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Abstract. The inequality of Popoviciu for convex functions is generalized via Abel-Gontscharoff interpolating
polynomial for higher order convex functions. Bounds are found for new identities, exponential convexity and

Cauchy means are presented for linear functionals coming from the general inequality.
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1. Introduction and preliminary results

A characterization of convex function established by T. Popoviciu [14] is studied by many
people (see [15, 13] and references with in). For recent work, we refer [5, 8, 9, 10, 11]. The

following form of Popoviciu’s inequality is by Vasi¢ and Stankovi¢ in [15] (see page 173 [13]):
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Theorem 1.1. Let mk € N, m >3, 2<k<m-—1, [a,f] CR, x = (x1,...,xm) € [c,B]",
P = (p1,...,Pm) be a positive m-tuple such that Y7 | p; = 1. Also let f : [o, B] = R be a convex

function. Then

m k—1
(D Pim(X, 03 f) < = P1m(X, D3 f) + P (X, 3 ),

where

M=

1 k i 1p’./x’.1
Prm(X 05 f) = prom (X, 05 f (X)) = Y (Zpt,)f —
1

G < Siem \ k
k—1 1< <.<p<m \J= .leij
]:

is the linear functional with respect to f.

By inequality (1), we write

k—1
2) Y(x,p; f):= :Z_ 2L (%P3 f) = P (X, 95 f) = i (X, P f)-

Remark 1.2. It is important to note that under the assumptions of Theorem 1.1, if the function

f is convex then Y (x,p; f) > 0 and Y(x,p; f) = 0 for f(x) = x or f is constant function.

The mean value theorems and exponential convexity of the linear functional Y(x,p; f) are
given in [8] for a positive m-tuple p. Some special classes of convex functions are considered to
construct the exponential convexity of Y(x,p; f) in [8]. In [9] (see also [5]), the results related
to Y(x,p; f) are generalized with help of Green function and n-exponential convexity is proved
instead of exponential convexity.

The presentation of the present paper is: in section 2 of this paper, we use Abel-Gontscharoff
interpolating polynomial to generalize the Popoviciu inequality. In section 3, the Cebysev func-
tional is used to find the bounds for new identities. Griiss type and Ostrowski type inequalities
related to generalized Popoviciu inequalities are constructed. In section 4, higher order convex-
ity is used to produce exponential convexity of positive linear functionals coming from section
2. Last section is devoted to the respective Cauchy means. We employ the similar method as

adopted in [7] for Steffensen’s inequality. Hence the work in this paper is the extension of [9].
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Consider the Green function G : [, B] x [a, B] — R defined as

(t_g)(s_a) o<s<t:
3) G(t,s) = e T
Chiew oocp
The function G is convex and continuous w.r.t s and due to symmetry also w.r.t .

For any function ¢ : [a, B] — R, ¢ € C?([a, B]), we have

B
B+ [ G0 (s

The following theorem is Abel-Gontscharoff theorem (see [1]) for two points with integral

@) 0 (x) = ¢<a>+;:

where the function G is defined in (3) (see [16]).

remainder.
Theorem 1.3. Letn,l €N, n>2, 0<I<n—1and ¢ € C"([a,B]). Then we have

(5) ¢(s) = Tn1(a, B,5:0) +R(s;9),

where T,—1(a, B,s; @) is the Abel-Gontscharoff interpolating polynomial of degree n— 1 for two

points, i.e.

" ¢(l+1+w) (ﬁ)

/ v n—I[-2 { w (S— OC)H—H—V(OC _ﬁ)w—

Lii(o,Bs:6) = Z & ) (w—)!

v=0 w=0

and the remainder is given by

where as G, (s,t) is defined by

l n—1 . y _s\yn—v—1 s
1 vzo(lv )< a)(a—0)"""  a<i<s,

v=I[+1

(6) Gy(s,t) =

Further, for o« <s, t < the following inequalities hold

1%
1—1M>07 0<v<l,

(7 (=™ oy 2

119 Galst)

®) (1) 20,

+1<v<n-—1.
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In the next section, we will present our main results using Green’s function and Abel-Gontscharoff’s

theorem with the integral remainder.

