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Abstract. In this paper an inequality of Popoviciu, which was improved by Vasi¢ and Stankovi¢ [13], is generalized
by using Green function. An extension of Popoviciu type inequality is introduced. The mean value theorems, n-
exponential convexity and exponential convexity are presented for the differences of these inequalities and related

Cauchy means are also generated.
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1. Introduction

The inequality of Popoviciu as given by Vasi¢ and Stankovi¢ in [13] can be written in the

following form (see page 173 [10]):
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Theorem 1.1. Let n,k e N, n >3, 2<k<n—1, [a,B] CR, x= (x1,....x,) € [, B]", p=
(p1,...,pn) be a positive n-tuple such that Y'*_ pi = 1. Also let f : [&t, ] — R be a convex

function. Then

—k
_1f17”(xap)+n_1

k
k L Pigi;
Z (Z pl,> =

Ck 1 1<ii<...<ix<n

S

(1) fk,n(x7p) < fn,n(X7p>7

S

where

fk,n (X7 p) =

By inequality (1), we write

T1(%,ps ) = WD) fua(58) ~ fin(x.D) > 0.

The mean value theorems and exponential convexity of the functional Y| (x, p; f) are given in
[5] for a positive n-tuple p. We used some special classes of convex functions to construct the
exponential convexity in [5]. But in this paper, we generalize the results related to Y (x,p; f).
First, we give the generalization of Theorem 1.1, then the mean value theorems with new meth-
ods from [9]. A new extension of Popoviciu type inequality is introduced. We also employ the
new exponential convexity method from [8] for functionals that appear in the sequel. In this

way our results are more general than the corresponding results given in [5] as well as in [2].

2. Generalization of Popoviciu’s Inequality

Consider the Green function G : [, B] x [, B] — R defined as

(t_g)(s_a) a<s<t
(2) G(t,s) = ke T T
(Ble) <5<,

The function G is convex and continuous w.r.t s and due to symmetry also w.r.t z.

For any function & : [&, 8] — R, h € C*([a, B]), we have

3) h(x) = b —x B) +/aﬁ G(x,s)h" (s)ds

h(a)+;:

where the function G is defined in (2) (see [14]).
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In Theorem 1.1 we have that p; (i = 1,...,n) are positive real numbers. Now we give the
generalization of that result for real values of p; (i =1,...,n) with ' | p; = 1 using the Green

function as defined in (2).

Theorem 2.1. Let nk e N, n >3, 2<k<n—1, [a,B] CR x= (x1,....x,) € [, B]", p=

(p1,---s Pn) be a real n-tuple such that lezlpij #0forany1<iy <..<ix<nand! |pi=

Z Pi Xi:
1. Also let ="~ ' € |a,B] for any 1 <iy <...<iy <n. Then the following statements are
Z Pl
=

equivalent:

(i) For every continuous convex function f : [o, B] = R

k—

@ i p) < " f a0 B) + o fun (5D,

where

k
1 k L Pigi;
Jin(X,p) := ) (Z Pi,) fl=——
=1 §

n—
C 11<t1< <ip<n

(ii) For all s € [ct, B]

—k
—1

S

®) Gin(X,5p) <

k—1
G (x,s;p) + ﬁGn,n(X,S;p),

S

where

Gk,n(X7S;p)

k
. k ;lpijxij
Cnl Z Zpij G Fk—7s > lﬁkﬁn,
J

k=1 1<ip<...<ix<n \ j=1

for the function G : [, B] x [a, B] — R defined in (2).
Moreover, the statements (i) and (ii) are also equivalent if we change the sign of inequality in

both (4) and (5).

Proof. (i)=-(ii): Let (i) be valid. Then as the function G(-,s) (s € [, B]) is also continuous and
convex, it follows that also for this function (4) holds, i.e. (5) is valid.
(ii)=-(i): Let f : [&, 8] — R be a convex function, f € C*>([e,8]) and (ii) holds. Then, we

can represent function f in the form (3). Now by means of some simple calculations we can
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write

Z%]]{fl,n(x7p) + %fmn(X?p) - fkﬂ(X?p)

(6)
(2K Gy u(x,5:0) + 51 Gpn(x, 53 p) — Grn(X,5:p)) ' (5)ds.

I
R—=

By the convexity of f, we have f (s) > 0 for all s € [a, B]. Hence, if for every s € [a, B], (5)
is valid then it follows that for every convex function f : [, B] — R, with f € C?([a, B]), (4) is
valid.

Here we can eliminate the differentiability condition due to the fact that it is possible to
approximate uniformly a continuous convex function by convex polynomials (see [10], page
172).

Analogous to the above proof we can give the proof of the last part of our theorem.

