2.1. The N- functions

Let M : Rt — R" be an N- function, ie. M is continuous, convex, with M(¢) > 0 for
t>0, M(t)/t—>0ast—>0and@—>ooast—>oo.

Equivalently. M admits the representation:

Mﬁﬁigmﬁwn

where m : Rt — R™ is non-decreasing right continuous, with m2(0) = 0, m(¢) > 0 for r > 0 and

m(t) — oo as t — oo The N-function M conjugate to M defined by

M@:fmmm,
where 71 : Rt — R™ is given bay mi(t) = sup{s : m(s) <t}. Clearly M = M and has young’s
inequality st < M(t) +M(s) for all s, > 0.

It is well known that we can assume that m and 7 are continuous and strictly increasing. We
will extend the N-functions into even function on all /R. The N-function M is said to satisfy
the A,-condition every where ( resp. infinity) if there exist k > O(resp. fy > 0) such that,
M(2t) < kM(t) for all t > O (resp.t > to).

2.2. Orlicz-Sobolev spaces

Let Q be a open subset of R", and let M be an N-fonction. The Orlicz classe K () ( resp
the Orlicz spaces Ly (Q) is the set of all (equivalence classes modulo equality a.e.in Q of) real-

valued measurable functions u defined in € and satisfying / M (u(x))dx < oo
Q

(resp) / M(W;’—x)’)dx < oo for some A > 0.
Q

Ly (Q) is a Banach space under the Luxemburg’s norm:

||u||M,Q:inf{7L >O:/§2M(|u§i€)|)dx§ 1}. (2.1)

The closure in Ly (Q) of the set of bounded measurable function with compact support in Q
is denoted byEy(Q). We have Ep(Q) C Ky (Q) C Ly (Q)). The equality Ly (Q) = Ey(Q)
hold if and only if M satisfies the Ap-condition, for all ¢ or for ¢ large according to whether Q
has a infinite measure or note. The dual of Ej;(Q) can be identified with L;;(Q) by means of

the pairing / u(x)v(x)dx where u € Ly () and v € Ly;(Q) and the dual norm on Ly;(Q) is
Q
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equivalent to |[||37 o-
The space Ly (Q) is reflexive if and only if M an M satisfy the A,-condition for all t or for t
large, according to wheither Q be infinite measure or note.
We return now to the Orlicz-Sobolev spaces WLy (Q) (resp W!Ey(Q)) is the space of all
function u such that u and its distributional derivatives up to order 1 lies in € Ly (Q) (resp
€EEN(Q)) .
It’s Banach space under the norm

lally pr =} [1D%ullm. (2.2)
o<1

Thus W'Ly/(Q) and W'Ey(Q) can be identified with subspaces of []Ly we have the weak
topology o (I1Lwm,[1E3;) and o ([TLy, [1Ly) -

The space W; Ey(Q) ( resp WLy (Q) is defined by the closure of D(Q) in WEy(Q) ( resp
WLy (Q) for the norm 2.2 ( resp for the topology o (1L, [1E57))-

Definition 2.1 The sequence u, converges to u in Ly, () for the modular convergence (denoted

by u, — u (mod) Ly (Q)) if /QM(M

1 )dx — 0 as n — oo for some A > 0.

2.3. Weighted Orlicz-Sobolev spaces

Now we shall work with weighted Orlicz spaces in the following sense. Let  be a domain
in R, and let M be an N-fonction and p be a weight function on &, ie .measurable positive a.e
on Q. The weighted Orlicz classe Ky (Q,p) ( resp the weighted Orlicz space Ly(Q,p)) is the
set of all (equivalence classes modulo equality a.e.in Q) of real-valued mesurable functions u

defined in Q and satisfying
mpu,M) = | M(Ju(x)Dp(x)dx < o

(resp)

mp(%,M):/QM(|M§C>|)p(x)dx<ooforsome?t>O

Ly (Q,p) is a Banach space under the Luxemburg’s norm:

leellag p :inf{}t > O;mp(%,M) < 1}. (2.3)
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The closure in Ly (R, p) of the set of bounded measurable function with compact support in Q

is denoted by Ep(Q,p) we have

EM<Q'7P) - KM(Q‘7P) CLM(Qap)'

