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Abstract. In this paper, we study an existence theorem of solutions for generalized quasi-variational-
like inclusions involving (A,n) and relaxed cocoercive mappings. We have shown that the approximate
solutions obtained by proposed algorithm converge to the exact solutions of generalized quasi-variational-
like inclusions. As an application, we have shown that generalized quasi-variational-like inclusions include

optimization problems and also an equivalence with A-resolvent equations is given.
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1. Introduction

In 1979, Robinson [16] studied variational inclusion problem, that is for each z € R™,
find y € R™ such that 0 € g(z,y) + Q(x,y), where g : R" x R™ — RP is a single-valued

mapping and ) : R” x R™ — RP? is a multi-valued mapping. In the last decade, various
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classes of variational (-like) and quasi-variational (-like) inclusions have been extensively
studied and generalized in different directions as they have potential and significant ap-
plications in optimization theory, structural analysis and economics etc. (see for example
(1,2, 5, 7]. Recently Lin [14] studied generalized quasi-variational inclusion problems and

applied them to solve simultaneous equilibrium problems and optimization problems.

Huang and Fang [11] introduced generalized m-accretive mappings and defined resolvent
operator for generalized m-accretive mappings. Lan et al. [12] introduced a new concept

of (A, n)-accretive mappings and their resolvent operator.

Inspired and motivated by recent research going on in this fascinating and interesting
field, in this paper, we study generalized quasi-variational-like inclusions involving (A, n)
and relaxed cocoercive mappings. An iterative algorithm is suggested for finding the ap-
proximate solutions of generalized quasi-variational-like inclusions. Convergence analysis

is also discussed. Some applications are given.
2. Preliminaries

Throughout the paper, unless otherwise specified,we assume that E is a real Banach
space with its norm ||.||, E* is the topological dual of E, (-,-) is the pairing between E
and E*, d is the metric induced by the norm ||.||, 2% (respectively CB(F) ) is the family
of nonempty (respectively, nonempty closed and bounded) subsets of E and H(-,-) is the
Hausdorff metric on CB(FE) defined by

H(P,Q) = max{ sup d(z,Q), sup d(P,y)},

zEP yeR

where d(z,Q) = inf,eq d(z,y) and d(P,y) = inf,ep d(z,y).

The generalized duality mapping J, : E — 25" is defined by
Jo(@) ={f € E": (z, f) = |||, |fll = =[]}, for all z € E,

where ¢ > 1 is a constant. In particular, J; is the usual normalized duality mapping. It

is known that, in general, J,(z) = ||z]|2 2 Jo(x) for all 2 # 0, and J, is single-valued if E*



GENERALIZED QUASI-VARIATIONAL-LIKE INCLUSIONS 503

is strictly convex. If F = X is a Hilbert space, then J, becomes the identity mapping on

X. In what follows we shall denote the single-valued generalized duality mapping by j,.

The modulus of smoothness of E is the function pg : [0,00) — [0, 00) defined by

z+yll+lz—y
pe(t) = sup { LIy oy <, <o}

A Banach space E is called uniformly smooth if lim;_, pET(t) = (. E is called g-uniformly

smooth if there exists a constant C' > 0 such that pgp(t) < Ct9, ¢ > 1.

Lemma 2.1.[17]. Let E be a real uniformly smooth Banach space. Then E is called

g-uniformly smooth if and only if there exists a constant C;, > 0 such that for all z,y € E
[z +yll* < [zl + gy, jq(x)) + Colly|l*.

Definition 2.1. Let E be a g-uniformly smooth Banach space and n: £ x E — FE be a

single-valued mapping. Then

(i) the single-valued mapping A : E — F is said to be r-strongly n-accretive, if there

exists a constant r > 0 such that

(Alx) = AY), Jo(n(z,y))) = rllz —y||?, for all 2,y € E;

(ii) the set-valued mapping M : E — 2F is said to be m-relaxed n-accretive, if there

exists a constant m > 0 such that
(u—w,Jy(n(x,y))) > —mlz —y|? forall z,y € E, ue M(x), ve M(y).

Remark 2.1.