Remark 2.2. Considern,ke N,n>3,2<k<n—1, [a, ] CR, x= (x1,...,x,) € [, B]", p=

(p1,.-., Pn) be a real n-tuple such that Zl;:lpij #O0foranyl <iy <..<ix<nandd} pi=1.
k
jg][’ijxij

Also assume that *—; ela,Blforany 1 <ij <..<i<n.
X pi;

=1

(a) If for all s € [, B] the inequality holds in (5) then from above theorem we have

k—1
(7) YZ(f) = T2(X7p;f) = f:fl,n(xvp) + mfn,n(xap) _fk,n(xup) Z 0.

(b) If for all s € [, B] the reverse inequality holds in (5) then from above theorem we have

_ _ —k k—1
(8) Y2(f) :=Y2(x,p: f) := frn(X,p) — ijm(x,p) - —1fn,n(X,P) > 0.

Remark 2.3. Note that in the case when p is a positive n-tuple, the inequality (4) gives (1).
Now we give two mean value theorems.

Theorem 24. Let nk e N, n >3, 2<k<n—1, [a,B] CR, x= (x1,....x,) € [, B]", p=

(p1,---» Pn) be a real n-tuple such thatzlj‘-zlp,-j #0foranyl <iy <..<ix<nandl} pi=1.
k
L piixi;
Also let == " e [a, B] forany 1 <i) < ..<ix<nandf:|a,B] — R be afunction such that
Y pi;
=
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f e C([a,B]). If for all s € o, B] the inequality holds in (5) or if for all s € [, B] the reverse
inequality holds in (5), then there exists & € [, B] such that

n—k
n—1

k—1 1
Fra(%,D)+ o Fun(%,B) = fin (%) = 3" (E) V2B fo)

n
where X =Y, pix; and fy(x) = x°.
i=1

Proof. By the assumption, we have that the function f” is continuous and

n—k k—1

1 G1a(%,5:p) + -~ Gun(X,5:P) = Gin(%,53p)

does not change its positivity on [a, B]. Also for our function f the equality (6) is valid and now

by applying the integral mean value theorem we get that there exists some & € [, B] such that

%fl ,n(X>p) + %fn,n(&p) - fk,n(X,P)

B
= f”(é) f (%Gl,n(XaS§P) + %Gn,n(XaS;p) - Gkﬂ(X,S;p))dS.

o

)
Next by the definition of the function G, we observe that

:
(10) /G(t,s)ds:%(t—a)(t—ﬁ).

We calculate the integral on right side of (9) with the help of (10) as follows:

n—k
n—1

k—1
fl ,n(X;p) + mfn,n(xap) _fk,n(xap)

k
:f//(g) . B _glpijxg
ey (jz pi,»> [o| o

k=1 1<ip<...<ir<n

it X pilsi = o) (s~ ) + I} (- @) )

k k
Y piiXi; Y piixi;
2 | k = =
o T )y (Z Pi; ’ - — -B

k=1 1<ij<...<ix<n
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2

ffe) [ n—ky o k=1, 1 -
) n—IZipixi+n—1x o] )3 ) Pi
i= k

—1 1K< <ig<n \j=1

k
Z Pijxij
J=1
k )
.:lpij

J

= 2f"(&)Y2(x,p; fo), which completes the proof.

Theorem 2.5. Let nk e N, n >3, 2<k<n—1, [a,B] CR, x=(x1,....x,) € [t, ]", p=
(p1y.-., Pn) be a real n-tuple such thatzlj‘-:lp,-j #0foranyl <iy <..<ix<nandd} pi=1.
k
; pijXi;
Also let = €la,Bl forany 1 <iy <..<ix<nand f,g:[a,B] — R be functions such
Y pi;
=
that f,g € C*([a, B]). If for all s € [, B] (5) holds or if for all s € [, B] the reverse inequality

holds in (5), then there exists & € |, B] such that

B fia(%,P) + 51 fun(X,0) — fin(X,0)  f7(E)
(an = 1 =g
n_lgl,n(xvp) + n_lgn,n(X,P) - gk,n(va) 8 (é)

for non zero values of denominators.

Proof. Consider the function

h(t) = (%gl,n(xvp) + %gn,n(xap) _gk,n(xap)) f(2)
- (Hfl,n(xap) + %fn,n(xap) _fk,n(xap)) g(t)'

which is defined on [c, 8] and also & € C?([«, B]). Therefore we can apply Theorem 2.4 on the

function & and then it follows that there exists some & € [a, B] such that

H'(§)
2

—k k—1
(12) ZTth(X»p) +——hnn(X,p) — i (X, p) = [Y2(x,p; fo)],

1 n—1

where fy(x) = x2.
After some simple calculations we get that the LHS of this equation equals to zero. The term
in the square brackets on the RHS of (12) is nonzero, because otherwise, from the Theorem 2.4

applied on the function s, we would have that the denominator on the LHS of (11) equals to

zero, which contradicts the assumption of this theorem. Hence

(&) =0,
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which completes the proof.