The equality Ly (Q,p) = Ey (€2, p) hold if and only if M satisfies the Ay-condition, for all 7 or
for ¢ large according to whether Q has a infinite measure or note. The dual of Ep(Q, p) can be

identified with Ly;(Q, p) by means of the pairing

/Q u(e)v(x)p (x)dx

where u € Ly (Q,p) and v € Lyz(Q,p). The dual norm on Lzz(Q, p) is equivalent to |[[|37 o-

Giving birth to the so called Orlicz norm onLy(Q, p) defined by

Il =sup{ [ reoipiasmy (o3 < 1}

The space Ly (Q,p) is reflexive if and only if M an M satisfy the A;-condition for all ¢ or for ¢
large, according to weighted € be infinite measure or note.

We return now to the weighted Orlicz-Sobolev spaces W' Ly (Q,p) (resp W!Ey(Q,p)) is the
space of all function u such that u € Ly (Q) (resp u € Ey()) and its distributional derivatives
up to order 1 lie in Ly (Q,p) (resp in Ey(Q,p)).

It’s Banach space under the norm :

el 1 z.p = lluallpg +[Vuellpz - (2.4)

where [Jufl,, = [lull. o
Thus WLy (Q,p) and W!Ep(Q, p)) can be identified with subspaces of [TLy p = Ly X [TLu (R, p)
we have the weak topology o(I1Lw.p,[1E3 ,) and 6(I1Lap, 1Lz ,)-
The space Wy Ey(Q,p) (resp W)Ly (Q,p)) is defined by the closure of D(Q) in WEy (Q,p))
(resp WLy (Q,p)) for the norm (2.4) ( resp for the topology o (ITLup, [1Exw,)-

The space W Ey(Q,p) is defined as the (norm) closure of C(Q,p) in WEy(Q,p) and the
space W, Ly (Q,p) as the o(I1Ly, T1Ey;) closure of C3(Q) in WLy (Q).

Let WL;(Q,p) (resp. W'E3(Q,p)) denote the space of distributions on which can be

written as sums of derivatives of order < 1 of functions in Ly;(Q,p) (resp. Ez;(2,p)). Itis a
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Banach space under the usual quotient norm (see). If the open set € has the segment property,
then the space C3(Q) is dense in W, Ly/(Q) for the modular convergence and thus for the
topology o (I1Ly, I1Ly;).

Definition 2.3.1 The sequence u, converges to u in W'Ly;(Q, p) for the modular convergence

(denoted by u,, — u (mod) W'Ly(Q,p)) if for some A > 0 / M(‘””—)dx —0asn— oo
Q

A

and /QM(W‘C(L;L—"_u)l)p(x)dx%O

as n — oo for |a| = 1.
3. Basic assumptions and fundamental lemmas

Let Q C RN be a bounded domain, M ,P be two N-functions such that P < M, M,P be
the complementary functions of M, P, respectively, A : D(A) C W)Ly (Q) — W~ L;;(Q) be
a mapping given by A(u) = —diva(x,u,Vu) where a : Q x R x RV — R be a Caratheodory
function satisfying for a.e. x € Q and all s € R, &, € RN with & # 1 The following lemmas
will be applied to the truncation operators, and concerns operators of the Nemytskii type in

Orlicz spaces.
Lemma 3.1 Let f,, f € L' (Q) such that

(1) f, > 0a.e. in Q.
(2) fn— fae. inQ.

(3) [o fulx)dx — [q fu(x)dx
Then f, — f stongly in L' (Q).

Lemma 3.2 Let F : R — R be uniformly lipschitzian, with F(0) = 0. Let M be an N-function
and let u € WLy (Q,p) (resp. W Ey(Q,p)). Then F(u) € WLy (Q,p) (resp. W Epy(Q,p)).

Moreover, if the set of discontinuity points of F' is finite, then

0 _ F’(u)g—)':i a.e. in {x € Q:u(x) ¢ D}

0 a.e. in{x € Q:u(x) € D}.



