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Abstract. Recently, Azam et al. introduced new spaces called the complex valued metric spaces and established
the existence of fixed point theorems under the contraction condition. In this paper, we extend and improve the

condition of contraction of results of Azam et al. for two single-valued mappings in such spaces.
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1. Introduction
Fixed point theory is the one of the most interesting area of research in the last fifty years for
instance research about optimization problem, control theory, differential equations,
economics, and etc. The fixed point theorem, generally known as the Banach’s contraction
mapping principle, appeared in explicit form in Banach’s thesis in 1922.
A mapping T: X — X, where (X, d) is a metric space, is said to be a contraction mapping if
forall x,y € X,

d(Tx,Ty) < Add(x y)where0 < A < 1 .viviivev v e (1)
Mapping T satisfying (1) in a complete metric space will have a unique fixed point.
Recently Azam et al. introduced a new space, the so called complex-valued metric space, and

established a fixed point theorem for some type of contraction mappings as follows. In this

*Corresponding author
Received February 28, 2014
639



640 T. SENTHIL KUMAR AND R. JAHIRHUSSAIN

paper, we extend and improve the condition of contraction of results of Azam et al. for two
single-valued mappings in such spaces.
Theorem 1: [7] Let (X, d) be a complex valued metric space, and let A, B, C, D, and E be the
nonnegative real numbers such that A+B+C+2D+2E < 1. Suppose that S, T: X — X are
mappings satisfying:

Bd(x,Sy)d(y,Ty) Cd(y,Sx)d(x,Ty) Dd(x,Sx)d(x,Ty)

d(Sx, Ty) < Ad(x,y) + 1+d(x,y) 1+d(x,y) L +d(x,y)
Ed(y, Sx)d(y,Ty)
1+d(x,y) @

forall x, y € X, then S and T have unique common fixed point in X.

The aim of this paper is to establish some common fixed-point theorems two nonlinear
contraction mappings in complex-valued metric spaces. Our results generalized Theorem 1.
2. Preliminaries

Let C the set of complex numbers and z;, z,€ C. We define a partial order < on C as follows:
71 zz if and only if Re (z1) < Re (z2) and Im (z1) < Im (zy)

that is z;< z, if one of the following holds

C1: Re (z1) = Re (z2) and Im (z1) = Im (z,)

C2: Re (z1) <Re (z2) and Im (z1) = Im (z,)

C3: Re (z1) = Re (z2) and Im (z1) <Im (zy)

C4: Re (z1) <Re (z2) and Im (z1) <Im (zp)

In particular, we will write 2,5z, if z;#2,and one of (C2), (C3), and (C4) is satisfied and we
will write z;<z, if only (C4) is satisfied.

Definition 2: Let X be a non empty set .\A mapping d: X X X — C is called a complex
valued matrix on X if the following conditions are satisfied:

(CM1) 0 < d(x,y) forall x,y € Xand d(x,y) =0 ifand only if x = y;

(CM2) d(x, y) = d(y, x) for all x, ye X;

(CM3)d(x,y) <d(x,z)+d(z,y), forall x,y,z € X.

Then d is called a complex valued metric space.

Definition 3: Let (X, d) be a complex valued metric space.

(i) A point x € X is called interior point of set A € X whenever there exist 0 < r € C such
that B(x, r) :={y€ X | d(x,y) <r} S 4

(if) A point x € X is called a limit of A whenever for every 0 <r € C, B(x, r) n (A—X) # @.
(iii) A subset A< X is called open whenever each element A is an interior point of A.

(iv) Asubset A< Xis called closed whenever each limit point of A belongs to A.
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(v) A sub-basis for a Hausdorff topology T on X is a family F = {B(x, r) |x € X and 0 < r}.
Definition 4: Let (x, d) be a complex valued metric space, {x»} be a sequence in X and x€ X.
(i) If for every ce C, with 0 < c there is Ne Nsuch that for all n> N, d (X, X) < ¢, then {X.}
is said to be convergent, {x,} converges to x and x is the limit point of {x,}, we denote this by
lim,,_, x, = x (0r) {X,} =X as n— oo.

