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A NOTE ON A SUBCLASS OF ANALYTIC FUNCTIONS DEFINED BY
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Abstract: In this paper, we consider the operator RI ', , * A(n) — A(n) defined by
R, f(2)=Q-A)R"f(2)+ A, f(z), where A(n) denote the class of analytic functions in the unit
discU ={z:2eC,[7 <1}, of the form f(z)=z+>, a7z R"f(z2,meN,=NU{0}is the
a+kp
a+p

A>0,8>0,and a a real number with a+ > 0. The new subclass RI* (M, i, p,x, B) of A(n),

m
Ruscheweyh operator and 1., f(2) =2 +Zk_n+1( j a,z ., neN,meN,=Nu{0},

involving the operator RI;“’N is introduced. Some interesting properties of the class %Iﬁ(m,,u, o, a, 3) are

established by making use of the concept of differential subordination.
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1. INTRODUCTION

Let A(n)denote the class of functions of the form f(z) =z+ > a,z“,ne N ={1,23..},

k=n+1
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which are analytic in the open unit disc U ={z:z e C,|z| <1}. Clearly A(@2) = Ais a well-known

class of normalized analytic functions inU . If f and g are analytic in U, we say that f is

subordinate to g ,written f < g, if there exists a Schwarz function w(z), which (by definition)is
analytic in U with w(0) =0and |w(z)| <1,z €U, such that f(z)=g(w(z)),z €U.Further, if the

function g is univalent in U ,then we have the following equivalence f <g < f(0) =g(0)and

fU) =gU).

For 0< p <1,we denote S’ (p)and K (p)the subclasses of A(n)consisting of all
analytic functions which are respectively, starlike of order p and convex of order p inU. It is
well known that K (0) = S, (0) 'S, where S is the class of univalent functions in U. We also

denote by R, (p)the subclass of functions in A(n)which satisfy Re(f'(z) > p,z €U.

Definition 1.1([16]). For f € A(n),me N, = N U{0}, # > 0and « a real number with & + 3 >0,

a new generalized multiplier transformation, denoted by I 7 ; , is defined by the following infinite

series:

(1.1) Izﬁf(z)=z+k§;1(0;1lf§j az*.,zeU.
It follows from (1.1) that

(1.2) Izo f(2) = £(2),

(1.3) (a+,8)|2*ﬂlf(z):alzﬁf(z)+ﬂz(lzﬁf(z))',

We note that
e 17, f(z)=1]f(z),a >-1(See Cho and Srivastava [10] and Cho and Kim [11] ).

I m

¢ ligp

f(z) =Dy f(2), B> 0(See Al-Oboudi [6] ).

o 1 ,,T(@)=1"1(2),1 >-1 B >0(See Catas [9]).
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Remark 1.2. a) I f (z) was defined and investigated in [10] and [11] for « >0and I,Tﬁ f (z) was
defined and studied in [9] for1>0,8>0. So our results in this paper are improvement of
corresponding results proved earlier for 17 f(z) or 1], f(z) to & >—1or | > -1, respectively.

b) i) Dy f(z),m>0was due to Acu and Owa [1], ii) D;" f (z) was introduced by Salagean [15]

and was considered for m>0in [7], and iii) 1" f(z) was investigated by Uralegaddi and

Somanath [20].

Definition 1.3 ([14]). For me N,, f € A(n), the operator R" is defined by R™ : A(n) — A(n),
Rf(z) = f(2),
R'f (2) = zf'(2),

(M+DR™ f (2) = z(R" f (2))+mR™ f (2), z € U.

Definition 1.4. Let meN,,A>0,>0 and o« a real number with o+ >0 .Denote by
RI.  , the operator given by RI 7, . = A(n) — A(n),

RIMf(2)=(-AR™F(2)+U",f(2),zeU.

a+pf

k=n+1

Remark 1.5. If f e A(n),then RI}, f(z)=z+ )| {(1—/1)Crr;‘+kl+ﬂ(a+kﬂj }akZK,ZEU.

Remark 1.6. The operator 1, is introduced and investigated in [16] and [17]. The operator

Rl ;s studied in [18] and [19].

ForA=0,RI], f(z2)=R"f(z),zeU,andforA =L RI}, =17 ,f(2),z€U.

a,p1

To prove our results we need the following lemma.
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Lemma 1.7 [13]. Let % < p <Lube analytic in U with u(0) =1and suppose that

(1.4) Re(l+ Z“'(Z)J L3021,
u(z) 2p

Then Re(u(z)) > p,z €U.
2. MAIN RESULTS

Definition 2.1. We say that a function f € A(n)is inthe class I, (m, 1, p,a, ), me N,

neN,u>0,pe[01),aareal number with o+ 8 >0, if

Lo £(2) z )
L) R -

Definition 2.2. We say that a function f e A(n)is in the class RI(m, i, p,a, B),m € No

(2.1)

neN,u>0,pe[01),aareal number with o + S > 0, if

R, 1 @) 2 ) - pzeu
; RIT 1(2) e

ForA1 =1, (2.2) reduces to (2.1).