998 E. AZROUL, K. ELHAITI

Proof. First consider de case F € C' and let W'Ly;(Q,p). Then there exist a sequence
u, € D(Q) such that u, — u (mod) W'Ly(Q,p)). Passing to subsequence, we can assume

that D%, — D%u V|a| <1 ae. in Q. From the relation |F(s)| < k|s|,where k denote the

lipschitz constant for F, and %F (uy) =F ’(un)%, we deduce that F(u,) remains bounded in

W, Ly (Q, p).Thus going to to a further subsequence, we obtain F(u,) — w € Wi Ly (Q,p) for
o (I1Lm,[1E;;), and also by a local application of the compact imbedding theorem,F (u,) — w
a.e. in Q. Consequently w = F (u), and F(u) € W) Ly/(Q,p). Finally, by the usual chain rule

for weak derivatives

d / du
8_x,F(u) =F (u>8_x, (2.5)

a.e. in Q. For the general case. Taking convolution with the mollifiers, we get a sequence

!/

F, € C*(IR) such that F,, — F uniformly on each compact, F,,(0) =0 and |F, | < k.

For eachn, F,, € WO1 Ly (Q,p),and we have (2.5) with F remplaced by F,,. Finally (2.5) follows

from the generalized chain rule for weak derivatives.

Lemma 3.3 Let F : R — R be uniformly lipschitzian, with F(0) = 0. We suppose that the set of
discontinuity points of F' is finite. Let M be an N-function, then the mapping F : W' Ly (Q,p) —
WLy (Q,p) is sequentially continuous with respect to the weak* topology o (I1Ly, T1IEy;).

We use also the following technical lemmas:

Lemma 3.4 [f a sequence u, converge a.e to u and if u, remains bonded in Ly (), then u €

Ly () and u, — u foro (Ly (). Ex ()

Lemma 3.5 If a sequence u,, converge a.e to u and if u, remains bonded in Ly(Q,p), then

u € Ly(Q,p) and u, — u foro(Ly (Q,p),E(2,p))

Lemma 3.6 Let Q be an open subset of RN with finite measure. Let M, P and Q be N-functions

such that Q << P,and let F be a Carathéodorys function such that, for a.e. x € Q and all s € R
IF(x,5)| < c(x)+ ki P~IM(k2]s)),

where ki, ky are real constants and c(x) € Eg(Q). Then the Nemytskii operator N defined by

NF (u)(x) = F(x,u(x)) is strongly continuous from

P(Ey(Q), klz) — (€ Lus s da En(@) < )
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into Eg(Q).
Lemma 3.7 If the sequence u, € Ey(Q,p) Converges a.e in Q with p € L'(Q), and the norms

are uniformly Absolutely Continuous, i.e. for each € > 0 there existe 6 > 0 such that

lunx (E)||mp <€

forall n, and E C Q With |E| < 6, then it Converge in norm in Ey(Q,p).
3.1. Compactness results

Let Q an bounded open subset of RY with locally-lipscitzien boundary, p a weight function,
and the N-function M such that the assumptions (H) are satisfied, there is a real s > 0 such that:

(Hy) : (M())=T be N-function and that p— € L' (Q)
® t

(H) : / —————dM(t) = oo.
| M(t)1+

N(s+1)

, 1 MY (u)
(H3) : llmHOOMl(t)/o s du=0.

u NGt

Remark 3.1.1 In the particular case where M(t) = % (1 < p < o), the first part of (H;) is
satisfied if s > —17.

Theorem 3.1.2(see [2, theorem 9-5]). Let Q an bounded open subset of RN with locally lipsc-
itzian boundary and M an N -function.

Suppose that assumptions (H) are satisfied. So we have the following compact injection:

W'Ly(Q,p) = En

Theorem 3.1.2 Let Q an bounded open subset of RN with locally-lipscitzien boundary, p a

weight function, and M a N-function, let u € WOILM(Q) then:
lullsr < e[| Vallarp

where c is a positive constant which imply that ||Vu|ly p is a equivalent norm of ||lu||1  in

Wo Lt p
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Proof. Under the assumption (H), the Sobolev conjugate N-function M; of M is well defined,

sM (¢
by MS*_l :/ ( )dt we have WO]LMs C Ly. And since M < M7 we have Lyss C Ly hence
0 .

