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1. INTRODUCTION

The notion of bitopological spaces was initially introduced by Kelly [7] in 1963. Concept of
fuzzy pairwise-T, (in short FPT,) bitopological spaces were introduced earlier by Kandil and EI-
Shafee [5]. Later on several other authors continued investigating such concepts. Fuzzy pairwise-
T, separation axioms have also been introduced by Abu Sufiya et al. [1] and Nouh [9]. The
purpose of this paper is to introduce a definition of fuzzy pairwise-T, bitopological space and
derive some related results in this area. Also, we investigate that this concept holds good

extension property in the sense of [8] due to Lowen.

2. PRELIMINARIES

Now we recall some definitions and concepts which will be used in our work.
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Definition 2.1. [13] A fuzzy set u in a set X is a function from X into the closed unit interval I =
[0,1]. Forevery x € X, u(x) € I is called the grade of membership of x. Throughout this paper,
1 will denote the set of all fuzzy sets from X into the closed unit interval I.

Definition 2.2. [3] Let f be a mapping from a set X into a set Y and u be a fuzzy set in X. Then

the image of u, written as f(u), is a fuzzy set in Y whose membership function is given by

Faw) = PO SN 20 xex

otherwise
Definition 2.3. [4] Let f be a mapping from a set X into a set Y and v be a fuzzy setin Y. Then

the inverse of v written as £ ~1(v) is a fuzzy set in X which is defined by f~1(v)(x) = v(f(x)),
forx € X.

Definition 2.4. [12] A fuzzy set p in X is called a fuzzy singleton iff u(x) =r,(0 <r < 1) for
a certain x € X and u(y) = 0 for all points y of X except x. The fuzzy singleton is denoted by
x, and x is its support. We call x,. is a fuzzy point if 0 < r < 1. The class of all fuzzy singletons
in X will be denoted by S(X).

Definition 2.5. [3] A fuzzy topology t on X is a collection of members of I* which is closed
under arbitrary suprema and finite infima and which contains constant fuzzy sets 1 and 0. The
pair ( X,t) is called a fuzzy topological space (fts, in short) and members of ¢ are called t-open
(or simply open) fuzzy sets. A fuzzy set u is called a t- closed (or simply closed ) fuzzy set if
1—uet.

Definition 2.6. [3] Let (X, t) and (Y, s) be two fuzzy topological spaces. A mapping f: (X,t) — (¥,s)
is called an fuzzy continuous iff for every v € s, f71(v) € t.

Definition 2.7. [3] Let (X, t) and (Y, s) be two fuzzy topological spaces. A mapping f: (X,t) — (Y,s)
is called an fuzzy open iff forevery u € t, f(u) € s.

Definition 2.8.[10] Let f be a real valued function on a topological space. If {x: f(x) > a} is
open for every real a.€ I, then £ is called lower semi continuous function.

Definition 2.9. [2] Let X be a nonempty set and T be a topology on X. Let t = w(T) be the set of
all lower semi continuous functions from (X, T) to I (with usual topology). Thus w(T) = {u €
I*:u=Y(a, 1] € T} foreach a € I;. It can be shown that w(T) is a fuzzy topology on X.

Let P be a property of topological spaces and FP be its fuzzy topology analogue. Then FP is
called a ‘good extension’ of P “iff the statement (X, T) has P iff (X, w(T)) has FP” holds good

for every topological space (X, T).
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Definition 2.10. [6] A fuzzy singleton x, is said to be quasi-coincident with a fuzzy set y,
denoted by x,.qu iff r + u(x) > 1. If x,- is not quasi-coincident with u, we write x,-gu.
Definition 2.11. [9] A fuzzy set u of (X, t) is called quasi-neighborhood (Q-nbd, in short) of x,
iff there exists v € t such that x,qvand v c u.  If x,. is a fuzzy point or a fuzzy singletone,
then N(x,,t) = {u € t: x, € u} is the family of all fuzzy t-open neighborhoods (¢t-nbds, in short)
of x,. and Ny (x,, t) = {u € t: x,.q u} is the family of all Q-neighborhoods (Q-nbd, in short) of x,..
Definition 2.12. [6] A fuzzy bitopological space (fbts, in short) is a triple (X, s,t) where s and
t are arbitrary fuzzy topologies on X.

Definition 2.13. [4] Let (X, s, t) and (Y, s;,t;) be two fuzzy bitopological spaces. A mapping f: (X, s,
t) — (Y,s, t) is called an fuzzy FP-continuous iff f: (X,s) — (Y,s;) and f: (X,t) — (Y, t;) are both
continuous.