(i) If r = 0 and equality holds if and only if x = y, then (i) of Definition 2.1 reduces
to the definition of strictly n-accretive mappings.
(i) If n(x,y) = x —y, then (i) of Definition 2.1 reduces to the Definition of r-strongly
accretive mappings.
Example 2.1. Let E = (—o00,00), M(x) = /z, n(z,y) = (=2y/x) — (—2/y), for all

x,y > 0¢€ E. Then M is 2-relaxed n-accretive.
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Definition 2.2. Let A: E — E, n: E x E — FE be the single-valued mappings. Then a
multi-valued mapping M : E — 2% is called (A, n)-accretive if M is m-relaxed n-accretive

and (A4 pM)(E) = E, for every p > 0.

Example 2.2. Let F = (—o00,00), A(z) = 2°, M(x) = 2%, n(z,y) = (—22*) — (—2y%),

for all z,y € E. Then M is (A, n)-accretive.

Remark 2.2.

(i) If m = 0, then Definition 2.2 reduces to the definition of (H, n)-accretive operators
[8] which includes generalized m-accretive operators [11], H-accretive operators [6]
and classical m-accretive operators.

(ii)) When m = 0 and £ = X (Hilbert space), then Definition 2.2 reduces to the
Definition of (H,n)-monotone operators [9, 10], which includes classical maximal

monotone operators [18].

Definition 2.3. A mapping g : E — F is said to be (b, §)-relaxed cocoercive, if there

exist constants b, & > 0 such that

(9(x) = 9(y), jo(x — y)) = =Dbllg(x) — g(y)||! +&l|x —y||?, for all 7,y € E.

Definition 2.4. Let A : E — E be a strictly n-accretive mapping and M : E — 2 be

an (A, n)-accretive mapping. Then the resolvent operator Jf;”f;[ : E — F is defined by
anﬂ(u) = (A+pM) H(u), forallu € E.

Proposition 2.1[12]. Let F be a g-uniformly smooth Banach space and n: Ex E — E
be 7-Lipschitz continuous, A : E — FE be an r-strongly n-accretive mapping and

M : E — 2P be an (A, n)-accretive mapping. Then the resolvent operator J;’]f} E— FE

ra-1

is -Lipschitz continuous, i.e.,
r—pm

q—1

T (w) = T (o) <

||lu— o], for all u,v € E,
r—pm

where p € (0, I-) is a constant.

3. Main results
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Let NNW.,n: EXE — E, g,m,A: E — E be the single-valued mappings, B,C, D, F, G :

E — 2F be the multi-valued mappings. Let M : E x E — 2F be an (A, n)-accretive map-
ping in the first argument such that g(u) — m(w) € dom(M (-, u)),

Vu,w € E. We consider the following generalized quasi-variational-like inclusion problem:
Findu € E, x € B(u), y € C(u), z € D(u), v € F(u) and w € G(u) such that
0€ N(z,y) — W(z,v) +m(w) + M(g(u) — m(w), u). (3.1)

Below are some special cases of problem (3.1).

(1) If m = 0,M(g(u) — m(w),u) = M(g(u)) and W, D, F = 0, then problem (3.1)
reduces to the problem of finding u € E, x € B(u), y € C(u) such that

0€ N(z,y) + M(g(u)). (3.2)

Problem (3.2) is considered by Peng [15].
(2) If B and C are single-valued mappings, then problem (3.2) can be replaced by
finding v € E such that

0€ N(B(u),C(u)) + M(g(u)). (3.3)

Similar problem to (3.3) is considered by Lan [13].
(3) If C =0 and B, g = I, the identity mapping, then (3.3) reduces to the problem of
finding v € E such that

0 € N(u) + M(u), (3.4)

which is considered by Bi et al. [4].

Lemma 3.1. uw € E, z € B(u), y € C(u), z € D(u), v € F(u) and w € G(u) is the

solution of problem (3.1) if and only if (u,z,y, z, v, w) satisfies the relation:
g(w) = m(w) + J05 o [Alg(w) = m(w)) = p(N(z,y) = W(z,v) + m(w))],  (3.5)

where JS”A’Z(,,U) = (A+pM(-,u))"" and p € (0, L) is a constant.

Proof. The proof follows directly from the Definition 2.4.
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Algorithm 3.1. For any given u, € E, we choose z, € B(u,), Yo € C(t,), 2o € D(u,),
Vo € Flup),wy € G(ug) and compute {u,}, {2}, {yn}, {za}. {va} and {w,} by the

following iterative schemes:

9(unr1) = m(wn) + 50 o [A(G () =m(w,)) = p(N (20, y) =W (20, v) +m(wn))], (3.6)

Tn1 € Blunir), [|[Zni1 — onll < H(B(unt), B(un)), (3.7)
Yn+1 € Clunta), yner — ynll < H(C(uni1), Clun)), (3-8)
Zni1 € D(uns1), [|zne1 — zall < H(D(ups1), D(un)), (3.9)
Uni1 € Funia), onsr = vnll < H(F (unia), Fun)), (3.10)
W1 € Glunia), lwnpr — wall < H(G(un1), G(un)), (3.11)

n=0,1,2,3....., p€ (0,%) is a constant.