1
ttw

lullar < erllulla; <
where ¢ and ¢, are two positives constants, by (gossez74) their exist a positive constant ¢’ such
lull 1, < ¢[[Vul|
We well show that
IVullag, < cl|Vaellarp

For that we have

(V]| </M dx—l—l—/M )%)p(x)dx-l-l

)p(x)dx+2

witch implies that
[Vllag, < cllvllap

for some positive constant C.
In fact if is not true, then there exist a sequence v, such that ||v,||s, — o and for n large,

[vallmp|l < 1. Hence, for  n sufficiently large we get
| MOn(0)p () < vy <1
then,

vl | < [ MOE)p@ds+ [ pwdx+1

< Ionllupll+ | p~(x)dx+1

witch is contradiction, since the left hand-side tends to infinity while the right hand-side is
bonded. Finally taking v = Vu we conclude the result. The following lemma is a immediate

consequence of the above theorem.
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Lemma 3.1.3. Let Q an bounded open subset of RN with locally-lipscitzien boundary, p a
weight function, and M a N-function M let u € WOILM(Q). Then there exist positives constants

c1 and ¢y such that

[ M(u)dx < ey | M(leaVux)hp(o)d

4. Main results

Let Q ¢ RY be a bounded domain, M ,P be two N-functions such that P < M, M, P be the
complementary functions of M, P, respectively, A : D(A) C Wy Ly (Q,p) — W 'Li7(Qp) be a
mapping (not everywhere defined) given by A(u) = —div(p(x)a(x,u,Vu))+ao(x,u, Vu) where
a: QxR xRY - RN and aqp: Q x R x RY — RY are Carathéodorys functions satisfying for

ae.xcQandalls € R, &, n cRY with & £ n:

jao(x,5,€)| < Kolgo(x) + M~ M(0an) +M " (p(x)P(04[€]))] (4.1)
la(x,5,€)] < Co(x) + KiP~ (0~ M(aas)) + KoM ' M(04[E]) (4.2)

a(x,5,€) —alx,s,m)][€ =] >0 (43)
ao(x,5,E)1 + p()a(x,5,E)E > Ao[M(A1s) +p()M(A|E])] (4.4)

where o, oy, Ko, K ,Kz,/ﬂl(),lhlz >0, K()(x) in LM(Q.) and C()(x) in (EM(Q.,[)))N
Let Ty the truncation operator at height k£ > 0, defined by 7;(s) = max(—k, min(k,s)), Vs € R,
for all £ > 0.

And consider the following nonlinear elliptic problem with Dirichlet boundary condition.
Alu)=f inQ (4.5)

Finally, we assume that

feLly(Q) (4.6)

In the next section, we will prove the following main result.
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Theorem 4.1.. Let Q an bounded open subset of R" with locally lipscitzian boundary, assume

that (4.1)-(4.4) holds, and f € .Z 1((2). Then there exists at least one weak solution of the

problem
u€ WiLy(Q,p), *
Joa(x,u,Vu)Vvp (x)dx+ [o ao(x,u, Vu)vdx = (f,v), * (4.7)
W € Wi En(Q,p) NL?(Q), *

Proof.

Step 1. Approximation problem and a priori estimate.

Let consider the sequence of approximate equations:

U, € W()lLM(Q)v ’
—div(p(x)a(x,uy, Vu,)) + ao(x,un, Viy) = fo,

(4.8)

where f;, is a smooth function which converges to fin L!(Q) and || f,|| 11(@) < co. For n fixed
by [Theorem 3.1] in [3], there exists at least one solution {u,} to (4.8).

For k > 0, by taking T (u,) as test function in (4.8), one has
/Q (%, 1, VT (1)) V T (1) 0 () + /Q 10X, tn, Vit T (1 )dx =< o, Tilitn > .