2. Generalization of Popoviciu’s Inequality

Motivated by identity (2), we construct the following identity with help of (4) and Abel-Gontscharoff’s

interpolating polynomial for two points.

Theorem 2.1. Letn,l e N, n >4, 0<I<n—1and ¢ € C"([a,B]) and let m;k € N, m > 3,

2<k<m-—1, [a,B] CR, x=(x1,...xm) € [a,B]", p= (P1,-..,Pm) be a real m-tuple such
k
X PijXi;

that Z/j‘.:lpij #0forany 1 <ij <..<ix<mand Y™ p; = 1. Also let € o, B] for
X pi;

=1

any 1 <iy < ... <ip <mwith G and G, defined in (3) and (6) respectively. Then we have the

following identity:

Y(x,p;G(x,s))(s— a)’ds

v=0 v! o
n=l=4r1 w (_1\W—V(R _ y\W—VaH(+3+W) B
+ » ;)( D (lsfl—koi))!(wq)—v)! (ﬁ)}/a Y(x,p;G(x,5)) (s — &) T ds

[ [ r D G5.9) G (5,000 1),

Proof. Using (4) in (2) and following Remark 1.2, we have

"

B
(10) Y(pi9(0) = [ Yx,piG(x5))g” (5)ds.

By Theorem 1.3, ¢ (s) can be expressed as:

ney v =) ) "G (=) T =B) T s
e Yt AR CIR D VR D My i T T LA Y
B
+/ Gn_2(s,1)9"(¢)dr.
Using (11) in (10), we get (9). O

In the following theorem we obtain generalizations of Popoviciu’s inequality for n—convex

functions.
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Theorem 2.2. Letn,l €N, n>4, 0<I<n—1landletmkeN,m>32<k<m—1,[a,B] C
R, x = (x1,....,xm) € [&, B]", p= (p1,---, Pm) be a real m-tuple such that ZIJ‘.:lpij = 0 for any

Zpl xzj

1<ii<..<ix<mand ¥ ,pi=1. Also let? €la,B] forany 1 <i)<..<ix<m

): Di
=1
with G and G, defined in (3) and (6) respectively. If ¢ : [, B] — R is n-convex function and
B
(12) / Y(x,p: G(x,5))Gn_a(s,1)ds > 0, 1 € [a, B].
o
Then

L o042 (q) /B
13) Toopio() >y @ [ X6 ))(s - )

v!

v=0 o
n—Il—4r1 w ( 1)w v(ﬁ OC)W vq) l+3+w )
! wgo [g) (I+14v)!(w— }/ Y(x,p;G(x,5)) (s — )" Vds.

Proof. Since the function ¢ is n-convex, therefore without loss of generality we can assume that
¢ is n-times differentiable and ¢ ") (x) > 0 for all x € [c, B] ('see [13], p. 16 ). Hence we can

apply Theorem 2.1 to obtain (13). O

Remark 2.3. As from (7) we have (—1)""'=3G,,_,(s,t) > 0, therefore for the cases when (n =
even, | = odd) and (I = even, n = odd), it is sufficient to assume that Y (x,p;G(x,s)) >0, s €

[, B, instead of assumption (12) in Theorem 2.2.

Now, we give generalization of Popoviciu’s inequality for m-tuples. As the weights are pos-

itive in Theorem 1.1, therefore in next theorem p = (py, ..., p) be a positive m-tuple such that
i pi = 1.

Theorem 2.4. Let n,l,m,k € Nsuchthatn >4, 0<[<n—1,m>3and2 <k <m-—1, also

let [o, B] C R, x = (x1,...,x%m) € [0, B]" and ¢ : [a,B] — R be n-convex function, with G and

G, defined in (3) and (6) respectively.