(i1) If for every ce C, with 0 < c there is Ne Nsuch that for all n> N, d (X, Xn+m) < ¢, Where
m € N, then {x,} is said to be Cauchy sequence.

(iii) If for every Cauchy sequence in X is convergent, then (X, d) is said to be a complete
complex valued metric space.

Lemma 5: [2] Let (X, d) be a complex valued metric space and let {x,} be a sequence in X.
Then {X,} converges to x if and only if | d (Xn,X) | — 0.Asn — oo,

Lemma 6: [2] Let (X, d) be a complex valued metric space and, let {X,} be a sequence in X.
Then {X,} is a Cauchy sequence if and only if | d (Xn, Xn+m) | — 0.asn— oo, wherem € N.
Definition 7: Two families of self-mappings{T;}~, and {S;}i=,are said to be pairwise
commuting if:

() T;T; = T;T;, i,j € {1,2,..m}.

(ii) 5;S; = S,Sij, i,j €{1,2,..n}.

(iii) T;S; = S;T; i € {1,2,...m},j € {1,2, ...n}.

Definition 8: (i) A point x € X is said to be a fixed point of T if Tx = x.

i) A point x € X is said to be a common fixed pointof Tand S if Tx = Sx = x.

Remark 9: We obtain the following statements hold.

(i) If 1< zpand 2, z3 then 73X z3.

(i) If z € C, a, be R, and a <Db, then az< bz.

(iii) If 0< 1< 25, then | z1| < | 22| -

3. Main Results

In this section, we will prove some common fixed-point theorems for the generalized
contractive mappings in complex-valued metric space.

Theorem 10: If Sand T are self-mapping defined on a complex valued metric space (X, d)
satisfying the following condition

Bd(x,Sx)d(y,Ty) Cd(y,Sx)d(x,Ty) Dd(x,Sx)d(x,Ty)
1+d(x,y) 1+d(x,y) 1+d(x,y)

d(Sx,Ty) < Ad(x,y) +
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Ed(y,$x)d(y,Ty) Fd(y,Sy)d(x,Tx) Gd(y,Sy)d(y,Tx) 3)
1+d(xy) 1+d(xy) 1+d(x,y) '

forall x, y € X, where L, M, N, O, and E are nonnegative with A+B+C+2D+2E+2F+2G< 1,

then S and T have unique common fixed point.

Proof: Let x, be an arbitrary in X. Since S(X)< X and T(X) € X, we construct the sequence
{Xn} in X such that Xak+1 = SXok and Xoks2 = TXok+1, Tor all k =0. From the definition of {xy}
and [3], we obtain that

d(xzp41 X2k42) = d(Sxp, Txgpe1) S Ad(xgp, Xop41)

Bd (x5, Sx21)d X2k 41, TX2541) n Cd(Xzp41, Sx21)d (X2, TX 24 41)

1+ d(x2k, X2x41) 1+ d(xgk, X2k 41)

Dd(xz1, Sx21)d (X1, TXok 1) Ed(Xarq1, SXo1)d(Xoks 1, TX2k41)
1+ d(xzp, X2k41) 1+ d(X2k X2k41)

Fd(Xzr41, SXok41)d(Xaw TXak) | GA(Xzp41, SX2+1)d (Xart1, TXax) e (8)
1+ d(X2k X2k41) 1+ d(Xok X2k+1)

d(Xop+1) X2k42) < Ad(Xop, Xop41)

Bd(xap, Xok+1)d(Xak+1, X2k+2)  CA(Xaps1, Xok+1)d(Xop, X2k 42)

1+ d(X2p X2k41) 1+ d(xk, X2k+1)
Dd (X2, X2k 4+1)d (X2 X2k 42) Ed(Xar41, X2k+1)A X2k 41, X2k 4+2)
1+ d(xap Xok+1) 1+ d(xop X2k41)