In view of the degenerate ellipticity condition (4.4), and the fact that || f, | (@) < co we get

[ MGV Ty (o) < C;"—f (4.9)

Thanks to Lemma 3.8, there exist two constants ¢y and c2such that

/M dx<c1/M 2 Vo(x))p (x)dx

lsz(un)

Taking v = , we have
Ao| Ty (uy)| cicok
M(——————))dx < 4.10
| R e < S (4.10)
which imply that
cicok

mes{|un| Z k} S AOM—(IE%)

And using zﬁ — Oast — oo hens mes{|u,| > k} — 0 as k — +oo. foré > 0 we have :

mes{ |u, — | > 0} < mes{|u,| > k} + mes{|uy| > k} +mes{|u, — uy| > 8}
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by (4.9) Ty (uy,) is bounded in Wy Ly (Q, p), then their exist £, € W) Ly (Q, p) such Ty (u,) — £

weakly in W Ly (Q, p) (for a subsequence still denoted Ty (u, ))thus Ve > O their exist k(€) > 0

mes{|u, — uy,| > 6} < € forn,m > no(k(€),0)
This proves that u,, is a cauchy sequence in measure, then there exists some measurable function

u such that

u, — u almost everywhere in Q (4.11)

Then

Ti(un) — Ti(u)  weakly in Wi Ly (2, p) for o (nLM,,,,nEMp) (4.12)
And by theorem 3.1.1 we deduce that
Ti(un) — Ti(u)  strongly in Ep(Q) (4.13)

Step 2. boundedness of a(x, Ty (uy), VI (u,)) and ag(x, Ty (un), VI (uy)).
In this step we will shows that a(x, Ty (), VTi (1)) remains bounded in (Lz7(Q,p))~. We
will use the Orlicz norm. For that, let y € (L (Q))Nwith ||| s < 1. In fact, by the monotonic-

ity condition (4.2) we have

| [0 Ti ). VT4 (1)) = (. Ti ). W) VT 10) — Wl () = 0

So that

/Q a(x, Ti(un), Vi () ) Wp (x)dx < [ a(x, Ti(un), V (un)) VT (1) p (x)dx

A
_/Qa(x,Tk(un),l//)VTk(un)p(x)dx
*

a(x, Ti(un), W) Wp (x)dx
Q

And by (4.8) we have:

/Q a(x, T (1, VT (16)) VT (1) ()l < cok

To estimate the seconde the tiered terms we us Yuong inequality hence
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/Q a(x, Ty (i), V(1) ) WP (x)dx < cok+2 / (e Tiln) Wl i
Q

-
+ [ MOV T D)+ | M(Ay)p(ds
where r > 0 using the growth conditions (4.1)and the fact that P << M we conclude for r large

and € small, that

/QM(|a(X,Tk(rl/ln))7W|)p(x)dxS %/QM(Co()C))p(X)dX
+ 50 [ MianTiu)dx
+22 [ M(on|wl)ar+ K
rJjQ

since Ty (uy) is bounded in Wy Ly (Q,p) and v is bounded in (Ly(Q))N we get

| M(ax T, w)p () < €,

for all y € (Ly(Q,))N with ||y y, <1
Therefore, we deduce that a(x, Ty (uy ), VT (1)) remains bounded in (Lz7(Q,p))N
Let now prove that ag(x,u,, Vuy,) is bounded in (Ly;(Q)).

First using growth conditions (4.1) it follows that for A large

— |ao(x,upn, Vuy| 1/_ 2
PO 7y 7 7 < Z =
| R g < 2 [ (G olgo(v)dx

+@/M(Oczun)dx
Ao

k
+2 [ Pl Vi p(x)dx
Ao
Since P < M then for large Aand € small we get

— a(x,u,,Vuy, | R )
| e < 2 | W kolgo(o)ldx

Lo / M (o )dx+ 2 / M(&|Vitn|)p (x)dx + <&
AJa A Ja A

<1

for some positive constant k¢, which implies that ag(x, u,, Vu,) is bounded in (Lz;(€2))

Remark 4.2 we can easily shows as in [3] that a(x, u,, Vu,) remains bounded in (Lz;(Q,p))Y

Step 3. Almost everywhere convergence of the gradient.
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In this step we prove that Vu,, — Vu a.e in Q for a subsequence. For k > 0, and n fixed we

take v, = T (u,) — Tr(u) as test function in (4.8) one has :
< fusvn >= /Q (%, thy, Vi) (VT (1) — VT (1)) (x)dx

