
________________ 

*Corresponding author 

Received May 13, 2014 

246 

 

 

  

 

     

INTERVAL VALUE FUZZY n-FOLD KU-IDEALS OF KU-ALGEBRAS 

,2, 3AREEMF.K , FATEMA2BRAHEMI .A AYZAF, 2ADWANR E. BDELAZIZ, A1SAMY M. MOSTAFA 

f Mathematics, Faculty of Education, Ain Shams University, Roxy, Cairo, EgyptDepartment o1 

Shams University, Cairo, Egypt Department of Mathematics, Faculty of science, Ain2 

IraqHaitham college of Education, University of Baghdad, -Al-Department of Mathematics, Ibn3 

Copyright  2015 Mostafa, Radwan, Ibrahem and Kareem. This is an open access article distributed under the Creative Commons Attribution 

License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Abstract. In this paper, we will introduce the concept of interval value fuzzy n-fold KU-ideal in KU-algebras, 

which is a generalization of interval value fuzzy KU-ideal of KU-algebras and we will obtain few properties that is 

similar to the properties of interval value fuzzy KU-ideal in KU-algebras, see [8]. Also, we construct some 

algorithms for folding theory applied to KU-ideals in KU-algebras. 
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1. Introduction 

Prabpayak and Leerawat [12, 13] constructed a new algebraic structure which is called KU-

algebras and introduced the concept of homomorphisms for such algebras. Akram et al and 

Yaqoob et al [1, 14] introduced the notion of cubic sub-algebras and ideals in KU-algebras. They 

discussed relationship between a cubic subalgebra and a cubic KU-ideal. Zadeh [15] presented 

the notion of fuzzy sets. At present this concept has been applied to many mathematical branches, 

such as groups, functional analysis, probability theory and topology.  Muhiuddin [11] introduced 

the notions of bipolar fuzzy KU-subalgebras and bipolar fuzzy KU-ideals in KU-algebras. He 

considered the specifications of a bipolar fuzzy KU-subalgebra, a bipolar fuzzy KU-ideal in KU-

algebras and discussed the relations between a bipolar fuzzy KU-subalgebra and a bipolar fuzzy 

KU-ideal. Gulistan et al [3] studied (α, β)-fuzzy KU-ideals in KU-algebras and discussed some 
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special properties. Mostafa et al [8] introduced the notion of interval value fuzzy KU-ideals of 

KU-algebras and then they investigated several basic properties which are related to interval 

value fuzzy KU-ideals. Akram et al [2] introduced the notion of interval-valued )
~

,
~

(  -fuzzy 

KU-ideals of KU-algebras and obtained some related properties. Jun and Dudek [5] introduced 

the notion of n-fold BCC-ideals and obtained some related results. In [4] Jun, introduced n-fold 

fuzzy BCC-ideals and gave a relation between n-fold fuzzy BCC-ideal and a fuzzy BCK-ideal. 

Mostafa and Kareem [9, 10] introduced n-fold KU-ideals and fuzzy n-fold KU-ideals of KU-

algebra. They obtained some related properties. In this paper, we will introduce a generalization 

of interval value fuzzy KU-ideal of KU-algebras. Therefore, few properties similar to the 

properties of interval value fuzzy KU-ideal in KU-algebras can be obtained. Also, few results of 

interval value fuzzy n-fold KU-ideals of KU-algebra under homomorphism have been discussed. 

Also, some algorithms for folding theory have been constructed. 

 

2. Preliminaries 

In this section, we will recall some known concepts related to KU-algebra from the literature 

which will be helpful in further study of this article. 

 

Definition2.1. [12, 13] an algebra(X, ∗, 0) of type (2, 0) is said to be a KU -algebra, if for all 

Xzyx ,, , the following axioms are satisfied: 

( 1ku )  0)]()[()(  zxzyyx , 

( 2ku )  00 x , 

( 3ku )  xx 0 , 

( 4ku ) 0 yx  and 0 xy  implies yx  , 

(
5ku ) 0 xx , 

  

On a KU-algebra )0,,( X we can define a binary relation   on X  by putting: 

0 xyyx . 

Thus a KU-algebra X   satisfies the conditions: 

 ( \1
ku ) )()()( yxzxzy     
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 ( \2
ku ) x0    

 ( \3
ku ) xyyx  ,  implies yx  , 

( \
4

ku )   xxy  . 

 

Theorem 2.2. [7]. In a KU-algebra X , the following axioms are satisfied: 

For all Xzyx ,, , 

 (1)  yx  imply zxzy  , 

 (2) )()( zxyzyx  , 

 (3) yxxy  ))(( . 

 

Definition 2.3[13]. A non-empty subset S  of a KU-algebra (X,, 0) is called a KU-sub algebra 

of X if Syx   whenever Syx , .  