Theorem 3.1. Let E be a g-uniformly smooth Banach space and n : £ x E — FE
be Lipschitz continuous mapping with constant 7. Let A : £ — E be r-strongly 7-
accretive and Lipschitz continuous mapping with constant A4, m : E — E be Lipschitz
continuous mapping with constants \,, and M : E x E — 2¥ be (A, n)-accretive mapping
in the first argument such that g(u) — m(w) € dom(M(-,u)), VY u,w € E. Suppose
N, W : E x E — FE be Lipschitz continuous mappings in both arguments with constants
ANys ANy, Awy and Ay, respectively and B,C, D, F and G : E — C'B(E) be H-Lipschitz
continuous mappings with constants a, 3,7, and §, respectively. Let g : E — FE be
(b, &)-relaxed cocoercive, Lipschitz continuous mapping with constant A, and strongly
accretive with constant /.

Suppose that there exist p € (0, =) and ¢ > 0 such that the following conditions hold:

172y @) = T2y (@) < = |, for all up, uy g € E, (3.12)

and

0 < And(ptA)+A{ (1= a6 + (ab+ C)A 0/ O+ A 81 — (0 = Cg) Ay + M)t

L= (A + 0)])(r — pm)

+Aa < —1

1> (b + 1), % > m, (3.13)

T4
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where C,, is the constant as in Lemma 2.1, then the iterative sequences {u,}, {z,}, {yn},
{z,},{v,} and {w,} generated by Algorithm 3.1 converge strongly to u,z,y, z,v and w,

respectively and (u, z,y, z,v,w) is a solution of problem (3.1).
Proof. From Algorithm 3.1, Proposition 2.1 and (3.12),we have
lg(wns1) = gl = llm(wn) + I3 [AG () = m(wn)) = p(N (@0, )
W (o) + ()] = () + T (ALt = m(w, 1))
— (N (Zn-1,Yn-1) = W(zn-1,0n-1) + m(wn_1))] }
< lm(wn) = m(wn- )|+ 15731y [A(9 () = mwn)) = p(N (@, )

= W20, 00) +m(wn))] = 735 [A9(n1) = m(wn1)
— p(N(@n-1,Yn-1) = W(zn-1,0n-1) + m(wn_1))] |
100 ey LA (1) = m(wn 1)) = p(N (@1, Yn1) = W (201, 0n1)
)] = 0 [ (1) = mln1)) — p(N (1 Y1)

— W(anly Unfl) + m(wn71>>] ||

1

o 1 A(g(un) — m(wn)) — A(g(un-1)

< m(wn) — mwy)|| + ——

wn 1 p{ xnayn - W(Znavn) + m(wn) - (N<xnfla ynfl)

— Wi(zn-1,Vn-1) — m(wnfl))}H] Aty — Un—1]|

-1 q—1

o lim() = mwn )l + = Alg () = m(w,)

r— pm

< (1+

- Alglun) + mlw )]+ N ()

= N(@n1,yn1) = (W20, 00)) = W(zn1, 0n )| + tlun = unall. (3.14)

Since A is A4-Lipschitz continuous, we have

lg(unsn) ~ gl < [14+ (o + An)]Im(w) — mlm )|

Ta1
— m)\A”un — Up—1 — (g<un) - g(unfl))H

Ta-1

N nan_N n—1, In—
— PN (@, yn) = N(Zn-1, Y1)

+
r —
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— (W (zn,vn) = W(zn_1,vn-1))|

Tq
+(
r—pm

-1

Aa+ t) [r——} (3.15)

Since m is Lipschitz continuous with constant \,, and G is H-Lipschitz continuous with

constant 9, we have

[ (wn) = m(wn1)[[ < Amllwn = wnal] < AnH(G(un), Gun-1))

< A ||t — w1 |- (3.16)