Fd (X241, X2k+2)d X2k, X241) Gd(X2k+1, X2k+2) A (Xok+1) Xok+1)
1+ d(xap, Xok+1) 1+ d(XK X2k+1)

Bld X2k, X2k 41 11d (X2p 41, X2k 42) |
|1+ d(x2p, X2k+1)|

|d(X2k+1) Xok4+2) | < Ald (g, Xok+1) | +

D|d(xzk, X2k +1) 1A X2k, X210 42) | Fld (X241, X2k +2) 11d (X2 X2k 41) | (5)
|1+ d(x2p, X2k 41)| |1+ d(x2p, X2k 4+1) |
|d (x2k, X2k+1) |
= Ald(xy, x )| + Bld(x , X )[
| 2k 2k+1 | | 2k+1 2k+2 | |1 +d(x2k,ka+1)|
|d (X250, X210 4+1) | |d (X5, X200 41) |
+ D|d(xy, x ) + Fld(x , X ) ..(6
2ie X2e2) | 1T 0 et )] el [FrTemermmn T R

|dCapr1, Xar2) | S Ald (o, X2r41) | + Bld(Xag41, Xar42) | + DA Cear, Xop41)]
+ D|d (k41 Xok+2)| + Fld(Xors1s Xak42)| v cvr vee veever e e v v e (7)
|d (X241, X2k42) [1 — (B + D + F)] < [A + D]d(xzx, X2141)|
it follows that

[A+ D]
1—-(B+D+F)]

|d(X2k+1, X2k4+2)| < [ |d X2k, X2k+1) |

Similarly, we get
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d(Xop42) X243) = A(X2p43) Xop42) = A(SXopr2, TXop41) < Ad(Xops2) X2k041)

Bd (X242, SX2k42)d(X2k11, TX2k41)  CA(Xppp1, SXop42) A (Xopt2, TX2k41)

1+ d(ks2) X2r+1) 1+ d(x2k42) X2k41)

Dd(xzx42, SXok12)d(Xoks2, TXok41)  Ed(Xpps1, SX2k12)A(Xoks1, TX2k41)
1+ d(x2k42) X2r4+1) 1+ d(xgp42, X254+1)

Fd(Xzks1, SXok+1)dXoks2, TXoke2)  Gd(Xoks1, SXoka1)d Kakr1, TXok42) . (8)
1+ d(Xok+2 X2k41) 1+ d(Xak+2, X2k+1)

d(Xok+2 X2+3) S Ad(Xop42) Xop41)

Bd(X3x42, X2k+3)Ad(X2k+1, X2k+2)  Ed(Xok41, X2k 43)A(X2p 41, X2k 42)

1+ d(xap+2) X2r+1) 1+ d(xop+2, X2r+1)
Fd(Xax+1, X2k+2)d(Xoks 2, Xoke3) | GA(Xoks1, Xoke2)d Kok 1, Xok+3)
1+ d(Xzk42, X2Kk+1) 1+ d(Xzk42, X2k41)
.................................. )
|d (2k12) Xor43) | < Ald(Xgp 42, Xor41)]
|d(X2p42, X2k+1) | |d(X2p42, X21+1) |

+B|d(X2k42) X2+3) | I|1 + Eld (%2541, X2 43) | Ill

+ d(Xok+2, X2k+1) | + d(Xap+2, X2k+1) |

|d (X2k+2) X2k +1) |d (X2k+2) X2k+1)
F|d , Gd ,
FRldC1 Xaicrs) l|1 + d(Xak+2) X2k+1) | * (a1, Xarcrs) |1+ d(X242) X2p4+1) |
.................................. (10)

