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Abstract. Some new oscillation results are established for the difference equation
A (an(A(xn +pnm7‘(n)))a) + ang(n) =0
via comparison theorems. Examples are provided to illustrate the main results.
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1. Introduction

In this paper, we study the oscillatory behavior of second order quasilinear neutral

difference equation of the form
(1.1) A (an(A(mn +pna77(n)))a) + qnmf(n) =0, n>ngeN,

where A is the forward difference operator defined by Az, = x,.1 — x, and N =

{0,1,2,...}, subject to the following hypotheses:

(Hy) {pn} and {¢,} are nonnegative real sequences with {¢,} not identically zero for

infinitely many values to n;
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(H3) {a,} is a positive real sequence such that i — < 0o0;

(H3) o and § are ratios of odd positive integers?in0 o

(Hy) {7(n)} and {o(n)} are nondecreasing sequences of positive integers such that
lim o(n) = lim 7(n) =occ and Too =0 oT;
n—so0 n—yo0

(Hs) there is a constant p such that 0 < p,, < p < 0.

By a solution of equation (1.1) we mean a real sequence {z,} defined and satisfies
equation (1.1) for all n > ny € N. We consider only those solutions {x,} of equation
(1.1) which satisfy sup{|x,|; n > N} > 0 for all N > ny. We assume that equation (1.1)
possesses such a solution. A solution {x,} of equation (1.1) is oscillatory if it is neither
eventually positive nor eventually negative and nonoscillatory otherwise.

In recent years, there has been much research activities concerning the oscillation of
delay and neutral type difference equations, see for example [1, 2, 5], and the references

cited therein. In [7, 8], the authors considered difference equation of the type (1.1) and

> 1 > 1
obtained oscillation criteria when > — <ocand 0<p,<p<lor > — =ooand
n=ng CLT(E n=ng (lg

0 < p, < p < oo, respectively.

Motivated by this observation in this paper, we establish sufficient conditions for the

> 1
oscillation of all solutions of equation (1.1) when )  — < oo and 0 <p, < p < oco. In
n=ngo aﬁf

Section 2, we present some basic lemmas and in Section 3, we establish oscillation results
for the equation (1.1). In Section 4, we present some examples to illustrate the main

results. Thus our results extend and complement to those obtained in [7, 8.

2. Some Basic Lemmas

In this section, we present some basic lemmas which will be used to prove the main

results.
Lemma 2.1. Let A>0, B>0 and vy > 1. Then
(2.1) (A+B) <277 YA + BY).

Proof. The proof can be found in [3, pp.292], and also in [4, Remark 2.1]. O
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Lemma 2.2. Let A>0, B>0and 0 <~y <1. Then
(2.2) (A+B)Y < A"+ B".

Proof. The proof can be found in [9].
Next we present the structure of positive solution of equation (1.1) since the opposite

case is similar. O

Lemma 2.3. If {x,} is a positive solution of equation (1.1), then z, = x, + PnTr(n)
satisfies the following two cases eventually:

(I) z, >0, Az, >0, A(a,(Az,)*) <0;

(I1) 2z, >0, Az, <0, A(an(Az,)*) <0.

Proof. The proof is similar to that of in [7] and hence details are omitted.

Next we state two lemmas given in [6]. O

Lemma 2.4. Let v > 1 be a quotient of odd positive integers. Assume that k is a positive
integer, {d,} is a positive sequence defined for alln > ng € N, and there exists \ > %log’y

such that

(2.3) lim inf [d, exp(e )] > 0.

n—o0

Then all the solutions of the difference equation
(2.4) Ay, +dyy) =0
are oscillatory.

Lemma 2.5. Let 0 < v < 1 be a quotient of odd positive integers. Assume that k is a
positive integer and {d,} is a positive real sequence defined for all n > ny € N such that
Z d,, = 0.

n=ng
Then all solutions of equation (2.4) are oscillatory.