Since g is (b, §)-relaxed cocoercive and \;-Lipschitz continuous, we have

[t = tn—1 = (9(tn) — g(un—1))[*
< lun = una | = g(g(un) = g(un-1), Jg(un = un-1)) + Cqllg(un) = g(un—)||*
< Jun = un—1[|" + gbllg(un) — g(un-2) 1! = g€llun — tna[|* + CoAflltn — un1]|*
< = wn—1[|* + gbAG|lun — tna[|* = g€lJun — un—1[|* + CoAfflun — tn 1|

=(1—q{+ (gb+ Oq)/\g)Hun — U1 ||

Thus, we have

[un = tn—1 = (g(un) = g(un-))|| < (/1 — g€+ (ab+ CAgllun —una . (3.17)

Also

IN (@0 Yn) = N(@n-1,Yn-1) — (W (2n, ) = W(2n-1, vn-1))*
S IN(@n, yn) = N(@n-1; yn-1) | = (@ = COIW (20, v) = W (201, v [|*- (3.18)
By using Lipschitz continuity of N with constant Ay, for the first argument and Ay, for

the second argument and H-Lipschitz continuity of B and C with constant o and £,

respectively, we have
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IN (@, Yn) = N(@n—1, Yn-1)ll = N (@n, Yn) — N(Zn; Yn-1) + N(Zn, Yn-1)

- N(xn—hyn—l)H

< ||N($n>yn) = N(2p, Yn-1)|| + IN (20, Yn-1)

— N(Zn—1,Yn-1)||
< ANYn = Ynall + A (|20 — 2ol
< /\Nzﬁuun - un—IH + )‘Nlo‘Hun - un—1||

= (Ana + An, B)[Jun — up—1]|.

Thus

||N($n>yn) - N(zn—la yn—l)Hq S ()\N1a + ANgﬁ)qHun - un—lHq-

Using the similar arguments as for (3.19), we have

“W(Zm V) — Wi(zn1, Un—1>||q < (Awyy + >\W2M)q||un - un—IHq'

Using (3.19) and (3.20), (3.17) becomes

IN (@, yn) = N(Zn-1,Yn-1) = [W(zn, vn) = W(zn1, vn)] ||

= [+ AwB)" = (¢ = Co) Awyy + Awo )] [, — i [|7.

It follows that

IN (@, yn) = N(Zn-1,Yn-1) = (W (zn, vn) = W(zn-1, o))

< O+ A B)1 = (g = Co) Qe y + Aw )l — i 7

Combining (3.16),(3.17),(3.23) with (3.15), we obtain
797 INL0
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(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Io(an12) = )1 < Ood + =222 1)) =
" i;ﬁf“q/(l — g+ (b + C A tm — 1
T O+ A1 = Gy + Al
(2, — ]

r—pm
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TN, 6 T 1p
= | A0+ —— A Aad/ (1 — b Ag?
+T_pm(P+ A)+T_pm A\/( q€ + (gb+ Cy) A,
a1
o Qo A )1 = (g = C)awyy + )
q—1
+ Aa | | un — up—1]|- (3.24)
r—pm

By the strong accretivity of g with constant [, we have

lg(tns1) — g(un) ||| tnsr — Un”q_l > (g(Uny1) — g(un)ajq(un+1 —Up)) > U unp1 — un|?,
which implies that
1
s = nll < 7llg(ns1) — g(un)]- (3.25)

Combining (3.24) and (3.25), we have

[ttnt1 = ]| < Oftn — unal], (3.26)
q—l)\m(; q—1
where 6 = [Am5+:_m(p+)m)+:_ pzl Ma{/ (L= g€ + (b + A"
a1 a1
q q _ q
g O+ A 8) = (4 = C) Oy + dwg)t + k1] 1

By (3.13), we know that # < 1 and so (3.26) implies that {u,} is a Cauchy sequence.
Thus, there exists v € E such that u, — uw as n — oo. The Lipschitz continuity of
multi-valued mappings B,C, D, F and G implies that x,, — =, y, = v, 2, — 2, v, = v

and w,, — w.

As A,n, M, N,W,B,C,D,F,G,m,g and Jf;:]‘é[ are all continuous and by Algorithm

3.1, it follows that u, z,y, z, v, w satisfy the following relation:

9(u) = m(w) + I3 o [Alg(u) = m(w)) — p(N(z,y) = W(z,0) + m(w))].

It follow that (u,z,y,z,v,w) is a solution of generalized quasi-variational-like inclusion

problem (3.1). This completes the proof.