(i) If (n=even, | = odd) or (I = even, n = odd). Then

/ ¢ (v+2

(14 Yapow) >y &% / Y (%, G, 5)) (s — @)'ds

v=0

n—Il—4r1 w —1)wv o w—v 4 (I4+3+w) B
: WZ’O L;J( | (l(f1+av>)!(w¢—v)! (B)}/a Y(x,p; G(x,5)) (s — o) "' ds.
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Moreover if "+ (ar) > 0 forv=0,1,2,...,l and ¢(+3%)(B) > 0 if w— v is even and
U3 (B) <0if w—visodd, forv=0,...,wand w=0,...,n—[—4, then the R.H.S.
of (14) will be non negative, that is (1) holds.

(i) If (n = even, 1 = even) or (I = odd, n = odd). Then (14) holds in reverse direction.
Moreover if ¢t (o) < 0 for v=0,1,2,...,] and ¢!"H3T%)(B) < 0 if w—v is even
and o3 (B) > 0if w—vis odd, for v=0,...,wand w=0,...,n — [ — 4, then the
R.H.S. of the reverse inequality in (14) will be non positive, that is reverse inequality in

(1) holds.

Proof. By using (7) we have (—1)" 173G, _»(s,t) >0, a <s, t < B, therefore if (n = even, [ =
odd) or (I = even, n = odd) then G,_, > 0. Also as G is convex so by Remark 1.2 and
non negativity of G,_», the inequality (12) holds for m-tuples. Hence by Theorem 2.2, the
inequality (14) holds. By using other conditions the non negativity of the R.H.S. (14) is quite
understandable.

Similarly, we can prove (if). O

3. Bounds for Identities Related to Generalization of Popoviciu’s Inequal-
ity
For two Lebesgue integrable functions f, 4 : [o, B] — R, we consider the Cebysev functional

1
B—a

A(f,h) = /a ? romndr— - /a Y roydr /a ? ha.

B—o B—o

In [4] the authors proved the following theorems:

Theorem 3.1. Ler f : [0, B] — R be a Lebesgue integrable function and h : [a, ] — R be an
absolutely continuous function with (. — a)(B — .)[W']> € L{a, B]. Then we have the inequality

1

1 1 1 B , 2
I L = IR

The constant % in (15) is the best possible.
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Theorem 3.2. Assume that h: [o, B] — R is monotonic nondecreasing on [o., ] and f : [a, B] —

R be an absolutely continuous with f' € L[, B]. Then we have the inequality

1 , B
(16) A1) < 5= 1l [ (= @B —)dh(x).
The constant % in (16) is the best possible.

In the sequel, we consider above theorems to derive generalizations of the results proved in

the previous section. In order to avoid many notions let us denote
B
a7 R(0) = [ YxPiGlx5)Goalsit)ds > 0, € [, B,
a

Consider the Cebysev functional A(9R, ) given as:

(18) A(R,R) — ﬁ%a/aﬁ R2(1)dt — (lg%a/j m(t)dt)z,

Theorem 3.3. Letn,l €N, n>4, 0<1<n—1, ¢ € C"([ax,B]) with (.—at)(B —.)[¢p"tV]? e
Llo,B] and let mk e N, m >3, 2 <k<m—1, [a,f] CR, x = (x1,...,4) € [, B]", p=
(p1,---s Pm) be a real m-tuple such that Z];:Ipij #0forany 1 <iy<..<ix<mandY?,p;=

Z Pi Xi;
1. Also ler = ! € o, B] for any 1 <iy < ... < iy <mwith G, G, and R defined in (3), (6)
Z pi;
=

and (17) respectively. Then

l (v+2
(19) r<x,p;¢<x>>:zo"’— / Y(%,p: G(x,5))(5— @) ds
41w 1)w V(B OC)W v l+3+w)(B) B ,
E V_ZO T+ 1) =) M”"’I’;G(’“))“‘“)”H s
0 (B) =90 V(a) 1P |
e | 0+ R, B:0),

where the remainder R,(a, B; ¢) satisfies the bound

VB—a !
7 [A(R,R)]

Q) [Si(epi0)| < -t wpa
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Proof. If we apply Theorem 3.1 for f — 9 and h — ¢, we get

B B B
’Bia/a %(r)q)(")(t)dt—ﬁ%a/a fﬁ(t)df-ﬁ%a/a 9" (1)dr
1 p :
< O [T a8l ()P

Hence, we have

(n—1) _ H@m-1)
/aﬁ g{(t)q)(n) (t)dt = ¢ (Z; = z) (o)

where the remainder &, (a, B; @) satisfies the estimation (20). Now from identity (9) , we obtain

(19).