Definition 2.14. [4] Let (X, s, t) and (Y, s;,t;) be two fuzzy bitopological spaces. A mapping f: (X, s,
t) — (Y,s, t) is called an fuzzy FP-open iff f: (X,s) — (Y, s;) and f: (X, t) — (Y, t;) are both open.
Definition 2.15. [7] A space (X,S, T) is said to be pairwise Hausdorff iff for each two distinct points

x and y, there are a S-neighbourhood U of x and a T-neighbourhood V of y suchthat U NV = @.

3. FUZZY PAIRWISE T,-SPACES
Definition 3. 1. Anfbts (X, s, t) is called

(@) FPT,(i) iff for every pair of fuzzy singletons x,, y, in X with x # y, there exist fuzzy sets
U €s, A€ tsuchthatx,.qu, y;gA anduni=0.

(0)[9] FPT,(ii) iff (Vx,, y, € S(X),x # y), (3u € N(x,, s) (a A€ Ny(y,, t)) (ugl) or Q' €

NG, £ (327 € Noly, 9)) (G2,

(0)[5] FPT,(iii) iff for every pair of fuzzy singletons x,, y, in X such that x, gy, there exist
fuzzy sets p € s, 1 € tsuchthatx, € u, y € 4 and ugA.

(d)[1] FPT,(iv) iff for every pair of fuzzy singletons x,, y, in X with x # y, there exist fuzzy
sets u€s, Aetsuchthatx, e uy,y;, €A anduni=0.

(e)[1] FPT,(v) iff for any two distinct fuzzy points x,, y, in X, there exist fuzzy sets u € s,
A€ tsuchthatx, € u,y; €4 and u < A°.

Theorem 3.2. Let (X, s, t) be an fbts. Then we have the following implications:
(@)e(d) = (b) = (e) but (b)# (d), (e)# (b), (a)# (c) and (c)# (a).
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Proof: (a) = (d): Let x,,y, € S(X) with x # y. Since (X, s, t) is FPT,(i)-space, then there
exist fuzzy sets u € s, A € t such that x;_,.qu, y;—pqAand un 1 =0.
Thatis, u(x) >r,A(y) >pandun A =0.
So,x, € u,y, € Aand un A = 0. Hence (X, s, t) is FPT,(iv)-space. Similarly we can show that
(d) = ().
(d) = (b): Let x,,y, € S(X) with x # y. Choose p* € (0,1) such that p* >1—p. Since
(X, s, t) is FPT,(iv)-space, then there exist fuzzy sets u € s, A € t such that x, € p, y,~ € A and
un A=0.Thatis, x, € u, A(y) = p* and ugA.
Since A(y) = p* and p* > 1 — p, then we have
Ay) >1-p=A(y) +p > 1. S0, y,qA.
Hence x, € u, y,q4 and ugA. Therefore (X, s, t) is FPT, (ii)-space.
(b) = (e): Let x,,y, be two distinct fuzzy points in X. Since (X, s,t) is FPT,(ii)-space, then
there exist fuzzy sets u € s, A € t such that x,. € p, y;_,q4 and ugA.
Thatis, x, e u, A(y) +1—p>1and u < A°.
That is, x,. € u, A(y) >pand u S A°. That is, x, € u, y, € Aand pu € A°. Hence (X,s,t) is
FPT,(v).
Example 3.3. Let X = {x, y} and A, u, v be three fuzzy sets defined by
Alx) = m,A(y) = n, wherem,n € (0, 1],
u(x) =0,u(y) =05 andv(x) =1,v(y) = 0.1.
Let s and t be two fuzzy topologies on X generated by {4, u, v}.
Then we can show that (X, s, t) is FPT,(ii) but not FPT,(iv) and FPT,(i). Similarly (X, s, t) is
FPT, (iii) but not FPT, ().
Example3.4. Let X = {x,y}and s = {0,1,u,v,w },
u(x) =1uly) =0,v(x) =0,v(y) =0.7and w(x) = 1,w(y) = 0.7, and
t = {uy, vy, wy}, where
u (x) =0,u;(y) =1,v,(x) =0.1,v,(y) = 0and w; (x) = 0.7,w;(y) = 1.
Then we can show that (X, s, t) is FPT, (i) but not FPT,(iii). Indeed, if x,=yandp +r <1,

then (Vu € N(xp,s)) (Vy € N(y,,, ) (uq y).

In general it is true that union of topologies is not a topology. But if union of two topologies is

again a topology then we have the following theorem.
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Theorem 3.5. If an fbts (X, s,t) is FPT,(j), then (X,s U t) is FPT,(j), where j=I, ii, iii, iv, v.
Proof: Obvious.

The converse of the above theorem 3.5 is not true in general.