(2.2)

Remark 2.3. The family RI*(m, u, p,a, B) is a new comprehensive class of analytic functions
which includes various well known classes of analytic univalent functions as well as some new
ones. For example, i) RI*(m, 1, p,1 +1— B, B) =RD. (M, 1, p,1, B),1 > -1, was studied in [2] for
>0, ii) R} (M, 1, p1— B, B) =RD} (M, 11, p,0, ) = RD* (M, 11, p, ) Was due to Lupas [3],
iii) iRIf1 (m, 1, pye, f) =1, (M, w1, p,x, B) (Definition 2.1), iv) I, (M, i, p1— S, B) = D, (M, 1, p, )
was introduced in [4], v) D, (0,1, 00) =S, (p), D, (L1 p)) =K, (p) and D, (0,0, p,1) =R_(p), Vi)

D, (m, &, p,1) = D(m,n, p) was introduced in [5,8] , vii) D, (0, &, p,1) = D(u, p) was introduced
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by Frasin and Jahangiri [13] and viii) D, (0,2, p,1) = D(p) which has been investigated by Frasin
and Darus [12].

In this note we provide a sufficient condition for functions to be in the class

RI (M, 1, p, 2, )

Theorem 2.4. Letme N,,ne N,;Lzo,yzo,%3p<1,y=3§—_1,ﬁ>0,aa real number with
Yo
a+p>0and f e An).If
RI™2 f(z RI™ f(z | ™2f(z
(2.3) (m+2)—2£t —— ( )—y(m+1) 2l ( )m(“*ﬂ—m—zj—“nﬁl @ _
Rl f(2) Rl ;. f(2) s Rl f(2)

—ﬂﬂ(aJr’B—m—lJ—l‘%f(z) —}t(g—m—lj—lz'zlfa) +
s RI;, . f(2) yij RIS, T(2)

a,B,A

a_ o) tesf@ _
+ﬁy(ﬂ mJRlzﬂ’lf(z)Jr(erl)(,u ) <1+z,2€U,

then f e RI (M, i, p,a, B).

Proof. Define the function u(z) by

C(RITS(2) 7 8
(2.4) u(z)_( . J[msz(z)] .

Then the function u(z)is analytic in U with u(0) =1. Differentiating (2.4) logarithmically with

respect to z and using (1.3), we obtain
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QLA u(m+1)R'S}ﬁf(z)+ﬂ(a+ﬂ_m_2j HAIONS
u(2) RIS (@) RIZ,F@ U B RIS ()

(| O e BT
B RIZ;.f(2) \ B RIS, f(2)

a ) tesf@ T
+l,u(ﬂ ijlEﬁ’lf(Z)+(m+1)(ﬂ 1)-1

zu'(2)

u(z)

Re{[ I‘T;l*f(z)][ 2 J}>p,ZeU.
z RI; ;. f(2)

Therefore, f € RI* (M, i, p, a, B), by Definition 2.3.

From (1.4) and (2.3) we get Re£1+ ] > 3/2) _1, z eU. Applying Lemma 1.4 we deduce that
Yo

Taking A =1 in Theorem 2.4, we obtain

Theorem 2.5. Let me Ny,neN, ,u>0% p<1,;/:3'§—_1,,8>0,a a real number with
Y2,

a+f>0and f e A(n).If

a+B) oy f@ 17,1(@)
(ﬂ J{Imﬂf(z) ﬂlll‘,,;f() (-1 |+1<1+y2,z€U,

then f el (mu p,a p),zeU.

As consequences of the above theorem, we have the following interesting corollary:
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Corollary 2.6. Let f € A(n), p :%,ﬂ =1, >0and « areal number with ¢+ 5 > 0.

(@) Let m=Lu=1 .If Re{(OH'BJ[I“‘ﬂf(Z)—I“‘ﬂf(z)j}>—%,ZEU, then

B N8 1,,1(2)
Re(la’ﬁf(z)J>l,ZGU.That is f eIn(1,1,1,a,ﬂ).
l,f(2)) 2 2
(b) Letm=J,,u=0IfRe{a+ﬂj(ljﬂf(z)—1j}>_1,zeu,theRe(|“ﬁ—f(z)j>llzEU_
p 1., T(2) 2 z 2

Thatis f eIn(l,O,%,a,,B).

(c)Let m=0,u=1 .If Re{(a+’8j[l”‘2‘ﬂf(z) - Ia'ﬂf(Z)J}>—l,Z€U, then
B Nl.xf(@) (@) 2

I . f(z
Re( @5 ()j>%,z€U.That is feIn(O,lé,Of,ﬁ)-

(d) Let m=0,x=0 If Re{(aJrﬂj(I“’ﬁf(z) —1J}>—1,z eV, then
BNz 2

I, ,f(z
RE[L()]>%,Z€UThat |S f EIn(0,0yéiaiﬂ)'
VA

a =0in Corollary 2.6, we have

Corollary 2.7. Let f € A(n).

(@) IfRe{(ZZf"(Z) +2° () - zf"(z))} > —1, z €U, then fis convex of order 1/2
f'(z) +zf"(2) f'(2) 2

(ie. feK (1/2)).

27f"(z) + 22 £'"'(2) 1 , N 1
(b) If Re{( )+ 20"(2) j}>—E,ZEU,thenRe(f (z)+zf (Z))>§,Z€U.
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zf''(z) zf'(2) 3 . . . «
(c) If Re{ (2) - Q) ]} >_§’Z e U, then fis starlike of order 1/2 (i.e. f €S, (1/2)).

(d) If f isconvex of orderl/2,then f e R, (1/2).
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