/ﬁ R(1)dt + Ka(ct, B3 ),

The following Griiss type inequalities can be obtained by using Theorem 3.2

Theorem 3.4. Letn,l €N, n>4, 0<[<n—1with ¢ € C"([,B]) such that $""*1) >0 on
[, B] and let the functions G, G, and R defined in (3), (6) and (17) respectively. Then the

representation (19) and the remainder K,(a, B; ¢) satisfies the estimation

(n—1) (n—1) (n—2) _ 4(1m-2)
e |
Proof. Applying Theorem 3.2 for f — 9 and h — ¢, we get

1 B 1 B 1 i
(22) ’m /a R(1)o" (r)dr — 5 a /a R(t)dt. a /a o (1)dt
1 B
L _ ~ e
<sp=gy W= [, (- B0V war.

Since

[ - aB -0 Ve = [ 21 (et Bl o)t

o (04

=(B-a)[0" V(B)+ 0" V()] —2(¢" ()~ 9" P (a)).

Therefore, using identity (9) and the inequality (22), we deduce (21).
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Now we intend to give the Ostrowski type inequalities related to generalizations of Popovi-

ciu’s inequality.

Theorem 3.5. Suppose all the assumptions of Theorem 2.1 hold. Moreover, assume (p,q) is a
pair of conjugate exponents, that is 1 < p,q<oo, 1/p+1/q=1. Let |¢""|? : [ot,B] = R be a

R-integrable function for some n > 2. Then, we have

l ¢v+2

(23) Y(x,p; ¢ Z / Y(x,p;G(x,s))(s —o)"ds

n—Il—-4r1 w 1) (ﬁ OC)W V(P l—|—3+w
w=0 1;) (l+1+v)'( _V)!

)} /a (. Gla.s)) (5 — o) s

B| B a \14
S“q)(n)“p(/a ‘/a Y(x,p;G(x,s))Gp—2(s,t)ds dt) .

The constant on the R.H.S. of (23) is sharp for 1 < p < oo and the best possible for p = 1.

Proof. Using identity (9) and applying Holder’s inequality, we obtain

L 4 (v+2) B
o) = 3 [ i) -
"G (CD)MT(B o) R I(B)] B . y
_ Wz‘ [E) (l+1+v)!(w—v)! ]/a Y(x,p,G(x,s))(s—a)l+1+ ds
1/q
Dde| <[]0 ||p</ |9 (r \%) .

1/q
For the proof of the sharpness of the constant < folj |9‘i(t) ‘th> , let us define the function ¢
for which the equality in (23) is obtained.

For 1 < p < oo take ¢ to be such that

9" (1) = sgnR ()| R (1) 7.
For p = oo take ¢ (1) = sgn(r).

For p =1, we prove that

(24) / " R(0)0™ (1)ar

o

< max 10l [ o))
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is the best possible inequality. Suppose that |93(¢)| attains its maximum at 7y € [, B]. To start

with first we assume that 23(#p) > 0. For 6 small enough we define ¢5(7) b

07 (XSISIO,
Ps(t) = 5(t—10)", to<t<ty+8§,
L=t n+8<t<p.
Then for é small enough
B to+0 1 1 rtotd
/9wmwwm::/ fﬂﬁ%t:—/ £\dt
o o 5 6 )

Now from inequality (24), we have

1 to+0 to+0 1

5 i m(r)drg%(to)/ gdtzg’t(fo)-

]

Since

lm1 N 69% dt =R
t)at = 1
51%05 fo () (0)7

the statement follows. The case when PR (7y) < 0, we define ¢5(¢) by

(t—tg—8)"1, a<t<y,

3|_

|_

Ps(t) =

si(t—t0—0)", t,<t<ty+9,

S o

, fh+0 <t<p,

and rest of the proof is the same as above.

