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Abstract. In the present work we have established some new transformations and summations of basic hypergeo-

metric series by making the use of WP-Bailey pairs.
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1. Introduction

For |q| <1, (a;q)n=(1—a)(1—aq)........... (1—aq" in=1,2....
@ao=1:  (@a==T[0-ar)
(a;:q)e

where a is real or complex.
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A Basic Hypergeometric Series is defined as

rOs(ar,a0,a3....ay;b1,b2,b3......bs;q,2) =

(Cll§q>n (az;q)n (ar;q)n ; n<n;1)1 s
n:O(q;q)n(b1§Q)n (bz;q)n....(bs;q)n[(_l) q ] e,

For 0 < |¢g| < 1, the series converges absolutely for all z if » < s and for |z| < 1 if r = s+ 1. This

series also converges absolutely if |¢| > 1 and |z| < |b1by...bs|/|a1az...a|.

In 1944, Bailey [1] introduced a very useful and simple identity known as Bailey’s lemma.

The Bailey’s lemma states that, if

ﬁn = Zarunfrvn+r (l'l)
r=0
and
W= Z Oy —nVpr, (12)
r=n

then under the suitable convergence conditions and if change in the order of summations is

allowed
ZanYn: Zﬁnana (13)
n=0 n=0

where o, O, u, and v, are functions of r such that 3, and 7, exist. The proof of the lemma is

trivial.

Taking u, = 1/(q;q), and v, = 1/(aq;q), in (1.1), we have

n a,
= r;o(q;q)nfr(aq;q)nw' (14)

The pair of sequence (o, B,) that satisfies (1.4) is called a Bailey pair relative to the parameter

a.

The Bailey lemma has been a simple and effective tool in proving Rogers-Ramanujan type
of identities and also a verity of transformations of basic hypergeometric series [2]. Slater
[3, 4] used Bailey’s lemma and gave the long list of 130 identities of Roger-Ramanujan type.
After Slater the Bailey lemma have been extensively used to prove Rogers-Ramanujan type of

identities and its generalizations [5-8]. Very recently, Warnaar [9] has written a very elegant
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survey of Bailey lemma. Andrews et al [10-13] exploited very effective the mechanism of
Bailey’s transform in the form of Bailey pair and Bailey chain. In particular, WP-Bailey pair

(04, Bn) [14] satisfying

B, = Z (k/a;q)n—r(k; Cl)n+ra (1.5)

(@ Qn—r(aq; @nsr

For k = 01in (1.5), we get the standard Bailey pair (1.4). The relation (1.5) follows by setting
Uy = % and v, = ((aquq)) in (1.1). The same substitutions in (1.2), gives
(k;@)on > (k/a;q),(kq™";q)r
T Ortn- (1.6)
(aq;q)on /= (q:9)r(ag* 3 q)r

Y=

In the present paper, we have established a number of transformations and summations of
basic hypergeometric series by making use of (1.5) and (1.6). Some interesting special cases

have also been deduced.

We define a WP-Bailey Unit Bailey pair as

(a,qv/a,—qv/a,a/k;q),

oy = k/a)", 1.7
" (q7 \/a7—\/a,kq;q)n ( / ) ( )
I, n=0,
Bn =
0, n>0.
The trivial WP-Bailey pair is defined as
k. k/a;
B, = ( / Q)n7 (1.8)
(4:a4;q)n
1, n=0,
an —
0, n>0.