Example 3.6. Let X = [0, 1] and s be the discrete fuzzy topology on X and t be the indiscrete
fuzzy topology on X. Then (X,suUt) is FPT,(j), but (X,s,t) is not FPT,(j), where j =
i,ii,iii, v, v.

Now we obtain some tangible features of fuzzy pairwise T,-Spaces.

Theorem 3.7. Let (X,s,t) be a fuzzy bitopological space, A c X and s, = {u/A : u € s},
ty ={v/A :v €t} Then

(@) (X,s,t)is FPT,(i) = (4,54 ta) is FPT,(i).

(b) (X,s,t)is FPT,(ii) = (A, s ts) is FPT,(ii).

(€) (X,s,t)is FPT,(iii) = (4,54, ts) is FPT,(iii).

(d) (X,s,t)isFPT,(iv) = (A,s4,t,) is FPT,(iv).

(€) (X,s,t)is FPT,(v) = (A,s4,t,) is FPT,(v).

Proof: (a) Suppose (X,s,t) is FPT,(i) . We have to show that (4,s,,t,) is FPT,(i). Let x,.,
vs € S(A) with x# y. Then x,,, ys € S(X) with x# y. Since (X,s,t) is FPT,(i), then there exist
fuzzy sets u € s, A1 € t such that x,.qu, y,gA and unA = 0. Now it is clear that u/A € sy,
AJA € t, forevery u € s, A €t respectively.

Now, x,-qu, y,qA impliesthat u(x) +r > 1and A(y) +s > 1.

But, (u/A)(x) = u(x) and (A/A)(y) = A(y). Then (u/A)(x) +r > 1 and (A/A)(y) +s > 1.
S0, x,q(u/A), ysq(A/A).

Also, (u/A) N (A/A) =(u NnA)/A=0,sinceunA=0. Hence (4, sy, ty) is FPT,(i).

Proofs of (b), (c), (d) and (e) are similar.

Theorem 3.8. Let (X, T;, T,) be a bitopological space. Then

(@) (X, Ty, T,) is PT, © (X, w(Ty), w(Ty)) is FPT,(i).

(b) (X, Ty, T,) is PT, & (X, w(Ty), w(Ty)) is FPT,(ii).

(€) (X, Ty, T,) is PT, & (X, w(Ty), w(Ty)) is FPT,(iii).

(d) (X, Ty, T,) is PT, © (X, w(Ty), w(Ty)) is FPT,(iv).

() (X, Ty, T,) is PT, & (X, w(Ty), w(Ty)) is FPT,(v).

Proof: (a) Suppose that (X, T;,T,) is PT,. We have to show that (X, w(T,), w(T,)) is FPT,(i).
Let x,,, ¥ € S(X) with x # y. Since (X, Ty, T) is PT5, then there exist U € Ty, V € T, such that
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x €EU,yeEVandUNV =@. This implies (1U € Ny(x,, w(Tl)), (1y € Ny(yr, w(Ty)) and
1y N1, = 0.Hence (X, w(Ty), w(T)) is FPT,(i).

Conversely, suppose that (X, w(T,), w(T)) is FPT,(i). We have to show that (X,T,,T,) is
PT,. Let x, y € X such that x #y. Since (X,w(Ty), w(T,)) is FPT,(i), then (Jue€
No(xy, w(T1)), (3n € No(y1, w(Tz))andpun n =0.

Now, u € No(x1, w(T1)), n € No(y1, w(T,) implies that pu(x)+1>1and n(y) +1>1.
That is, u(x) >0 and n(y) > 0.Hence x € u=1(0,1] € T, y € n71(0,1] € T,.

To show that u=1(0,1] nn~1(0,1] = 0, suppose that u=1(0,1] Nn~1(0,1] = 0. Then there
exists z € u=1(0,1] nn~1(0, 1] such that u(z) > 0 and n(z) > 0. Consequently (1N 1)(z) #
0 which contradicts the fact that u n n = 0.

Proofs of (c) and (d) are similar and for the proof of (b), cf. [9].

Theorem 3.9. Given {(X;,s;,t;):i € A} be a family of fuzzy bijtopological spaces. Then the
product fbts (T1X;, [Isi, [1t:) is FPT,(j) if each coordinate space (X;,s;, t;) is FPT,(j), where
Jj =i, i, v, v.