(10)|d X2k 42, X2k 43) | S Ald(Xzrs2) X2r+1)| + Bld(Xor2, Xor43) | + Eld (Xor 41, X2k 42) |
+E|d(X2r42) X2143) | + Fld(Xzra2, Xoka3) | + Gld (ke 41, Xor42) |
F GlA (X125 Xogr3) | ver ver e er eee et e v e e et ene e e e e e eee e (1)
it follows that [d(xz42, X2k43) (1= B+ E+F +G)) < (A+E + G)|d(X2r42 X2x41) |

(A+E+G)
1-(B+E+F+0G))

Puttingk=max{[(A+D)/(1—(B+D+F))],[(A+E+G)/1—-(B+E+F+G6)]}
we obtain that

|d(xn 2041 )| < K|d(xn 2041 )| < K2|d(xn 2011 )| o < k™A (02041 )| Y7o e (13)
Thus, for any n € N, we have

d(xXpXm )| < [d(XnXn+1)| S d(Xn1,Xn42)] - S |d (K1, %) |

< (K™ 4 kM kM2 4 k™Y d (%0, |

n

1-k

|d(x2k+2r x2k+3)| < ( Id(x2k+2,x2k+1)| (12)

=< (

)l d(xo,x1)]

it follows that|d (x, i, )| < () |d(xo )| > 0 asn > 0.
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By lemma 6, the sequence {x,} is Cauchy. Since X is complete, there exists a point z € X
such that x,, » zasn — oo,

Next we will show that Sz = z. By the notion complete complex valued metric d, we have
d(z,5z) < d(z,x3p42) + d(X3p42,52) = d(2, X3p42) + d(52, TXgk41)

Bd(z,5z)d (X241, TX2k+1)
1+d(z, x3541)

Cd(x2k41,52)d(2, Txzr41)  Dd(z,52)d(z, Txzp41)

< d(z,Xpr42) + Ad(SZ, x5p41) +

_.l_
1+ d(z,xo541) 1+ d(z, x3541)
Ed(xzx41,52)d(Xzx41, TX2k41) N Fd(X2r41, SX2k41)d(2,T2)
1+ d(z x3141) 1+d(z,x3541)
Gd (X241, SX2k4+1)d (X241, TZ) (14)
1+ d(z 2p0s0)
Which implies that
d(z,52)| < |d(2, Xor+2)| + 1d(X3k42,52)| = 1d(2, Xp1042)| + 1d(S2, Txpk41)|
B|d(z,Sz)||d (X241, X2k+2) |
< |d(z,x | + Ald(Sz, x | +
( 2k+2) ( 2k+1) |1 +d(Z,X2k+1)|
C|d(x2k+1:SZ)||d(Z:x2k+2)| n Dld(Z:SZ)”d(Z:xzkH)l
1+ d(z x5541) 11+ d(z, x25+1)|
E|d(x2k+1;SZ)||d(x2k+1fxzk+2)| n F|d(X2k+1;X2k+2)||d(Z; Tz)|
|1+ d(z,x2141)] |1+ d(x2p, X2k41)
Gd(x ,Sx d(x ,Tz
(orrs, S )W, T2) . (15)

1+d(z x3541)
Taking k — oo, we have|d(z, Sz)| = 0; it is obtained that d(z, Sz) = 0. Thus, Sz = z.it
follows that similarly Tz = z. Therefore, z is common fixed point of S and T.
Finally, to prove the uniqueness of common fixed point, let z* € X be another common fixed
point of Sand T such that Sz* = Tz* = z".
Consider

Bd(z,Sz)d(z*,Tz* Cd(z*,5z)d(z, Tz"
d(z,z*) =d(S8z,Tz") < Ad(z,z") + (2,52)d(z". T2") (z,52)d(z T7")

1+d(zz*) 1+d(z,z")
Dd(z,52)d(z,Tz")  Ed(z",S2)d(z",Tz") Fd(z',Sz")d(z,T2)
1+d(z,z) 1+d(z,z*) 1+d(z2")
Gd(z*,Sz")d(z*,Tz)

So that

Cld(z*,S2)||d(z,Tz")|

d(z,z")| < Ald(z,z"
(ZZ)' |(ZZ)|+ |1+d(Z,Z*)|
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|d(z,27)]

d )| =Ald(z,z" d(z*, e
d(z,2)] = Ald(z, 2] + Cld(z" SO g5,

e (17)

Since|l1 +d(z,z*)| > d(z,z")|,

therefore

|d(z,z*)| <A|d(z,z")|+C|d(z", z)| = (A+ C)|d(z z")|.