Next we give an extension of an inequality (6.4) page 174 of [10] by Popoviciu.

Theorem 2.6. Letn,k e N, n>3,2<k<n—1, (0,a] CR, x=(x1,...,x,) € (0,a]" such that

* 1% € (0,a]. Also let f: (0,a] — R be a function such that f( ) is convex. Then

(13 i) < "L A0+ fua (),

where

fk,n (X) . :

) f(éxij)

Ck 1 I<i1<.<ig<n

Proof. For k =2 and n = 3 the result is followed by inequality (6.4) on page 174 of [10]. Next
for k > 2 and n > 3 the result is followed by Theorem 6.9 on page 176 of [10]. (]

Hence for convex function £ (13) gives

(14) Y3(f) = Ta(x; f) 1=

a(X)+ %fn,n(x) —fk’n(X) >0

The following lemma is given in [1]:

Lemma 2.7. Let h € C*(I) for an interval I C R\ {0} and consider m,M € R such that

200 _ /
X W (x) —2xH' (x) + 2h(x) M
Also let hy,hy be real valued functions defined on I as follows
3

hi(x) = M~ h(x),

Then ( ) and ( ) are convex.

Theorem 2.8. Let [o, B] C RY and f € C(|o, B]) then there exists & € [, B] such that

2 el o /
gy~ S0 25; ()+2/E) 1 (o

Proof. The idea of proof is same as given in Theorem 2.3 of [5]. 0
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Theorem 2.9. Let [a, 3] CR" and f,g € C(|a, B]) then there exists & € [, B] such that
Ya(xif) _ E2"(8) —281"(&) +2f(¢)

T3(x;g) &2¢"(&)—2Eg'(§)+28(8)

for non zero values of denominators.

Proof. The idea of proof is same as given in Theorem 2.4 of [5].

3. Exponential Convexity

The notion of n-exponentially convex function and the following properties of exponentially

convex function defined on an interval I C R, are given in [8].

Definition 1. A function g : I — R is called n-exponentially convex in the Jensen sense if

n . .
Z a,a;g (xl—lz—x]) >0

i,j=1

holds for every @; € Randevery x; € 1,i=1,2,...,n.
A function g : I — R is n-exponentially convex if it is n-exponentially convex in the Jensen

sense and continuous on /.

Remark 3.1. From the definition it is clear that 1-exponentially convex functions in the Jensen
sense are in fact the nonnegative functions. Also, n-exponentially convex functions in the Jensen

sense are m-exponentially convex in the Jensen sense for every m € N, m < n.

Definition 2. A function g : I — R is exponentially convex in the Jensen sense, if it is n-
exponentially convex in the Jensen sense for all n € N.
A function g : I — R is exponentially convex if it is exponentially convex in the Jensen sense

and continuous.

Remark 3.2. It is easy to see that a positive function g : I — R is log-convex in the Jensen sense

if and only if it is 2-exponentially convex in the Jensen sense, that is

X+

atg(x) +2ararg ( 5 y) +a3g(y) >0
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holds for every ay,a; € R and x,y € I.
Similarly, if g is 2-exponentially convex, then g is log-convex. Conversely, if g is log-convex

and continuous, then g is 2-exponentially convex.
Divided differences are fertile to study functions having different degree of smoothness.

Definition 3. The second order divided difference of a function g : I — R at mutually different

points yg,y1,y2 € I is defined recursively by

[yt';g] :g(yi)v i=0,1,2

Yi+1) — 8V .
[yiayi+1;g] = g( = ) g( l)> 1= 071
Yi+1 =i

1,v2:8] — o, y1: 8]
y2— Y0

(15) Vo, ¥1,¥2:8] =

Remark 3.3. The value [yo,y1,y2;8| is independent of the order of the points yo,y1, and y;. By
taking limits this definition may be extended to include the cases in which any two or all three

points coincide as follows: ¥ yo, y1, 2 € I such that y, # yo

g(2) — g(v0) — & (v0) (v2 = y0)
(v2—y0)?

lim [yo,y1,¥2:8] = [y0,Y0,¥2:8] =
Y1—Y0

provided that g’ exists, and furthermore, taking the limits y; — yo, i = 1,2 in (15), we get

[0,¥0,038) = Yo, y1,y2:8) =

lim
Yi—=Yo
provided that g” exist on I.