Next we state a result given in [5].
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Lemma 2.6. Assume that {d,} is a positive sequence defined for all n > ny € N, and

n—1 ]{? k+1
Jm inf > dy> (—m)

s=n—k
where k is a positive integer. Then all solutions of equation (2.4) with v =1 are oscilla-
tory.

We conclude this section with the following lemmas proved in [8] and [9].

Lemma 2.7. Assume the difference inequality
Ay, + dnyg,k <0

has an eventually positive solution. Then the difference equation (2.4) also has an even-

tually positive solution.

Lemma 2.8. Let {z,} be an eventually positive solution of equation (1.1), and suppose
case (II) of Lemma 2.3 holds. Then there exists an integer N > ng € N such that {z,,} is

nonincreasing for all n > N.

3. Oscillation Theorems

In this section, we establish some new oscillation criteria for the equation (1.1). We

use the following notations throughout this paper without further mention;

n—1 00

1 1
=2 Bi=)
s=ng As' s=n Qs
: . Qn
Qn = mln{an QT(n)}v Qn — "3
Agn)—1

We begin with the following theorem.

Theorem 3.1. Let a« = =1 in equation (1.1). Assume that o(n) < 7(n) <n and

(i) the difference inequality

(31) A(yn +py7(n)) + Qn(Ra(n) - Rn1>y0(n) <0

has no positive solution, and
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(ii) for all large ny € N

o

W Sl

n=ni

Then every solution of equation (1.1) is oscillatory.

Proof. Assume that {z,} is a positive solution of equation (1.1). Then the correspond-
ing function z,, = x,+p,T,(n) satisfies the two cases of Lemma 2.3 for all n > ny > ny € N.

Case(I): From the definition of z,, we have

Zo(n) = To(n) T Po(n)Tr(o(n)) < To(n) T PTo(r(n))

where we have used the hypothesis (Hy) and (Hs). From the equation (1.1), we have

(33) A(anAZn> + AnTo(n) = 0,
and
(3.4) PA(ar(n)Azrn)) + Plr(n)Tr(o(n)) = 0.

Combining (3.3) and (3.4), we are led to
(35) A(anAzn + paT(n)AzT(n)) + ang(n) <0.

It follows from Lemma 2.3 that y,, = a,,Az, > 0 is decreasing, and then

n—1
1
(3.6) 2> Y —(a:A2) > yo(Ry — Ry)).
Qs

Therefore, (3.6) together with (3.5) ensures that {y,} is a positive solution of the inequal-
ity (3.1), which is a contradiction.
Case(II): Define a function v, by

anAz,

(3.7) Uy = , n>n; €N

ZTL
Then v, < 0 for n > ny. Since {a,Az,} is nonincreasing, we have

an\zy,

Az, < for s > n.

Qs
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Summing the last inequality from n to [ — 1, we obtain

-1

21 < zp +anz, Z

sS=n

1
as
Letting [ — oo, we obtain

0 S Zn + anAZan n 2 ni,

or
(3.8) -1<v,B,<0, n>ny.

From (3.7), we have

—4nTs(n) anJrlAZnJrl A
— -
Zn Az, Azpiq

(3.9) Av, <

From Lemma 2.8, Az, <0 for n > n; and by o(n) < 7(n) < n, we have

Tom) _ _ Tot) Lo (n) .

(3.10) > > .
Zn Tp + PrZr(n) Lo (n) + PnZo(n) 1+ Pn

From (3.9) and (3.10), we have

(3.11) Av, + qp ( > <0, n>N>n.

1+ pn

Multiplying (3.11) by B,.1 and summing it from N to n — 1, we obtain

n—1 n—1
1
Boi1Av, B <0

;V +1Av +sz]:vq +1<1+ps> =

or
n—1 v ni 1

3.12 B, — B = Byjigs | —— ) <0.
( ) v NUN+3:ZNGS+3:ZN +14 <1+ps>

From (3.8) and (3.12),we obtain

n—1
1 1
ann S BNUN_ Z [BS+IQS (1+p ) - B a :| .

s=N

871

Letting n — oo in the last inequality, we obtain a contradiction to (3.2). This completes

the proof.