 

Definition2.4 [12]. A non-empty subset I  of a KU -algebra (X,, 0) is called an ideal of X  if 

for any Xyx , ,  

(i) I0 ,  

(ii) Ixyx  ,  imply Iy .  

 

Definition2.5 [13]. Let I  be a non empty subset of a KU-algebra X . Then I  is said to be an 

KU-ideal of X , if  

)( 1I  I0  

)( 2I ,,, Xzyx  if Izyx  )(  and ,Iy  imply Izx  . 

 

For any elements x and y of a KU-algebra X, yxn   denotes )...(( yxxx  , where x occurs 

n times. 

 

 Definition2.6[10]. A nonempty subset I of a KU-algebra X is called n-fold KU-ideal of X if  

)(I  I0  
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)(II Xzyx  ,,  there exists a natural number n  such that Izxn  whenever Izyxn  )(  

and Iy . 

For a KU-algebra X , obviously }0{  and X itself are n-fold KU-ideal of X for every positive 

integer n . 

  

Example 2.7. Let X = {0, 1, 2, 3, 4} be a set with    defined by the following table: 

 

 

 

 

 

 

 

 

 

By using the algorithms in Appendix A, we can prove that (X, *, 0) is a KU-algebra and it is 

easy to check that }3,2,1,0{I is n-fold KU-ideal of X for every positive integer n . 

 

Definition 2.8 [15]. Let X be a set, a fuzzy set μ in X is a function μ: X → [0, 1]. For a fuzzy 

set  in X and ]1,0[t . Define ),( tU  to be the set })(:{),( txXxtU   , which is called 

a level set of  . 

 

Definition2.9[10]. A fuzzy set  in a KU-algebra X is called n-fold fuzzy KU-ideal of X  if  

 )( 1N  )()0( x  for all Xx . 

)( 2N ,,, Xzyx   there exists a natural number n  such that 

)}()),((min{)( yzyxzx nn   . 

 

Example 2.10. Let X = {0, 1, 2, 3, 4} be a set with    defined as in Example2.7, define a fuzzy 

set  in X by 2.0)4(  and 7.0)( x for all 4x . Then  is n-fold fuzzy KU-ideal of X . 

 

* 0 1 2 3 4 

0 0 1 2 3 4 

1 0 0 0 3 4 

2 0 1 0 3 4 

3 0 0 0 0 4 

4 0 0 0 0 0 



250                                             MOSTAFA, RADWAN, IBRAHEM AND KAREEM 

Definition 2.11 [13]. Let )0,,( X  and )0,,( X  be KU-algebras, a homomorphism is a 

map XXf :  satisfying )()()( yfxfyxf  for all Xyx , . 

Theorem 2.12[13]. Let f  be a homomorphism of KU-algebra X  into KU-algebraY , then                 

( i )  If 0  is the identity in X  , then )0(f  is the identity inY . 

(ii)  If S  is a KU- subalgebra of X , then )(Sf  is a KU-subalgrbra of Y . 

(iii) If I  is n-fold KU- ideal of X , then )(If is n-fold KU- ideal in Y . 

(iv) If S  is a KU- subalgebra of Y , then )(
1 Sf   is a KU- algebra of X  .  

(v) If B  is n-fold KU- ideal in )(Xf , then )(
1 Bf   is n-fold KU- ideal in X  . 

 

3. Interval value fuzzy n-fold KU-ideals of KU-algebras 

In this section, we begin with the concepts of interval-valued fuzzy sets. 

An interval number is ],[~ UL aaa  , where 10  UL aa . Let D [0, 1] be denote the family 

of all closed sub-intervals of [0, 1], i.e., 

                          ]1,0[,:],[~]1,0[  ULULUL aaforaaaaaD . 

We define the operations  ,, , minr  and maxr  in case of two elements in D [0, 1]. We 

consider two elements ],[~ UL aaa  and ],[
~ UL bbb  in D [0, 1]. 

Then 

1- UULL babaiffba  ,
~~ ; 

2- UULL babaiffba  ,
~~ ; 

3- UULL babaiffba  ,
~~ ; 

4-       UULL bababar ,min,,min
~

,~min     ; 

5-       UULL bababar ,max,,max
~

,~max   

Here we consider that  0,00
~
  as least element and  1,11

~
 as greatest element. 

Let  1,0~ Dai  , where i .We define 
















 


i i
i

U
i

L

i

aa
iar inf,inf~inf  and  
















 
 i i

i
U

i
L

i

aa
iar sup,sup~sup  



INTERVAL VALUE FUZZY n-FOLD KU-IDEALS OF KU-ALGEBRAS                               251 

An interval valued fuzzy set ~  in X is defined as   Xxxxx UL  ,)(),(,~   , where 

 1,0:~ DX   and )()( xx UL   , for all Xx . Then the ordinary fuzzy sets 

 1,0: XL and  1,0: XU are called a lower fuzzy set and an upper fuzzy set of ~  

respectively. 