Theorem 3.4. Assume J C R is an interval, and assume A = {¢, | t € J} is a family of con-
tinuous functions defined on an interval I C R, such that the function t — [yo,y1,y2; ¢ (t € J)
is n-exponentially convex in the Jensen sense on J for every three mutually different points
Yo, y1,Y2 € 1. Consider Y»(f) as given in (7). Thent — Yy(¢;) (t € J) is an n-exponentially
convex function in the Jensen sense on J. If the function t — Y,(¢) (t € J) is continuous, then

it is n-exponentially convex on J.
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Proof. Lett;,1; € J, 1y := % and by,b; € R for k,l = 1,2, ...,n, and define the function @ on

I by

n
W= Z bib @y, -
k,[=1

Then  is continuous on / being the linear combination of continuous functions. Also by
hypothesis the function t — [yo,y1,y2; ¢] (¢t € J) is n-exponentially convex in the Jensen sense,

therefore we have

n
[}’07)’1,)’2;(0] = Z bkbl[}’od’l,)’z;‘f’tkl] > O;
k=1

which implies that @ is a convex function on I. Therefore we have Y, (®) > 0, which yields by

the linearity of Y5, that

n
Y. bibiYa(y,) > 0.
Ki=1

We conclude that the function t — Y5(¢;) (r € J) is an n-exponentially convex function in the
Jensen sense on J.

If the function t — Y, (¢) (¢ € J) is continuous on J, then it is n-exponentially convex on J
by definition.

As a consequence of the above theorem we can give the following corollaries.

Corollary 3.5. Assume J C R is an interval, and assume A = { ¢, | t € J} is a family of continu-
ous functions defined on an interval I C R, such that the functiont — [y, y1,y2; ¢ (t € J) is ex-
ponentially convex in the Jensen sense on J for every three mutually different points yo,y1,y2 € 1.
Consider Yo (f) as given in (7). Thent — Yo(¢) (t € J) is an exponentially convex function in
the Jensen sense on J. If the functiont — (@) (t € J) is continuous, then it is exponentially

convex on J.

Corollary 3.6. Assume J C R is an interval, and assume A = {¢, : t € J} is a family of con-
tinuous functions defined on an interval I C R, such that the function t — [yo,y1,v2; 9] (t € J)
is 2-exponentially convex in the Jensen sense on J for every three mutually different points

Y0,Y1,Y2 € 1. Consider Y(f) as given in (7). Then the following two statements hold:

(i) If the function t — Yo (¢;) (t € J) is continuous, then it is 2-exponentially convex on J,

and thus log-convex.
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(ii) If the functiont — Yo(@,) (t € J) is positive, then for every s,t,u,v € J, such that s < u

andt < v, we have
(16) Ut (Tz,/\) S uu,v(YZaA)

where
1
To(gs) \ s
Y (Pf ) S % t7
(17 Ut (X2, A) := ( ! )d)Tz(¢)
eXp (%2(%; )  §=1

for &5, ¢; € A and we consider that the functiont — Y, (@) is differentiable when t = s.

Proof.

(1) See Remark 3.2 and Theorem 3.4.
(1) From the definition of a convex function ¥ on J, we have the following inequality (see
[10, page 2])

) ORI IUEST0)

Vs,t,u,v €Jsuchthats <u,t <v, s#t,u#v.
By (i), s — Y2(9s), s € J is log-convex, and hence (18) shows with y(s) = log Y2 (¢;),

s € J that

(19) log Y5 (¢s) —logYa(¢r) _ logT(9u) —logTa(¢y)
s—t - u—v
fors <u,t <v,s#t,u+# v, which is equivalent to (16). For s = or u = v (16) follows

from (19) by taking limit.

Remark 3.7. Note that the results from Theorem 3.4, Corollary 3.5, Corollary 3.6 are valid
when two of the points yo,y1,y2 € I coincide, say y1 = yo, for a family of differentiable func-
tions @ such that the function t — [yo,y1,y2; @] is n-exponentially convex in the Jensen sense
(exponentially convex in the Jensen sense, log-convex in the Jensen sense), and moreover, they
are are also valid when all three points coincide for a family of twice differentiable function-
s with the same property. The proofs can be obtained by recalling Remark 3.3 and suitable

characterization of convexity.
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Remark 3.8. The results similar to Theorem 3.4, Corollary 3.5 and Corollary 3.6 can also be
given for Y5 (f) as defined in (8).

Remark 3.9. A refinement of the inequality of Popoviciu from [11] is given by Niculescu and
Popovici in [7]. Also an integral version of Theorem 1.1 is given by Niculescu in [6]. The results
similar to Theorem 2.1, Theorem 2.4, Theorem 2.5, Theorem 3.4, Corollary 3.5 and Corollary
3.6 can also be given for refinement results of [ 7] as well as for integral version of Popociciu’s

inequality.

Theorem 3.10. Assume J C R is an interval, and assume ® = {¢, |t € J} is a family of
functions defined on an interval (0,a] C R, such that the function t — [yo,y1,y2; @] (tel)
is n-exponentially convex in the Jensen sense on J for every three mutually different points
v0,Y1,¥2 € (0,a]. Consider Y3(f) as given in (14). Thent — Y3(¢;) (t € J) is an n-exponentially
convex function in the Jensen sense on J. If the function t — Y3(¢) (t € J) is continuous, then

it is n-exponentially convex on J.