4. Mean Value Theorems and n— exponential convexity
We recall some definitions and basic results from [2], [6] and [12] which are required in sequel.

Definition 1. A function ¢ : I — R is n-exponentially convex in the Jensen sense on [ if

Y &&0 (*) >0,

i,j=1

hold for all choices &i,...,&, € R and all choices xi,...,x, € I. A function ¢ : I — R is

n-exponentially convex if it is n-exponentially convex in the Jensen sense and continuous on /.
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Definition 2. A function ¢ : I — R is exponentially convex in the Jensen sense on [ if it is
n-exponentially convex in the Jensen sense for all n € N.
A function ¢ : I — R is exponentially convex if it is exponentially convex in the Jensen sense

and continuous.

Proposition 4.1. If ¢ : I — R is an n-exponentially convex in the Jensen sense, then the matrix

e\ 1M
[(D (@) } - is a positive semi-definite matrix for all m € N,m < n. Particularly,
ij=

()]
i,j=1

Remark 4.2. It is known that ¢ : I/ — R is a log-convex in the Jensen sense if and only if

forallme N, m=1,2,....n.

ao(n)+20p0 (37 ) + 800 20

holds for every o, B € R and x,y € I. It follows that a positive function is log-convex in the
Jensen sense if and only if it is 2-exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

Remark 4.3. By the virtue of Theorem 2.2, we define the positive linear functional with respect

to n-convex function ¢ as follows

l (v+2) B
@) 110) = Texpo) - 3 S [0 g6 5
n=Il=4r1 w (_1\W—V(R _ W= ({[+3+w) B
_ ZO ZO( 1) (lfl—*_oi))!(wqj_v)! (ﬁ):|/a Y(X,p;G(x,s))(s—OC)H'H'Vds20.

Lagrange and Cauchy type mean value theorems related to defined functional is given in the

following theorems.

Theorem 4.4. Let ¢ : [ct, B] — R be such that ¢ € C"|a, B]. If the inequality in (12) holds, then

there exist & € [a, B] such that

(26) T(¢) = ¢ (&) (g),

where @(x) = £ and T'(-) is defined by (25).

n!
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Proof. Similar to the proof of Theorem 4.1 in [7] (see also [3]). [

Theorem 4.5. Let ¢,y : [a, B] — R be such that ¢, w € C" [, B]. If the inequality in (12) holds,

then there exist & € [o, B] such that

27) =

provided that the denominators are non-zero and I'(-) is defined by (25).

Proof. Similar to the proof of Corollary 4.2 in [7] (see also [3]). [

Theorem 4.5 enables us to define Cauchy means, because if

- () (R,

which means that £ is mean of «, 8 for given functions ¢ and .

Next we construct the non trivial examples of n-exponentially and exponentially convex func-

tions from positive linear functional I'(+). In the sequel I and J are intervals in R.

Theorem 4.6. Let Q = { ¢, : t € J}, where J is an interval in R, be a family of functions defined
on an interval I in R such that the function t — [xg, ..., X,; @] is n—exponentially convex in the
Jensen sense on J for every (n+ 1) mutually different points xy, ..., x, € I. Then for the linear

functional T'(¢;) as defined by (25), the following statements are valid:

(i) The functiont — (@) is n-exponentially convex in the Jensen sense on J and the matrix

[F((p@)]%:l is a positive semi-definite for allm € N,m <n, t1,..,t,, € J. Particularly,
det[T'(¢+4 )]y > O0forallme N, m=1,2,....n.
T
(ii) If the function t — (@) is continuous on J, then it is n-exponentially convex on J.

Proof. (1) For éj €Randt; €J, j=1,...,n, we define the function

h(x) = zn: 861010 (x).