+/Qa0(x, un, Vi) (Tic(un) — Ti(u) )dx

(4.14)

let Q. = {x € Q/|VTi(u,)| < r}, and let y, denoted the characteristic functions of the sets

Q, hens Q, C Q11 and |Q,\Q,1|| — 0 asr — +oo for hat fix r > 0 and let s > r, by the

monotonicity condition (4.2) we get :

/Q [a(x,un, VTi(un)) — a(x,un, Vi (1)) [VTi () — VT (1) p (x)dx > 0

/ [a(x, ttn, V(i) — a(x, i, VT ()] [VTi (1) — Vi ()] p (x)dx > 0

S

Then

/Q (a(x, ttn, VT (4)) — @, 1, 2V T ()] [V T (1) — 2V T (10)]p (x)dx > O

On the other hand let consider :

< Buy,,v, >= / a(x,up, Vun)[VTi (1) — VT (u)]p (x)dx
Q
We can see that

< Bitn, vy > = /Q (%, 1, VT (1)) [V T (1) — V(1) 5] p (x)dx
—/Qa(x,un,Vun)VTk(u)p(x)dx

+ / a(x,un, VTi(un)) VT (1) xsp (x)dx
Q

Hence

(4.15)

(4.16)

(4.17)

< Buy,v, > = /Q[a(x, un, VTi(un)) — a(x,un, VT (1) )] [V T (un) — VT (1) x5] p (x)dx

_/Q[a(x, up, Vuyp) — a(x,uy, Vi (1) | VT (1) p (x)dx
—/Qa<x’”’“VTk(”"))VTk(“)XQ\Qsp(x)dx

4 / (%, 1, VT (16) 25 [V T 11) — VT (1) 5] () lx
Q
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Which can be writhed as

< Bup,vy >=1I,—I' —I>+ 13 (4.18)
where:
1= | e, VT(2)) ~ a0, VI 020V Tetn) — VT 25} (0
1} = [l Vits) = aetn, Vi)V Ty w)p ()
1= [ aen, V() V()20 0, ()d

13 = /Qa(x> umVTk(un)XS)[VTk(”n) - VTk(”)%s]p(x)dx
In the following we will show this intermediate lemma.

Lemma 4.1.1 Let I}, I? and I? as above we have:

@ 1! =0
i) I*— / WV, (1)p (x)dx
Q\Q
(iii) I — / a(x,u,0)VT;(u)p (x)dx
Q\Q
(2)

Proof of (i):

First we can write

1= [ lal, . ¥ () — ax,,0)] 26, 2.V Telu)p )
where: G, = {x € Q; [un(x))] > k} we have

M (126, 2:VT(w))p(x) < M(VTi () z: )P x) € L' ()

and we have u, (x) — u(x) a.e in Q hence if |u(x)| < k then for n large |u, (x)| < k. which implies

that

VT (u)|x6,xs — 0 a.e in Q

then By Lebesgue theorem we deduce that

M(|VTi(u)| X6, %s)P (x) = O
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Thus xsxc, VTi(u) — 0 strongly in (Ep(Q,p))N and since a(x,u,,V(u,)) and a(x,u,0) are
bonded in (Lz7(Q,p))" we obtain I! — 0.
Proof of (ii):
We have a(x, u, VT (1)) is bonded in (Lz;(Q,p))Y, by the lemma 3.4 we deduce that there ex-
ist h € Lz(Q, p)" and a subsequence also denoted a(x, u,, VT;((uy))) such that a(x, uy, VTi ((uy))) —

h weakly in (Lz;(Q,p))N we well pass to the limit over n and obtain:

?— hVTi(u)p (x)dx
Q\Q,

Proof of (iii):
By using (4.12), we have VT (u,) — VT (u) weakly in (Ly (Q,p))N for o (T1Ly (Q, p), [IE7(Q,p)).

Thanks to continuity of Nemytsky operator, we get
a(x,un, VTi(un)xs) — a(x,un, VT (1) xs)
strongly in (Ez7(Q,p))N Then I — [ a(x,u, VTi (1) xs) [VTi () — VT (1) 5] p (x)dx ie
L — a(x,u,0))VTi(u)p(x)dx
Q\Qy

which achieved the above Lemma.