Proof. Proof is similar to the proof of Theorem 3.4, but we consider the convex function @

instead of f.

As a consequence of the above theorem we can give the following corollaries.

Corollary 3.11. Assume J C R is an interval, and assume ® = {¢, |t € J} is a family of
functions defined on an interval (0,a] C R, such that the function t — [yo,y1, yz;@] (t €
J) is exponentially convex in the Jensen sense on J for every three mutually different points
y0,Y1,Y2 € (0,a]. Consider Y5(f) as given in (14). Then t — Y3(¢,) (t € J) is an exponentially
convex function in the Jensen sense on J. If the function t — Y3(¢;) (¢t € J) is continuous, then

it is exponentially convex on J.

Corollary 3.12. Assume J C R is an interval, and assume ® = {¢; : t € J} is a family of
functions defined on an interval (0,a] C R, such that the function t — [yo,y1,y2; @] (tel)
is 2-exponentially convex in the Jensen sense on J for every three mutually different points

¥0,Y1,Y2 € (0,a]. Consider Y3(f) as given in (14). Then the following two statements hold:
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(i) If the function t — Y3(¢;) (t € J) is continuous, then it is 2-exponentially convex on J,
and thus log-convex.

(ii) If the functiont — Y3(¢) (t € J) is positive then for every s,t,u,v € J, such that s < u

and t <v, we have
(20) L_ls,t (Y37(I)) < ﬁu,v(Y3aq))

where

1
Y3(¢s) \ 5~
Y (o ) S 7é Z
2 U5, (13,9P) := ( 3(¢)fl)r (9)

YS ((Ps)

for @5, ¢ € ® and we consider that the function t — Y3(¢;) is differentiable when t = s.

Proof. Proof is similar to the proof of Corollary 3.6, but we consider the convex function @

instead of f.

Remark 3.13. Note that the results from Theorem 3.10, Corollary 3.11, Corollary 3.12 are

valid when two of the points yo,y1,y2 € (0,a] coincide, say y; = yo, for a family of differentiable

o (y)

functions @, such that the function t — [y, y1,y2; v

| is n-exponentially convex in the Jensen
sense (exponentially convex in the Jensen sense, log-convex in the Jensen sense), and moreover,
they are are also valid when all three points coincide for a family of twice differentiable func-
tions with the same property. The proofs can be obtained by recalling Remark 3.3 and suitable

characterization of convexity.

The following result is given in [3].

Theorem 3.14. Assume J C R is an interval, and assume A = {¢; |t € J} is a family of twice
differentiable functions defined on an interval I C R such that the function t — ¢, (x) (t € J)
is exponentially convex for every fixed x € I. Then the function t — [yo,y1,y2; ] (t € J) is

exponentially convex in the Jensen sense for any three points yo, y1, y2 € I.
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4. Applications to Cauchy Means

In this section we generate new Cauchy means with the help of some classes of functions from
[8].

Throughout in Examples (4.1-4.4) we mention that the functional Y5, defined in (7) is linear
on the vector space C(I) for the interval I C R, and Y,(f) > 0 for every continuous convex
function defined on I. We also assume that n,k e N,n > 3,2 <k <n—1,x= (x1,...,x,) € I",

p = (pi1,...,pn) be real n-tuple such that Y% | p; = 1.

Example 4.1. Assume I = R and consider the class of continuous convex functions
Ap:={¢ :R—[0,00) [1 € R},

where
¢ (x) := ’llze;; 70,
X% 1= 0.
Thent — ¢ (x) (t € R) is exponentially convex for every fixed x € R (see [4]), thus by Theorem
3.14, the function t «— [yo,y1,y2; 9], t € R is exponentially convex in the Jensen sense for every
three mutually different points yy,y1,y2 € R.
By applying Corollary 3.5 with A = A1, we get the exponential convexity of t — Y1 (@) (t € R)

in the Jensen sense. This mapping is also differentiable, therefore exponentially convex, and the

expression in (17) has the form

1
YZ(‘PS) s
(Tz((l)r)) ,S#t,
usr(Y2,A1) = exp (Yf,g’([%) — %) ,s=1#0,
Y (id ¢o) o
exp(ﬁz(%o) ),s—t—O,

where “id” means the identity function on R.
From (16) we have the monotonicity of the functions ug (Y2,A1) in both parameters.

Suppose Yo(¢;) >0 (t € R), a := min{xy,...,x,}, b :=max{xy,...,x,}, and let

M (Y2,A1) :=logug,(Y2,A1); s, €R.
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Then from Theorem 2.5 we have
a S mS,Z(Y27A1) S b7

and thus M ;(Y2,A1) (s,r € R) are means. The monotonicity of these means is followed by

(16).
Example 4.2. Assume I = (0,e0) and consider the class of continuous convex functions
Ao =1{yi:(0,00) >R |1 € R},

where
st #0.L,
Vi (x) == —logx; t =0,
xlogx;t=1.
Thent — y'(x) = x' =2 = ¢ =2)102% (r € R) is exponentially convex for every fixed x € (0, ).
By similar arguments as given in Example 4.1 we get the exponential convexity of t — Y2 (y;)

(t € R) in the Jensen sense. This mapping is differentiable too, therefore exponentially convex.