Proof: Suppose each coordinate space (X;,s;,t;) is FPT,(i). We shall show that the product
space is FPT,(i). Let x,, ys € S([1X;) with x # y. Again suppose that x = []x;, ¥y = []y;.
Then x; # y; for some i € A, since x # y. Now consider (x;),, (y;)s € S(X;). Since (X;, s;, t;)
is FPT, (i), then there exist u; € s;, A; € t; such that (x;), qu;, (vi)sqA; and u; N A; = 0. Now
consider u = []u; and 2 = []4;, where y; =4; =1fori = jand u; = pu;, 4; =4;. Thenu €
[1si, A € [It; and we can easily show that x,.qu, y.qA and u N 1 = 0. Hence the product space is
FPT,(i) .

Other proofs are similar.

Theorem 3.10. A bijective mapping from an fts (X, t) to an fts (Y, s) preserves the value of a
fuzzy singleton (fuzzy point).

Proof: Let c, be a fuzzy singleton in X. So, there exist a point a € Y such that f(c¢) = a. Now
flc)(a) = f(c,)(f(c)) =supc,(c) =c.(c) =1, since f is bijective. Hence a, has same
value as c,..

Note: Preimage of any fuzzy singleton (fuzzy point) under bijective mapping preserves its value.
The ideas of the following theorems 3.11, 3.12 are taken from [11].
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Theorem 3.11. Let (X, s, t) and (Y, sy, t;) be two fuzzy bitopological spaces and let f: X — Y be
bijective and FP-open. Then

(@) (X,s,t)is FPT,(i) = (Y, sy, t;) is FPT,(0).

(b) (X,s,t)is FPT,(ii) = (Y, sy, t;) is FPT,(ii).

(©) (X,s,t)is FPT,(iii) = (Y, s, ty) is FPT,(iii).

(d) (X,s,t)is FPT,(iv) = (Y, sq,t;) is FPT,(iv).

(e) (X,s,t)is FPT,(v) = (Y, sy, ty) is FPT,(v).

Proof: (a) Suppose (X, s, t) is FPT,(i). We shall show that (Y, s, t;) is FPT,(i). Leta,, b, €
S(Y) with a # b. Since f is bijective, then there exist distinct fuzzy singletons c,, d, in X such
that f(c) = a, f(d) = b and c # d. Again since (X, s, t) is FPT,(i), then there exist fuzzy sets
WEs, A€tsuchthatc,qu, dggland pni=0.

Now, c,q u, dgqAimpliesthat u(c) +r>1and A(d) +q > 1.

But f(w)(a) = f()(f(c)) = supu(c) = u(c), since f is bijective. So f(u)(a) +r > 1, since
u(c) +r > 1. Hence a,qf (u). Similarly, byqf (1).
Also, f(unA)(a) =sup(unA)(c) : f(c)=a

fun)(b) =sup(unA)(d) : f(d) =b.
Hence (uniA) =0 = f(u)nfQA) =0.
Since f is FP-open, thenf(u) € s;, f(n) € t;. Now, it is clear that there exist f(u) € sy,
f(m) € ty suchthat a,.qf (1), baqf (A) and f(u) N f(A) = 0. Hence (Y, s4,t1) is FPT,(i).
Similarly, (b), (c), (d) and (e) can be proved.
Theorem 3.12. Let (X,s,t) and (Y, sq,t;) be two fuzzy bitopological spaces and f: X — Y be
FP-continuous and bijective. Then
@) (Y, sy, t;) is FPT,(i) = (X,s,t) is FPT,(i).
(b) (Y, sy,ty) is FPT,(ii) = (X,s,t) is FPT,(ii).
(©) (Y, sy, t;) is FPT,(iii) = (X,s,t) is FPT,(iii).
(d) (Y, sy, ty) is FPT,(iv) = (X,s,t) is FPT,(iv).
Proof: We shall prove (a) only.
Suppose (Y, sq,t;) is FPT,(i). We claim that (X,s,t) is FPT,(i). For this, letc,,d, € S(X)
with ¢ # d. Then there exist distinct fuzzy singletons a,, b, in Y suchthat f(c) =a,f(d) =b
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and a # b, since f is one-one. Again since (Y, sy, t;) is FPT, (i), then there exist fuzzy sets u, €
s, A € t such that a,qu, bgqA and AN u = 0.

This implies that u(a) +r > 1,A(b) +g>1and Anu=0.

Thatis, u(f(c)) +7> 1, A(f(d))+g>1and f71(Anu) =0.

Thatis, f72(wW)(c) +r>1, 1A +qg>1and XA N f1(w) =0.

Thatis, c,qf ~'(1), dggf ~*(A) and f~1(A) N f~1(w) = 0.

Since f is FP-continuous, then f~1(u) € s, f~1(n) € t. Now, we see that there exist f~1(u) € s,
f~(m) € t such that c,.qf '(w), dgqf~*(A) and f~'A) N f~'(u) =0. Hence (X,s,t) is
FPT,(0).
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