4. Applications
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(1) We show that generalized quasi- variational-like inclusion problem (3.1) includes op-

timization problem.

If E = X, a Hilbert space ; B,C, D, F,G,W,m = 0;g = I, identity mapping; N :
X — 2% is a multi-valued mapping and M (u,u) = M(u) = d¢(.), where ¢ : X —
R U {400} is a proper function and d¢ denotes the n-subdifferential of . If in addition
Op = Jy, the indicator function on a nonempty closed convex set K C X, then generalized

quasi- variational-like inclusion problem (3.1) reduces to the problem finding u € K, €

N(u) such that

(€, n(a,u)) >0, for all a € K. (4.1)

Let ¢ : K — R be a given function, then the optimization problem is to find u € K such
that

P(a) —Y(u) >0, for all a € K. (4.2)

By using the definition of Clarke generalized subdifferential of 1) and invexity, the equiv-
alence of (4.1) and (4.2) can be shown easily. See for example, Ansari and Yao [3] and

references therein.

(2) The resolvent operator technique is very important from the point of view that it is
used to established an equivalence between variational inequalities and resolvent equa-
tions. The resolvent equations are used to develop powerful and numerical techniques for
solving variational inequalities and related optimization problems. Due to this fact, here
we show that generalized quasi-variational-like inclusion problem (3.1) is equivalent to an

A-resolvent equation. We consider the following problem.

Find s,u € E, z € B(u),y € C(u),z € D(u),v € F(u) and w € G(u) such that

N(z,y) — W(z,u) + m(w) + p_lRp’ﬂ(w)(s) =0, (4.3)

n
where Rg’,j]?/[(.,u) =1— A(J;’;}(wu)), A[Jg’]‘@(.’u)(s)} = [A(Jgfz\é[(.,u))} (s) and [ is the identity

operator, Jg’]@( « 18 the resolvent operator and p € (0, ;) is a constant. We call (4.3) as

3]

A-resolvent equation, which is new and different from those resolvent equations given in

the literature.
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Proposition 4.1. The generalized quasi-variational-like inclusion problem (3.1) has a
solution (u,x,y,z,v,w) with w € E,x € B(u),y € C(u),z € D(u),v € F(u) and w €
G(u) if and only if A-resolvent equation problem (4.3) has a solution (s,u,z,y, z, v, w)

with s,u € E,x € B(u),y € C(u),z € D(u),v € F(u) and w € G(u) where

g(u) = m(w) + Jo3 . (s) (4.4)

and
s = A(g(u) —m(w)) — p{N(z,y) — W(z,v) + m(w)}, (4.5)

where p € (0, ) is a constant.

Proof. Let u,x,y,z,v and w is a solution of problem (3.1). Then by Lemma 3.1, it is

the solution of following equation

g(w) = m(w) + 5 [Alg(u) = m(w)) = p{N(z,y) = W(z,v) + m(w)}].  (4.6)

Let s = A(g(u) — m(w)) — p{N(x,y) — W(z,v) + m(w)}, then above equation (4.6),
becomes

g(u) = m(w) + J0 0 (5),

: A A A A
using the fact that RZ,M( =1— A(JS,M(.,u))’ where A[Jg’M(W)(S)} = [A(Jé),M(.,u))} (s),

)
we obtain

s = Alm(w) + 05 o (s) = m(w)) = p{N(z,y) = W(z,0) + m(w)}
& 5= AU (8) = —p{N(@,y) = W(z,0) +m(w)}
& [1= AU L)) (8) = =p{N(2,y) = W (z,0) + m(w)}
& RN () = —p{N(2,y) = W(2,0) + m(w)}.

Hence N(z,y) — W(z,v) + m(w) + p‘lRf;:fﬂ”u)(s) = 0.

Concluding Remark:

In this paper, we have introduced generalized quasi- variational-like inclusion problem
which contains many variational (-like), quasi variational (-like) inequalities as special

cases. Based on Lemma 3.1, we develop a general frame work for an iterative algorithm
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approximating solution of problem (3.1) while discussing the convergence analysis for the

iterative procedure.

In section 4, we have shown that problem (3.1) includes classical optimization prob-

lem. The equivalence of (3.1) and (4.1) is available vastly in literature. Further we have

shown that the problem (3.1) is equivalent to an A-resolvent equation, which is useful to

solve variational inequality problems and related optimization problems. Our results are

new and different from those given in the literature and have less assumptions but in new

general setting.
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