It is easy to calculate that (17) can be written as

uSJ (X7 p7Y27A2) -

ZTz(llfo));szt:O’

T

Suppose Y2(y;) >0 (t € R), and let a := min{xy,...,x,}, b := max{xy,...,x, }.

By Theorem 2.5, we can check that
aSuS,I(X7p>Y27A2) Sb’ S,IGR.

The means us,;(x,p,Y2,A2) (s, € R) are continuous, symmetric and monotone in both param-

eters (by use of (16)).

Let s,t,r € R such that r # 0. By the substitutions s — %, t — £, (x1,...,x,) = (x{,...,x},) in

r’

(22), we get
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a< uS,r(XrapaYbAZ) < b7
where @ := min{x},...,x.} and b := max{x],...,xi}. Thus new means can be defined with
three parameters:

1
<u5/77t/r(xr7p7Y27A2))r; r# 0,

us7t7r(x7p7Y27A2) =
U (logx,p, Y2,A1); r=0,

where logx = (logxy,...,logx,).
The monotonicity of these three parameter means is followed by the monotonicity and conti-

nuity of the two parameter means.

Example 4.3. Assume I = (0,e0) and consider the class of continuous convex functions

A3 = {nt : (0700) - (0a°°> |t S (0700)},

where
[—X
2.9 t % 17
() := k;gt
5 t=1

t+—n/(x) (t € (0,)) is exponentially convex for every fixed x € (0,o0), being the restriction

of the Laplace transform of a nonnegative function (see [4] or [12] page 210).

We can get the exponential convexity of t — Y,(y;) (t € RY) as in Example 4.1. For the class
A3, (17) has the form

<Y2(m)> i; s,

1o ()
us,r(Y27A3) = exp <_sl§gs — Yﬂzr(;my))) ;s =t#1,

Y, (id

The monotonicity of us;(Y2,A3) (s,t € (0,00)) comes from (16).
Suppose Y2(1;) >0 (¢ € (0,00)), and let a := min{x, ...,x, }, b := max{xy,...,x, }, and define

M (Y2,A3) := —L(s,t)logus,(Y2,A3), s,t€(0,00),
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where L(s,t) is the well known logarithmic mean

L(s,t) = oz Togr* £ 715

1, s=1.

From Theorem 2.5 we have

a< msJ(Yz,Aj,) <b, s,t€(0,0),

and therefore we get means.

Example 4.4. Assume I = (0,o0) and consider the class of continuous convex functions

Ag = {1 :(0,00) = (0,00) [ 1 € (0,00) },

where

Wx) = e_:ﬁ.

t= Y (x) = eV 1 e (0,00) is exponentially convex for every fixed x € (0,00), being the
restriction of the Laplace transform of a non-negative function (see [4] or [12] page 214).

As before t — Yo () (1 € R™) is exponentially convex and differentiable. For the class Ay,

(17) becomes

L

<Y2(%)> D s#t
_ Y2 (%) ’ ’
us7t(Y27A4) 1 Yz(id%) ) o s=t
; )

exp (1 = i
where ‘id’ means the identity function on (0, o). The monotonicity of us;(Y2,A4) (s,¢ € (0,00))

is followed by (16).

Suppose Ya(1n;) >0 (t € (0,0)), let a := min{xy,...,x,}, b := max{xy,...,x,}, and define
My (Y2,A4) := —(Vs+ V1) logus;(Y2,A4), 5,1 € (0,00).

Then Theorem 2.5 yields that

a< ms,l(Y27A4) < ba

thus we have new means.
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For remaining Examples (4.5-4.8) we assume that n,k € N,n > 3,2 <k <n—1,1=(0,00),
X = (X1,...,X,) € " such that x =} , x; € I and consider the linear functionals Y3 defined in

(14).
Example 4.5. Consider the class of continuous convex functions
P :={7:(0,00) = (0,00) [1 € R},

where
12 ;1 #£0,

’L't(x) = 2
7, t=0.

Then t — (@)H (t € R) is exponentially convex for every fixed x € R (see [4]), thus by
Theorem 3.14, the function t — [yo,y1,y2; ], t € R is exponentially convex in the Jensen sense
for every three mutually different points ygy,y1,y2 € R.