J=1
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Using the assumption that the function ¢ — [xo,...,x,; @] is n-exponentially convex in the
Jensen sense, we have
n
[X(), cue ,Xn,]’l] = Z éjgl[x(% R 7xn;¢m] >0,
Jil=1 :

which in turn implies that % is a n-convex function on J, therefore from Remark 4.3 we have
['(h) > 0. The linearity of T'(-) gives

n

Y &i&T(9) >0.

Jil=1 :
We conclude that the function ¢ — I'(¢;) is n-exponentially convex on J in the Jensen sense.
The remaining part follows from Proposition 4.1.
(ii) If the function t+ — I'(¢;) is continuous on J, then it is n-exponentially convex on J by

definition. 0

The following corollary is an immediate consequence of the above theorem

Corollary 4.7. Let Q = { ¢ : t € J}, where J is an interval in R, be a family of functions defined
on an interval I in R, such that the function t — [xg,...,X,; @] is exponentially convex in the

Jensen sense on J for every (n+ 1) mutually different points xo, .. .,x, € I. Then for the linear

functional T'(¢;) as defined by (25), the following statements hold:

(i) The functiont — T'(¢) is exponentially convex in the Jensen sense on J and the matrix

[F((J)@)]T’l:l is a positive semi-definite for allm € Nym < n, t|,..,t,, € J. Particularly,
det[T'(¢r+4 )]y > 0 forallme N, m=1,2,....n.
R
(ii) If the function t — T'(@;) is continuous on J, then it is exponentially convex on J.

Corollary 4.8. Let Q= {¢, :t € J}, where J is an interval in R, be a family of functions defined
on an interval I in R, such that the function t — [xg,...,X,; @] is 2-exponentially convex in the
Jensen sense on J for every (n+ 1) mutually different points xy, ...,x, € I. Let T'(-) be linear

functional defined by (25). Then the following statements hold:

(i) If the function t — (@) is continuous on J, then it is 2-exponentially convex func-

tion on J. If t — (@) is additionally strictly positive, then it is also log-convex on J.
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Furthermore, the following inequality holds true:

[(9s)) " < [T(9n)] " [T(90))" ",

for every choice r,s,t € J, such that r < s <t.
(ii) If the function t — (@) is strictly positive and differentiable on J, then for every

p,q,u,v € J, such that p < u and g < v, we have

(28) .up,q(FaQ) < (T, Q),
where
L
) ) " P#4q;
(29) Upo(T,Q) dr
( L
for ¢p,0, € Q.
Proof. (i) This is an immediate consequence of Theorem 4.6 and Remark 4.2.

(ii) Since p — I'(¢;) is positive and continuous, by (i) we have that t — I'(¢;) is log-convex

on J, that is, the function 7 — logI'(¢;) is convex on J. Hence we get

logT'(¢p) —logI'(¢y) _ logI'(9.) —logT'(¢y)

— )

pP—4q u—vy

(30)
for p <u,q <v,p=#q,u=#v. So, we conclude that
.u*P,C] (ra Q) S .u“u,v(ra Q)

Cases p = g and u = v follow from (30) as limit cases.

5. Applications to Cauchy means

In this section, we present some families of functions which fulfil the conditions of Theorem
4.6, Corollary 4.7 and Corollary 4.8. This enables us to construct a large families of functions
which are exponentially convex. Explicit form of this functions is obtained after we calculate

explicit action of functionals on a given family.
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Example 5.1. Let us consider a family of functions

Q ={¢,:R—>R:teR}

defined by
et)(
n t 7é 07
¢ (x) = tn
-1, t=0.
Since ‘Zx?,’ (x) = €* > 0, the function ¢ is n-convex on R for every t € R and t — dtﬁ’ (x) is

exponentially convex by definition. Using analogous arguing as in the proof of Theorem 4.6 we
also have that t — [xg,...,X,; @] is exponentially convex (and so exponentially convex in the
Jensen sense). Now, using Corollary 4.7 we conclude that t — (@) is exponentially convex
in the Jensen sense. It is easy to verify that this mapping is continuous (although the mapping
t — @ is not continuous for t = 0), so it is exponentially convex. For this family of functions,

U o(T, 1) , from (29), becomes

(o) Y74
(F(¢q)> ) t#q,
eq(T, Q1) =< exp (Fﬁl(ﬁt) — ?) , t=q#0,
_1 I(id-¢o)

exp (1)) 1=4=0

where “id” is the identity function. By Corollary 4.8 1, 4(I',Q) is a monotone function in
parameters t and q.