This is contraction to A + C < 1. Hence z = z*. There z is a unique common fixed point of S
and T.

Corollary 11: If T is a self-mapping defined on a complete complex-valued metric space
(X, d) satisfying the condition

d(Tx, Ty) < Ad(x, y)+Bd("' Tx)d(y,Ty) = Cd(y,Tx)d(x,Ty) Dd(x,Tx)d(x,Ty)

1+d(x,y) 1+d(x,y) 1+d(x,y)
Ed(y,Tx)d(y,Ty) Fd(y,Ty)d(x, Tx) N Gd(y, Ty)d(y,Tx) (18)
1T d0ey) 1T d0xy) T d(r,y)

for all x, yeX,where A, B, C, D, E, and F are non negative with A+B+C+2D+2E+2F+2G<1,
then T has a unique fixed point.

Proof: We can prove this result by applying Theorem 10 by putting T = S.

Corollary 12: If Sand T are self-mappings defined on a complete complex valued metric
space (X, d) satisfying the condition

Bd(x,Sx)d(y,Ty) N Cd(y,Sx)d(x,Ty) Dd(x,Sx)d(x,Ty)

d(Sx,Ty) < Ad(x,y) +—— aCy) v dty) T T 1rdty)
Ed(y,Sx)d(y,Ty)

forall x, y €X, where A, B, C, D, and E are non negative with A+B+C+2D+2E <1, then T
has a unique fixed point.

Proof: We can prove this result by applying Theorem 10 by putting F = G = 0.

Corollary 13: If T is a self-mappings defined on a complete complex valued metric space
(X, d) satisfying the condition

Bd(x,Tx)d(y,Ty) Cd(y,Tx)d(x,Ty) Dd(x,Tx)d(x,Ty)

AT A T i) 1+dGxy) | 1+dey)
Ed(y, Tx)d(y,Ty)
T+ dmy) SRR ¢:1)

for all x, y €X, where A, B, C, D, and E are non negative with A+B+C+2D+2E <1, then T
has a unique fixed point.

Proof: We can prove this result by applying corollary 12 by putting T=Sand F =G =0.
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Corollary 14: If S and T are self-mapping defined on a complete complex-valued metric
space (X, d) satisfying the condition
Bd(x,Sx)d(y,Ty) Cd(y,Sx)d(x,Ty)
1+d(x,y) * 1+d(x,y)
Dd(x,Sx)d(x,Ty) Fd(y,Sy)d(x,Tx) Gd(y,Sy)d(y,Tx)
1+dny) | 1+dey) T 1+d@y)
for all x, y €X, where A, B, C, D, and F are non negative with A+B+C+2D+2F+2G<1, then

d(Sx,Ty) < Ad(x,y) +

e (21)

T has a unique fixed point.

Proof: We can prove this result by applying Theorem 10 by putting E = 0.

Corollary 15: If T is a self-mappings defined on a complete complex valued metric space
(X, d) satisfying the condition

Bd(x,Tx)d(y,Ty) Cd(y,Tx)d(x,Ty) Dd(x,Tx)d(x,Ty)

d(Tx, Ty) < Ad(x,y) + 1+d(x,y) 1+d(x,y) + 1+d(x,y)
Fd(y,Ty)d(x,Tx) Gd(y,Ty)d(y,Tx)
TR e R R 1X) e (22)

for all x, y €X, where A, B, C, D, and F are non negative with A+B+C+2D+2F+2G<1, then
T has a unique fixed point.

Proof: We can prove this result by applying Corollary 14 by putting T = S.