By applying Corollary 3.11 with A = ®y, we get the exponential convexity of t — Y3(¢;)
(t € R) in the Jensen sense. This mapping is also differentiable, therefore exponentially convex,

and the expression in (21) has the form

us?t(Y3,<I>1) =
1
s—1
nok § ey ke L
2 ”’li):l'm T lx o < <i <n</ 1 f)
! = 1 iy Kk .
1 T ;s £ t,s,t #£0,
nek Sy k=l X 1 ;
=1 L e e et = o Xij -
i=1 k—1 1<1|< <ip<n \ j= l
2 (z .
n k ij
—k o | ke J
%.Z]X‘_zgu,y; }Kzgsx L - } ): 5y | e\ 1
i= 1 A]< <ig=n 2 |.._
exp T -1 |s=t#0,
k k=1 = t’J
Zil Z A/\',+ Xesx,i X J=1
i=1 (o | |<11< “<ip<n \j= l K
s Xj.
uk):unurk Lok Cl 1 T Z]x( V=
i=1 W1 1<y <o<iy<n \j .
oxp | 2 — 520,
n—k ix3+k—1x37 1 Y Y x
n=1 &= T p—T% =1 . . Faty
i=1 Cr1 1Sip<o<ig<n \j=1
k
L S U S AN ‘Y( glxif)
w1 L xietity 1)7‘4"‘**01 T _. Ly | eV
1 i=1 k—1 1Sip<..<ip=n \j=1
exp | 3 T s=1t=0
kL3 koL y3 X 4 ’ J(-):1)("/')
n— =1
AT Lgetip g ek o x Lij) e
i=1 Ck ] 1<y <..<ip<n \ j=1

From (20) we have the monotonicity of the functions iis;(Y3,®1) in both parameters.

Suppose Y3(¢;) >0 (t € R), a := min{xy,...,x,}, b := max{xy,...,x,}, and let

95257,(Y3,CI>1) = logils,(Y3,P1); s,t€R.
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Then from Theorem 2.9 we have

a <M, (Y3,P;) <b,

and thus M, (Y3,P1) (s,t € R) are means. The monotonicity of these means is followed by

(20).
Example 4.6. Consider the class of continuous convex functions

Dy ={: (0,00) = R [r R},

where
(fo t#£0,1,
e (x) := —xlogx; t =0,

x*logx;t=1.

"
Then t — (“ ’)Ex)> = xI72 = (U=2)logx (t € R) is exponentially convex for every fixed x €
(0, 00).

By similar arguments as given in Example 4.5 we get the exponential convexity of t — Y3 (1)

(t € R) in the Jensen sense. This mapping is differentiable too, therefore exponentially convex.

In this case (21) gives

usJ(X,Tg,,(I)Q) =
1
( n r s+1 S—1
( : % Y X, \+l+k lxs+l 1—1 Y ):xil-
t(t—1 i=1 k—l 1<i) <...<ip<n \j=1 .
s(s—1) « T+ ’S#tﬂ,&t#ovla
n—k k Z X1+l+k 1x1+1 C L Y Y x 4
TS To1 1<ip<<ig<n \j=1
. s+1 .
nk § sty [ \ )
a1 Lot logxit gy o e Eo B ) e X
1-2s i=1 k— ] i <..<ip<n \j = L
&P | =1 T o s=1#£0,1,
n k ):le+ +k lxv+l 1 Y x5
i=1 Gl 1<iy <<z \j17
n X s+1 s
Z%lf,): Xix'l‘*',k‘%;lﬂ]—ic,,l,l X (_): x,-j)
—1 = k—1 1<ip<..<ip<n \j=1 r=0 S#O 1
s(s—l) P =1, » 1y
= k ):x,logx +k Y ): xi. |log| ¥ x;.
< C'k | 1<y <io<igzn \j=1 Y =
P s+1 T
| n— k’zl\a+l+k kL s+l ckl" s <):<I_ ) (/Z]x,-j.)
= 1 1S << < = o
s(s—1) 7 . t=1,5#0,1,
. .
B L glogyt Spxloga?— <L % z x; ) tog| X x;
i=1 k—1 1<ip<..<ip<n \ j=
n k
% Y. xilog x,+" leogzx——q Y ): i) g2 ¥ 5,
i=1 Gl 1<iy<o<ig<n \j=1 j=1
exp | 1+ n B is=1t=0,
2 % X x;log Y ): i log( ¥ xi
i=1 CA 1 1<i) <..<ip<n \ j=1 Jj=1"
n k 2 k 2
% )y lzlog Xi +" lxz(logx) —# y ¥ x, log| ¥ x;,
i=1 - 1 1<iy <..<ip<n \ j=1 ' =17
exp | —1+ > s=t=1
2| 2=k ¥ 210 xi+ 5=k X2 1o, x—i Y )]f lo )’f )
n—1 i 108 X; T& logX i 2| X xi;
=1 al i< < “<ip<n \j=1 j=1
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Suppose Y3(t;) > 0 (t € R), and let a :== min{xy,...,x, }, b := max{xy,...,x,}.

By Theorem 2.9, we can check that
(22) agas,l(X7Y37q)2) <b; s;teR.