A WP-Bailey pair due to Singh [15] is

(a,9v/a,—qv/a,y,2,a*q/kyz;q)n (k/a)"
(qa\/av_\/avaq/yaaq/zakyz/a;q)n ’

an —

_ (ky/a,kz/a,k,aq/yz;q)n

(9,aq/y,aq/z,kyz/a;q)n’ (1.9)
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In our analysis we shall also require the following known results,

(aq,q+/a/b,qv/a/c,aq/bc;q)e
(aq/b,aq/c,qv/a,q\/a/bc;q)e’

(see[16],11.13)

103(a,—gv/a,b,c;—/a,aq/b,aq/c:q,q\/a/be) = (1.10)

1—A+A/b(1—2/a) (A%/b%,qA> [ab;q)e
(1=2)(1+A/b)  (qA/b,A?[ab%q)e’

302(a,Aq, b3 4,qA° b g, A% [ab®) = (1.11)
A2 /ab?| < 1.
(see[16]pp.103)

(—4:q)(aq,aq? /b*;¢*)o
(—q/b,aq/b;q)es

201(a,bsaq/b;q,—q/b) = (1.12)

(see[16]11.9)

(a/b*,1/bg;q)w

4¢3 (G,Q\/Cl, _Q\/avb; \/av —\/a,aq/b;q, 1/bZQ) = (aq/b l/quq)oo :

(1.13)

(see[17])

897(a,qv/a,—qv/a,+/(a/b),—+/(a/b),\/(aq/b),—+/(aq/b),b;\/a,—+/a,q+/(ab), —q+/(ab)

(aq,b*q;q)w

, 1.14
(bq,abq;q)e (1-14)

,/(abq),—+/(abq),aq/b;q;bq) =
lbg| < 1.

(see[18])
2. Main results

If (o, fB,) is a WP-Bailey pair, then under suitable convergence conditions, the following

relations are true

o (—avk.c:q)n ,aq .,
L kkajeiq), ey P
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(kg,aq/\/k,q\/k/c,aq/c;q)e o (ki@)2n  (—qv/k,qv/k,ciq)n , aq Vo, 2.1)
(aq/cv/k,aq,kq/c,q\/k;q)e = (ks q)2n (—v/k,aq/\/k,aq/c;q)n " c\/k '

- (@ Vakiq)n @,
= (q"Vak:q)n ( )B"

(a/k,a’q/kiq)e i (kkg",q" ' Vakiq)y (1 —akq™ ++/a/(Vk—a*?¢")) o

e RV
(2.2)
o q\/k —qvk;q)n
; T ( ) Bn =
(@®/k,a/kq;q)eo o= (kkg" qvks—aV/ki@)n , @*
R ey vy e T 23)
i (q\/kv_Q\/ka\/aa_\/a7\/a%_\/aq;‘I)n (lﬂ)nﬁ —
= (Vk,—k,—kq\/(1/a), kq\/(1/a), k\/(q/a),—k+/(q/a):q)n " a” ™"
(kq,kzq/az;Q)w - (kvkqnch\/k7_Q\/k7\/a7_\/av\/(aCI)’_\/(aCI);CI)n
(kq/a,k>q/a;q)w = (Vk, =k, kq\/(1/a), —kq/(1/a),k/(q/a), —k\/(q/a); q)n
Kq/a,k2q"t) /q k
(Elq qa/an kq, qu{+1q))n( aq)nan- (2.4)
i(__aq)nﬁn _ (kq, 2 2/k'q2) —q; C] OOZ k kq (J) (_aQ)nan‘ (25)

o N B (—aq/k,aq; q) kq,az 2/kiq?)on k

Proof 2.1. Substituting a = k¢g*",b = k/a and ¢ = c¢" in (1.10), we have

103 (kg™ , —q" Tk k) a,cq™ 4"k, ag? T kg [esq,aq /e k)
_ (kq,aq//k,qv/k/c,aq/c;q)(aq;q)an(kq/ ¢, g/k; @)n (2.6)
(aq/c/k,aq,kq/c,qv/k;q)e(kq;q)on(aq//k,aq/c;q)n

Putting &, = %(c’%) in (1.6) and making the use of (2.6), we get

(k;q)2n(qvk, —av/k,c;q)n(kq,aq/\/k,q\/k/c,aq/c;q)w (94
(kq; q)on(—v/k,aq/\/k,aq/ciq)n(aq,aq/c\/k.kq/c,q\/kiq)e c/k

Substituting §,, and ¥, as above in (1.3), we get (2.1).