Finally we shall prove that Vui,, — Vu a.e in €, back to approximate problems (4.8), we have
< Butp,vp >=< fu,vp > —/ ao (X, tn, V (un) ) vndx
Q

since v, € Wy Ey(Q,p) NL7(Q) and v, — 0 weakly* in L=(Q) and f,, — f strongly in L'(Q),

while ag(x, u, V(uy)) is bonded in (Lyz(Q, p))N then < f,,v, >— 0 We conclude that
0< /Q[a(x, un, VTi(un)) — a(x,un, V(1) X5) [V Tk (un) — VTi (1) )] p (x)dx
< [ (= alxu,0)VTL(wp ()dr-+ e(n)
Q\Q,

where €(n) is a sequence of real numbers which converge to zero as n tends to infinity.
For r < s we deduce that
| Tt Y (00)) = e, VTu(0)20)] VT () = VT () 2] p ()

(4.19)
< [ (= axu,0) VT (w)p ()dx-+e(n)
\Qy
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By passing to Limit over n and letting s — oo since meas(Q\€;) — 0 we get
/ [a(x,un, VTi(un)) — a(x,un, Vi (1)) [VTi () — VT (1)]p (x)dx — O (4.20)
Q

Passing to a subsequence, we have
[a(x,up, VTi(un)) — a(x,un, Vi (1)) [VTi () — VT (1)]p (x) — 0 a.e inQ,.
For a subsequence still denote uy, say for each x € Q\R with |R| = 0. Fix x € Q/R, one has by
using (4.1) and (4.3)

[a(x, un, VTi(un)) — a(x,un, VTi(0))|[VTi (tn) — VTi(u)]p (x) >

(4.21)
|

AoM(A [V Ti(un) )p () = s | 1+ V()] + M~ M(et [V Ti(un) )| +Co
for some positives constants C3 and C4, which implies that VT (uy,) is bounded in RN,
Indeed suppose that there exists a subsequence denoted again VTj(u,(x) such that VT (u,(x) —

oo as n — co. Writing (4.21) as the form

[a (6, tn, VTi(un)) — a(x; tn, V() ][V Tk () = VI ()] (x) =

M(A Vi) +Cy

MA VT (un)]) — M(A|VTi(un)))

— 1
%P(x)—C3< Lt [VTk(un)| | M M(CIIVTk(un)I)

which gives the contradiction since the right hand-side converge to infinity while the left hand-
side tends to zero as n — 0. Then, we have for a subsequence iy, (x),VIi(un,)(x) = & € RV,
and [a(x,uy,, VTi(utn,)) — a(x,un,, VIi (1)) [VTi(tn) — VTi ()] p(x), tend to

la(x,u,&) —a(x,u, VT (u))][§ — VT (u)]p(x) as n, — oo. hence

la(x,u,§) — a(x,u, VTi(u))][G — VTi(u)lp(x) =0

consequently by (4.2) VT (u) = £ and thus VT (u,(x)) — VT (u(x)) sice n and k are arbitrary

we can construct a subsequence such that
Vu, — Vua.ein Q (4.22)

Step 4. Passage to limit.

Going back to approximate problems (4.8) and taking v € D(€)) as test function we have:

/a(x,u,Vu)va(x)dx+/ ao(x,u, Vu)vdx = (f,v)
Q Q
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By (4.22) and (4.11) we deduce that a(x,uy,, Vu,) — a(x,u,Vu) a.e in Q and ag(x, u,, Vu,) —
ao(x,u,V(u) a.e in Q moreover, Lemma 3.4 and Lemma 3.5 implies that a(x, u,,, Vi, — a(x,u, Vu)

weakly in (Ly (€, p))N for o(I1Lz;(Q,p),TIEy (L, p)), On the other hand, f, — f strongly in

LY(Q) and ag (x, un, Vity) — ao(x,u, Vu weakly in (Ly (Q)) for o(Lz7(Q), Ep(€)). On the other

hand, f, — f strongly in L' (Q) Finally by passing to the limit in the sequence of approximate

problems, we obtain the existence result.
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