Remark 16: (i) By choosing D = E = F = G =0 in theorem 10, we get theorem 1 of [6]

(i) By choosingD =E=F=G =0and S =T in theorem 10, we get corollary 3 of [6].(iii) By
choosing C=D = E =F =G =0 in theorem 10, we get theorem 4 of Azam et al. [2]

(iv) By choosingC=D=E=F=G=0and S =T in theorem 10, we get corollary 5 of

Azam et al. [2]

Theorem17: If{T;}%, and {S;}i.,are two finite pairwise commuting finite families of self-
mapping defined on complete complex-valued metric space (X, d) such that the mappings
and Sand T withT =T,,T,,Ts ... T,and S = 53, 5,, 53 ... S, satisfy condition (3), then the
component masps of the two families {T;}/%, and {S;}/=, have unique common fixed point.
Proof: By theorem (10), one can infer that T and S have a unique common fixed point Z

ie., Tz=Sz =2).

Now we will show that z is common fixed point of all the component maps of both families.
In view of pairwise commutativity of the families {T;}}2, and{S;}}L,, for every 1 <k <m, we
can write Tyz =TSz =STyz, Tz =TTz =TTz ... . .....(23)

It implies that T}, z for all k is also a common fixed point of T and S. By using the uniqueness

of common fixed point, we have T,z = z for all k.
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Hence, z is a common fixed point of the family {T;}/Z,. Similarly, we can show that z is a
common fixed point of the family {S;}i~,. This completes the proof of the theorem.
Corollary 18: If F and G are self-mappings defined on a complex valued metric space (X, d)
satisfying the condition
Bd(x, F™x)d(y,G™y) Cd(y,F™x)d(x,G™y)

1+d(x,y) + 1+d(x,y)
Dd(x, F™x)d(x,G™y) Ed(y,F™x)d(y,G"™y)
1+d(x,y) * 1+d(x,y)
Fd(y, F™y)d(x,G"x) N Gd(y, F"y)d(y,G"x)
1+d(x,y) 1+d(x,y)
for all x, y €X, where A, B, C, D, E,F, and G are nonnegative with

d(F™x,G"y) < Ad(x,y) +

e (28)

A+B+C+D+2E+2F+2G< 1, then F and G have a unique common fixed point .
Proof: We can prove this result by applying Theorem 17 by setting
T,=T,=-=T,=Fand S5 =5,=-5,=4@G.
Corollary 19: If t is a self-mapping defined on a complete complex valued metric space
(X, d) satisfying the condition
Bd(x,T"x)d(y,T"y) Cd(y,T"x)d(x,T™y)
1+d(x,y) 1+d(x,y)
Dd(x,T"x)d(x,T"y) Ed(y,T"x)d(y,G"y)
1+d(x,y) 1+d(x,y)
Fd(y, T"y)d(x,T"x) N Gd(y, T"y)d(y, T"x)
1+ d(x,y) 1+d(xy)
forall x, y €X, where A, B, C, D, E,F, and G are non negative with A+ B + C + 2D + 2E +

d(T™x,T"y) < Ad(x,y) +

e eee e e o (25)

2F + 2G< 1, then T has a unique fixed point.

Proof: We can prove this result by applying corollary 18 by F =G =T.

Remark 20: (i) By choosing D = E =F =G =0 in theorem 17, we get theorem 1 of [6]

(i) Bychoosing D =E =F =G =0in corollary 18, we get corollary 6 of [6].

(iii) By choosing D =E =F =G =0 in theorem 19, we get corollary 7 of [6]

(iv) BychoosingC=D =E =F =G =0 n corollary 19, we get corollary 6 of Azam et al. [2]
Corollary 21: [5] T: X = X is a mapping defined on a complete complex-valued metric
space (X, d) satisfying the condition d(T™x, T™y) < Ad(X,Y) «ev vev cer cvv wvv vee veevee e (26)

for all x, y €X, where A is nonnegative real numberA < 1, then T has unique fixed point.
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