0
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Corollary 3.2. Let « = f =1, 0(n) =n—m, 7(n) = n — k in equation (1.1) where m

and k are positive integers with m > k. If condition (3.2) and

n—1 m— k 1+m—k
1 lim inf sBs—m 1 _—
(3.13) im in Z QsRs—m > (1+p) ( k;)

n—o00 1 m —
s=n—m+k +

hold, then every solution of equation (1.1) is oscillatory.

Proof. Let {x,} be a positive solution of equation (1.1),. Proceeding as in the proof
of Theorem 3.1, we have two cases. For the case (I), we have the inequality (3.1). Since

Yn = anAz, > 0 is decreasing and 7(n) = n — k, we have

Wpn = Yn +py7(n) < (1 + p)yn—k-

Using this in (3.1), we obtain

Qn
A n 1 Rn—m - Rn1 n—m S 0.
By Lemma 2.7, the difference equation
(3.14) Aw,, + @n (Ry—m — Ry )Wp—msr =0
(1+p)

has a positive solution. By Lemma 2.6 the condition (3.13) implies that all solutions of
equation (3.14) are oscillatory, which is a contradiction. For the case (II), proceeding as
in Theorem 3.1, we obtain again a contradiction to condition (3.2). This completes the
proof. O

Next we consider the case 0 < < 1 and o(n) < 7(n) < n in equation (1.1).

Theorem 3.3. Let 0 < <1, S <a and o(n) < 71(n) <n for alln > ng € N. If
(i) the difference inequality
8
(3.15) A(wy +pﬁw7(n)) + Q:zw;(n) <0

has no positive solution, and

(i) for large ny € N and for some L >0

> 1\’ o8
3.16 By - — 00,
( ) nz’r;l i (1 +pn) Bﬁ‘aé

then every solution of equation (1.1) is oscillatory.
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Proof. Let {z,} be a positive solution of equation (1.1). Then z, satisfies two cases

of Lemma 2.3 for all n > n; > ng € N.

Case(I) From equation (1.1), we have

(3.17) 0 = Aan(A2)) + gu)
and
(3.18) 0 = P Alar(y(Dzr()") + P 0r) T sy

Combining (3.17) and (3.18), we obtain
(319)  Aln(d2) + 0 s (Azr)*) + Qu (250 + 920 0y)) <0

By Lemma 2.2, we have

B _
2oy = (@om) + Pom)Totriny)”
B 8,.8
(3.20) < Toiy TP T0 ()
Using (3.20) in (3.19), we have
(321) A0(B2)" + Py (Azr()) 4 Quzly ) <01

It follows from Lemma 2.3 that w, = a,(Az,)* > 0 is decreasing and so

Q=
g
So

e S B2))

s=nq as a;_l

Using the last inequality in (3.21), we see that {w,} is a positive solution of
8 “ e
A(wn +p wrm) + Quug,) <0

which is a contradiction.

Case(II) Define a function v, by

an(Az,)”

2

(3.22) Uy = , >,
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then v, < 0 for n > n;. From (3.22), we have

B
A o _ana(n) an+1<AZn+1)aA B
Un = B 5B “n

B
< —q To(n) .
a " Tp + PnZr(n)

Since o(n) < 7(n) < n and Az, <0, we have

—tn n>n.

A n<—7
Y ~ (1+py)f

Multiplying the last inequality by B, 1 and then summing from N > n; to n—1, we have

n—1 n—1
Vs s+1qs
3.23 B,v, — B —
(3.23) v NUN+S§:Na§+s§N Tt p.)? =

Since {a,(Az,)*} is nonincreasing, we have

1

a

as Nz,

Az, < for s > n.

o

as

Summing the last inequality from n to [ — 1 and then letting [ — oo, we obtain
0<z,+ aéAann, n>n

or

(3.24) —227% < B%,, n > ny.