The means iz ;(x, Y3, D7) (5,1 € R) are continuous, symmetric and monotone in both parameters

(by use of (20)).
Let s,t,r € R such that r # 0. By the substitutions s — %, t — £, (x1,...,x,) = (x{,...,x},) in

r’

(22), we get

a< ﬁs,r(xraY3a(b2) < 1_77

where @ := min{x},...,x.} and b := max{x],...,xi}. Thus new means can be defined with

three parameters.:

1
(ﬁs/r,t/r(xr7T37cD2)) ry r#0,

ﬁs,t,r(X7T37cp2) =
iis; (logx, Y3,P); r=0,

where logx = (logxy, ...,logx,).
The monotonicity of these three parameter means is followed by the monotonicity and conti-

nuity of the two parameter means.

Example 4.7. Consider the class of continuous convex functions

D3 = {xt : (ano) - (0700) ’t S (ano)}a

where
xt—*
st#£ 1
. log?t’ ’
Xr (x) T X3
7; t=1

X

i
> (M) (t € (0,00)) is exponentially convex for every fixed x € (0,), as discussed in
Example 4.3.
We can get the exponential convexity of t — Y3(y;) (t € R") as in Example 4.5. For the class

D3, (21) has the form
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i (Y3,P3) =
1
( ()k: ) =1
k - X
—k g Xy k=l — 1 PV =
=D N D VE ) D
log“t i=1 k—1 1=ip<..<ip=n \j=1 .
g s#Et st F#1
log?s ()lf . > ’ > ’
n k - X x5,
—k —x: i=1 J
e R L X, oV
i=1 Ck ! 1<iy <.<ip<n \j=1 '
k
’ 7( L )
n k Ay
- =
e I DR
2 i= k—1 1<ip<.<ig<n \j= e
exp TTors (k ) s=t#1,
n X — X x5,
- 21l
s| 2=k Y s A X CT r ():n,-)S =1
i=1 k-1 1<ip<<ig<n \j=1
1
(Z ) 51
k i
k& 1 J
=L s XH»” IXY o Y Y X |s J=1
2 i=1 k | I<ip<<ig<n \j=1 =1 S#l
log’s n—k y il 1 X : T 7
L o  Eah AT i r L xi;
i=1 1 1§:1<...<1k§n Jj=1
n k 4
(= RS A £ E ¥
1 i=1 Ck 1 1<iy <..<ip<n \ j=1 s—r—1
€X] -3 A — = .
P } nk 3.k 1 3 e
F W RS = Rl o1 X X xij
\ i=1 k—1 1<ip<..<ip<n \j=I1

The monotonicity of iis;(Y3,P3) (s, € (0,00)) comes from (20).

Suppose Y3(x:) > 0 (t € (0,0)), and let a := min{xy, ...

My, (Y3,P3) := —L(s,1)logiis, (Y3, P3), s,2€ (0,),

where L(s,t) is the logarithmic mean as defined in Example 4.3.

From Theorem 2.9 we have

aggjts,t(Y3,(I)3)§b7 S,I’E(O,OO),

and therefore we get means.

Example 4.8. Consider the class of continuous convex functions

by = {61‘ : (ano) — (07°°) |t S (O’oo)}’

where

— eV 1€ (0,

s (842)’

,Xn}, b:=max{xy,...,

o) is exponentially convex for every fixed x € (0,

1111

Xn}, and define

o), as discussed

in Example 4.4. Also as before t — Y3(&) (t € RT) is exponentially convex and differentiable.

Hence for the class ®q4, (21) becomes
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ﬁs,t (Y3 ) A4) =

s—t
n k —(‘ A-v>ﬁ
— —x; — s =1 J
R (£)e ™
i= j=1"

7 1<y <i<ip<n
—( Y ox. |V
e J=1 J
n
b f e v L
i=1

k
k 2 7(.2 ’xij)\ﬁ
= ):xi»> e VS

1 i= Ck,ll 1<i) <..<ip<n (j:l

s=1
k
n k *(_)3 ‘[')\ﬁ
%,Zlne”‘i‘ﬂ#—%lﬂ"ﬂl—fl X ():Xi/->c =1
=

—T
Cily 1<iy<o<ip<n \ j=1

. k

—k —x; k=l ye-viX 1 x

2t Y we Vi i xe Vi Ly Py i
= Cr1 1<ip<o<ig<n \j=1

The monotonicity of us;(Y3,P4) (s,¢ € (0,00)) is followed by (16).
Suppose Y3(1n;) > 0 (¢t € (0,0)), let a := min{xy,...,x, }, b := max{xy,...,x,}, and define

951;7[(1-2,/\4) = _(\/E"i_ \/E) logus,t<r27/\4)7 Sat S (O,oo)

Then Theorem 2.9 yields that

a< gjns,t(Y37q)4) < b,

thus we have new means.
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