Y=

Proof 2.2 Setting a = k/a,b = kq** and A = ¢*"/ak in (1.11), we get
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(a/k,a*q/k:q)-(aq:q)2n
(a*/k?,aq;q)w(a*q/k;q)2n

32 (k/a,q*" " \Jak, kg™ ¢*"\/ak,ag™ g, [K*) =

(= gak+Ja)(Vk—a*q™)) 2
(1=g*\ak)(1+/a/ k) '
la®/k?| < 1.

Choosing 6, = W%( > )" in (1.6) and substituting in (2.7), we have

},:(1—q2”¢ak+%a/Wk—aqu”)) (a/k,a’q/kiq)=(k,kq",q" '/ (ak); q)n (f)n
! (1=g*/(ak))(1+/a/Vk)  (aq,a*/k*:q)x(q"/(ak),a*q/k,a*q" ! [kiq)n k>

using &, and 7, in (1.3), we obtain (2.2).

Proof 2.3. Choosing a = kg** and b = k/a in (1.13), we get

(a*q*" [k, a/kq;q)w
(aq2n+1 , a2/k2q; q)oo :
(2.8)

103(kg®" "k, —q" Tk kfas gk, — gk ag™ T q.a7 kP g) =

Now taking 6, = %(

. (a®/k,a/ (kq);q)ee(K: @)2n(qv/k, —q\/K; ) il
" (aq,a? [ (gk?); q)ee(a? [K: )20 (VK —/Ks @)

substituting 9, and ¥, in (1.3), we obtained (2.3).

q) in (1.6) and using (2.8), we get

) .

qk?

Proof 2.4. Taking a = kg*"* and b = k/a in (1.14), we get
07 (kg™ q" "'k, —q" Tk, q"Va, 4"V a, 4"V aq, — 4"\ aq, k| a; 4"k, — 4"/ k,

kq" ' \Ja, kg /\/a, kq"\/(q/a), —kq"\/(a/a),aqg™ s q,kq/a)

_ (kg g/ q) (2.9)
(kq/a,k2q* 1 [a;q)e’ '

lkq/a| < 1.

. k,—q\/k,\Ja,—+/a,\/(aq),—/(aq);q)r kg\r - .
Putiing & = T R T )k 7y, (e in (1:6) and applying (29)

we have

o = K[ )6 @k @)k~ vk, Va /s (@q): )
" (kq/a,k2q)a;q)e kg, aq; q)an(vVk, —/k kgy/(1/a),—kqy/(1/a); q)n
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(_\/(aCI);(])n (@)n
kv/(q/a),—kv/(q/a):q)n" a
substituting 0, and ¥, in (1.3), we get (2.4).

T

Proof 2.5. Setting a = kq”>" and b = k/a in (1.12), we get

I WU (@) (kg™ a? "2 ki gP ) oo
e Y [

Taking 6, = (—£)” in (1.6) and using (2.10), we get

(2.10)

(—4:9)=(kq, 0" /K; 4% )oK, kG 3 @), —agq
(aq, —aq/k;q)=(kq,a*q*/k;q*)on  k
substituting 9, and ¥, in (1.3), we get (2.5).

Y = )n

3. APPLICATIONS

By using (1.7) in (2.1) and taking n — oo, we get

807 (k,q\/k, —qr\/k,c,a,q\/a,—q~/a,a/k;kq, —/k,aq/\/k\/a,—/a,kq,aq/c;q,q\/k/c)
_ (q\/k,kq/c,aq,aq/c\/k;q)w (3 1)
(kq.aq/\/k,qv/k/c,aq/c;q)e ‘