Since
1

Cé"ft —q
X" —
dnfq (lOgX) =X,

dx

using Theorem 4.5 it follows that:
Ml,q(r7 Ql ) = log “l,q(ra Ql )7

satisfies

o <M ,I,Q)<B.

Hence M, 4(I", Q1) is a monotonic mean.
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Example 5.2. Let us consider a family of functions
Q ={g:(0,00) > R:r R}

defined by
X
t(t—1)--(t—n+1)’ ! ¢ {0715"'7,1_1}’

/1 .
(71),171{]';)?&717]‘)!, t=J]¢c {0, 1,...,11— 1}

g(x) =

Since T8(x) = x'™" > 0, the function g is n—convex for x > 0 and t — %8t (x) is exponen-
dx - 4 8t dx P

tially convex by definition. Arguing as in Example 5.1 we get that the mappings t — T'(g;) is

exponentially convex. Hence, for this family of functions p, 4(I',Q,) , from (29), are equal to

(F) o

n— T(g0z) = "<
e (T, Q) = eXp((_l) 1(”_1)’—§f§f))+k§oﬁ), t=q¢{0,1,...n—1},

n—1
exp (—1)"%?1—1)!%%—]{;0% , t=q€{0,1,....,n—1}.
L ket

Again, using Theorem 4.5 we conclude that

s (F) <o

Hence ; 4(I",Q,) is a mean and its monotonicity is followed by (28).
Example 5.3. Let
Q3 ={G :(0,00) 2 R:1€(0,00)}

be a family of functions defined by

[ .
Clog 171

%, r=1.

Gix) =

n
Since Cfing (x) =t is the Laplace transform of a non-negative function (see [16]) it is exponen-

tially convex. Obviously §; are n-convex functions for every t > 0.
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For this family of functions, W 4 (I',Q3) , in this case for [a, B] C RT, from (29) becomes

1
L&)\ .
(rie3) "™ 74
Hr g (T,Q3) = exp(—%—ﬁ), t=q#1;

exp <_ﬁr¥(d£)> :

t=q=1,

where id is the identity function. By Corollary 4.8 |, 4(I',Q3) is a monotone function in pa-
rameters t and q.

Using Theorem 4.5 it follows that
My 4 (T',Q3) = —L(1, q)logp; 4 (I',Q3)
satisfy
o <M, (IQ3)<B.

This shows that M; 4 (I", Q3) is a mean. Because of the inequality (28), this mean is monotonic.

Furthermore, L(t,q) is logarithmic mean defined by

—q .
logt—logg’ t 7& 49,

t, t=gq.
Example 5.4. Let
Qi ={%:(0,00) > R: 1€ (0,00)}

be a family of functions defined by

n
Since ‘fixZ’ (x) = e V1 s the Laplace transform of a non-negative function (see [16]) it is expo-

nentially convex. Obviously v are n-convex function for every t > (.
For this family of functions, l; 4 (I',Q4), in this case for [, B] C R, from (29) becomes
1
(%) > =4 P .
g (T, Q4) = (F(Yq) . .’ 70 i=1,2.
P\ ") T
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By Corollary 4.8, it is a monotone function in parameters t and q.

Using Theorem 4.5 it follows that
My 4 (T,Q4) = — (Vi+/q) Ini 4 (T, Q)
satisfy
o <M, (I,Q) <B.

This shows that M; 4 (I',Q4) is a mean. Because of the above inequality (28), this mean is

monotonic.
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