Since z, > 0 is decreasing and a > (3, we have zg_ﬂ < L% for some L > 0. Using this

n (3.24), we obtain

Bov,
(3.25) 1< in}ﬁ’ n>n.

From (3.23) and (3.25), we obtain

n—1

Bg11qs Lop
ann S BNUN - Z +14 -
=N

Letting n — oo in the last inequality, we obtain a contradiction to (3.16). This completes

the proof. 0
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Theorem 3.4. Let 0 < f < 1, and f > a and o(n) < 7(n) < n for alln > ny € N. If

the difference inequality (3.15) has no positive solution and

-1

- Lﬁ_aBn—l—lqn an
320 2| Wrpy G|

n=ni

for some constant L > 0, then every solution of equation (1.1) is oscillatory.

Proof. Let {z,} be a positive solution of equation (1.1). Then {z,} satisfies the two
cases of Lemma 2.3 for all n > n; > ng € N. The proof of case (I) is same as that of case

(I) of Theorem 3.3. Next we consider case (II). Define a function v,, by

A «
(3.27) Uy, = M, n>mny.
Zn

Then v, < 0, for n > ny. From (3.27), we have

A o
A’Un _ _q”xc(n) . an—i—l(Azn—i—l) Azg

« a o
’Zn ZnJrlZn

€T p Oé'l)l—i_é
(3.28) < —qn (L")) e -
Tp +pnx7(n) ag

where we have used z, > 0 is decreasing and 8 > «. Since o(n) < 7(n) < n and Az, <0,

we have

:EU(n) > 1

3.29 .

From (3.28) and (3.29) we have

Multiply the last inequality by B, and then summing it from N > n; to n — 1, we have

s sLﬁi — s 1
(3.30) Byvn — Byox + Z HbZ o+ Y (”—1 + ﬁlv?a) <0.
ai

1—|—p =

as

oatl . . e
Let u,, = —v,. Then u, > 0 and u*"a = v, ©, since « is a ratio of odd positive integers.

From (3.30) we have

s sLB_ — s etl
53 B BNUN+Z S <“_1 _a,m ) <o

s=N \Qas as'
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: . : atl a® B
Using the inequality Bu — Au o < CESET

with B = — and A = —, we have

ay ay
from (3.31), that
n—1
LB_aBs—Q—le 1
ann S BNUN - < - 1 .
SZZN A+2)" (a4 1)otiar

Letting n — oo in the above inequality, we obtain a contradiction to (3.26). The proof is
now complete.

From Theorems 3.3 and 3.4, we obtain the following corollaries. 0

Corollary 3.5. Let 0 < f < 1, <, 0(n) =n—m and 7(n) = n—k with m > k where
m and k are positive integers. If condition (3.16) and

(3.32) > Q=0

n=ni

hold, then every solution of equation (1.1) is oscillatory.

Proof. Let {z,} be a positive solution of equation (1.1). Proceeding as in the proof of
Theorem 3.3, we have two cases to consider for the sequence {z,}. For the case (I), we
have the inequality (3.15). Since w,, = a,(Az,)* > 0 is decreasing and 7(n) = n — k, we
have

Yn = Wy + PPwr(ny < (14 9w

Using this in (3.15), we obtain

Ayt — @5 o
Yn + (1 +pﬁ)£yn—m+k —
By Lemma 2.7, the corresponding equation
(3.33) Ayt —n 8
(L+po)e ™

has a positive solution. From condition (3.32) and Lemma 2.5 we obtain a contradiction.

The proof for the case (II) is similar to that of Theorem 3.3. This completes the proof. O

Corollary 3.6. Let 0 < <1, 8> «, o(n) =n—m, 7(n) =n — k with m > k where m

and k are positive integers. If there exists a A > logg such that

1
(m — k)
(3.34) lim inf [Q exp (e™*")] >0

n—o0
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and condition (3.16) hold, then every solution of equation (1.1) is oscillatory.