Again by making the use of (1.9) in (2.1) and taking n — oo, we obtain
1090 (k, —gv/k, ¢, qv/k, a,gv/a, —qv/a,y,z,a*q /kyz; kg, —/k, aq /K,

aq/c,\/a,—/a,aq/y,aq/z,kyz/a;q,q/k/c)
_ (aq/cv/k,aq,kq/c,q\/k;q)w ,
— (kq,aq/\/k,q\/k/c,aq/c;q)oo 6¢5(—q\/k,c,ky/a,kz/a,k,aq/yz, _\/k7

kq/c,aq/y,aq/z,kyz/a;q,aq/c /k). (3.2)
On using (1.8) in (2.2) and taking n — oo, we get

(a/k ki) (1= Vak + af(Je—aP)
(aq,a®/k* @) (1 —+/ak)(1++/a/\/k) |

By making the use of (1.7) in (2.3) and then taking n — oo, we obtain

201 (k, k/asaq; q,a* [K*) =

106(a,qv/a, —q\/a,a/k.k,q\/k,—q\/ki\/a,—\/a,kq,a® [k,\/k,—\/k:q,a/kq)

_ (49,8’ /K*q:9) (3.4)

(a®/k,a/kq;q)e
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In (2.3) using (1.9) and then taking n — oo, we get the following transformation
9¢8 (ka q\/k7 —q\/k,a,q\/a, —Q\/a,y;Z,azfﬂkYZ;az/k, \/k7 _\/k7 \/a7 —\/a,aq/y,

aq/z,kyz/a;q,a/kq)

2/12,.
= EZ?}Z C/l]/ckf]’fg: 6¢5 (Q\/k, —q\/k,ky/a,kz/a,k, aq/yz; \/k7 _\/k7 aQ/ya CZQ/Z,kyZ/Cl;q,Clz/kzq).
(3.5)

Again in (2.4) making the use of (1.7) and taking n — oo, we obtain the following summation
IZ(PII (ka Q\/k7 —Q\/k, \/a7 _\/aa \/acb _\/GQ= kZQ/Cl, a, q\/av _Q\/aa Cl/k, \/ka _\/k

kQ\/l/Cl, —kq\/l/a,k\/q/a, _k\/CI/a7 \/Cl, _\/aakCI7aQ7kq;q;k2Q/a2)

_ (kq/a,k*q/a;q)-
 (kq,K*q/a;q)e (3.6

Now use (1.9) in (2.4) and taking n — o ,we have

14¢13<k7‘I\/k7 —Q\/k, \/aa _\/a7 \/aqa —\/aq,kzq/a,a,q\/a, _Q\/a7y7Z; azq/kyz; \/k7

—vk,kqy/1/a,—kq\/1/a,k\/q/a,—k\/q/a,aq,kq,/a,—/a,aq/y,aq/z, kyz/a;q;k*q/a®)

kq/a,k*q/a;q)e
N (<I§1q/ kzq/qa/z q)) 10¢9 (Q\/k7 —CI\/k7 \/Cl, —\/Cl, \/aqa —\/aClaky/aakZ/aak»QQ/yZ;

vk, —/k.kq\/1/a,—kq\/1/a,k/q/a,—k\/q/a,aq/y,aq/z,kyz/a;q;kq/a). (3.7)

By using (1.7) in (2.5), we have

(k7 kqnvaaQ\/a7 —q\/a,a/k; q)" _ )n _ (_aq/kv aq;Q)‘”

_ . 3.8
L (g kg ) k. P k) Caa-tadd/odn O
and again in (2.5) using (1.9), we get
a93(ky/a,kz/a,k,aq/yz;aq/y,aq/z,kyz/a;q,—aq/k)
_ (-4:9)=(kq,a* ¢ /k:¢*)- y (k,kq",a,qv/a,~q+/a,y,2,a*q/kyz;q)n (—q)"
(—aq/k,aq;q)  =(kq,a°q?/k;G?)2n(q; v/ a, —/a,aq/y,aq/z, kyz/a; q)n
(3.9)
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