Proof. The proof is similar to that of Corollary 3.5 by using Lemma 2.4 instead of
Lemma 2.5. U

Theorem 3.7. Let f > 1, f < a and o(n) < 7(n) <n for alln >ny € N. If

(i) the difference inequality

Qn 2
(3.35) A(wy, + pﬁwT(n)> + 25_1wa(n) <0

has no positive solution, and

(ii) for all ny > ng € N and for some L > 0

> 1\’ Les
3.36 Bni1qy -
(3.36) > [ (155

1
Oy
n=n Bagp

= 0Q,

then every solution of equation (1.1) is oscillatory.

Proof. The proof is similar to that Theorem 3.3 using Lemma 2.1 instead of Lemma
2.2 and hence the details are omitted.

Similar to that of Theorem 3.4 and Lemma 2.1 we have the following theorem. U

Theorem 3.8. Let f > 1, f > a and o(n) < 7(n) < n for all n > ny € N. If the

difference inequality (3.35) has no positive solution and

-1

- LﬁiaBn-l—lqn CL;
(3.37) n; Ty arn| =

for some constant L > 0, then every solution of equation (1.1) is oscillatory.

From Theorem 3.7, and Lemmas 2.7 and 2.5 we have the following corollary.

Corollary 3.9. Let f > 1, f < a and o(n) =n —m and 7(n) = n — k with m > k. If
(3.32) and (3.36) hold then every solution of equation (1.1) is oscillatory.

Finally from Theorem 3.8 and Lemmas 2.7 and 2.4, we obtain the following corollary.

Corollary 3.10. Let § > 1, 8 > a and o(n) =n —m and 7(n) = n — k with m > k. If

there exists a A\ > logg such that (3.34) and (3.37) hold then every solution of

(m — k)
equation (1.1) is oscillatory.
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4. Examples

In this section we provide some examples to illustrate the main results.

Example 4.1. Consider the difference equation

4 2)2
(4.1) Al(n+3)(n + DA, + 200 1) + 2 ED 0 a1
(n+1)
4 2)2
Here a, = (n+3)(n+4),p=2, m=2, k=1, ¢, = %, and o = =
-1 2
Then R, = %, Q,=4 (Zi 1) and clearly condition (3.13) holds. Further
- Gn 1 = n?4n+1
B'I’L — — e
2 [ " e B] 2 (3<n+ 1><n+4>> -

and therefore condition (3.2) holds. Hence, by Corollary 3.2 every solution of equation
(4.1) is oscillatory.

Example 4.2. Consider the difference equation

(4.2) A (A(2n + 300 1)) + 2723, =0, n > 1

1 1
3 k=1, m = 2. Further B,, = o1 Q=
1ln _ 29

273 ~9. It 1s easy to verify that all conditions of Corollary 3.5 are satisfied and hence

Herea, =2°", p=3, ¢, =2, a =3, 8=

every solution of equation (4.2) is oscillatory.

Example 4.3. Consider the difference equation

Wl

(4.3) ARM(A(zp + 27,-1))3) +exp(e®)ad , =0, n> 1.

Here a,, = 2", p = 2, ¢, = exp(e®"), a = %, B=3, k=1and m = 2. Choose \ = 2,
then it is easy to see that all conditions of Corollary 3.10 are satisfied and hence every

solution of equation (4.3) is oscillatory.
We conclude the paper with the following remarks.

Remark 4.4. 1. The results of this paper may be extended to forced equation of the form

A(an(A(n + pazem))®) + q”xcﬁr(n) = Cn



SECOND ORDER QUASILINEAR NEUTRAL DIFFERENCE EQUATIONS 879

where {e,} is a sequence of real numbers.

2. The results of this paper are extendable to equations of form

Alan(A(@n + patzm))®) + qnxg(n) + T”xg(n) =0

where {0(n)} is a sequence of integers and lim d(n) = 0, o, B and 7 are ratio of odd

n—oo

positive integers.

The details are left to the reader.
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