 

Definition 3.1. Let X be a KU-algebra. An interval valued fuzzy set ~  in X is called an interval 

valued fuzzy KU-subalgebra of X if )}(~),(~min{)(~ yxryx   , for all Xyx , . 

Definition3.2. An interval valued fuzzy set ~ in a KU-algebra X is called an interval valued 

fuzzy ideal of X  if  

 )( 1i  )(~)0(~ x  for all Xx . 

)( 2ii ,, Xyx  )}(~),(~min{)(~ xyxry   . 

 

Definition3.3. An interval valued fuzzy set ~ in a KU-algebra X is called an interval valued 

fuzzy KU-ideal of X  if  

 )( 1f  )(~)0(~ x  for all Xx . 

)( 2f ,,, Xzyx  )}(~)),((~min{)(~ yzyxrzx   . 

 

Lemma 3.4. If ~ is an interval valued fuzzy ideal of KU-algebra X and if x ≤ y, then 

)(~)(~ yx   . 

Proof. If x ≤ y, then 0 xy , by 3ku   xx 0  and for all Xx , )(~)0(~ x  . We get 

).(~)}(~),0(~min{

)}(~),00(~min{)}(~)),(0(~min{)(~)0(~

yyr

yryxyrxx








  

Definition 3.5. An interval valued fuzzy~  is called an interval valued fuzzy relation on any 

set X , if~  is an interval valued fuzzy subset ]1,0[:~ DXX  . 

 

Definition 3.6. If ~  is interval valued fuzzy relation on a set X  and 
~

 is an interval-valued fuzzy 

subset of X , then ~ is an interval valued fuzzy relation on 
~

if   

Xyxyxryx  ,)},(
~

),(
~

min{),(~  .   
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Definition 3.7.  Let ~  and 
~

 be two interval valued fuzzy subsets of a set X , the product of~  

and 
~

 is define by Xyxyxryx  ,)},(
~

),(~min{),)(
~~(  . 

 

Definition 3.8.  If 
~

 is an interval valued fuzzy subset of a set X , the strongest interval valued 

fuzzy relation on X , that is, an interval valued fuzzy relation on 
~

is


 ~
~  given by 

Xyxyxryx  ,)},(
~

),(
~

min{),(~
~ 


. 

 

Definition3.9. An interval valued fuzzy set ~ in a KU-algebra X is called an interval valued 

fuzzy n-fold KU-ideal of X  if  

 )( 1L  )(~)0(~ x  for all Xx . 

)( 2L ,,, Xzyx   there exists a natural number n  such that 

)}(~)),((~min{)(~ yzyxrzx nn   . 

 

Remark 3.10. An interval valued 1-fold fuzzy KU-ideal is precisely an interval valued fuzzy 

KU-ideal. 

 

Example 3.11. Let }4,3,2,1,0{X be a set with   defined as in Example 2.7, define ~ (x) as 

follows: 











 4    xif         ]6.0,1.0[

{0,1,2,3}    xif    [0.3,0.9]
)(~ x   . 

It is easy to check that ~  is an interval valued fuzzy n-fold KU-ideal of X.  

 

Lemma 3.12. In a KU-algebra X , every interval valued fuzzy n-fold KU-ideal is an interval 

valued fuzzy ideal. 

Proof. Let ~ be an interval valued n-fold fuzzy KU-ideal of a KU-algebra X . By taking 0x  in 

)( 2L and using ( 3ku ), we get 

 )}(~),(~min{)}(~)),(0(~min{)0(~)(~ yzyryzyrzz nn   for all Xzy , .  
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Hence ~  is an interval valued fuzzy ideal of X . 

 

Lemma 3.13. Let ~  be an interval valued fuzzy n-fold KU-ideal of a KU-algebra X, if the 

inequality zyxn   holds in X, Then  )(~),(~min)(~ zxry n    .       

      Proof: Assume that the inequality zyxn  holds in X, then 0)(  yxz n and     by (L2) 

    )).....((~)(~),0(~min)(~)),((~min

)}()),((~min{))((~

Izzrzyxzr

zyzxryx

n

nn








 

but 

   
   

  ))(()(~),(~min

)(~),(~min)(~)),(0(~min)(~)0(~

Ibyxzr

xyxrxyxryy

n

nnnn








  

 i.e.   )(~),(~min)(~ zxry n     . 

Proposition 3.14. If ~  is an interval valued fuzzy n-fold KU-ideal of X , then  

                            )(~)((~ yyxx nn    

         Proof: By taking  yxz n   in (L2) and using (ku2) , we get  

 
 
 
  ).(~)(~),0(~min

)(~),0(~min

)(~),0((~min

)(~)),(((~min)}(~)),(((~min{))((~

yyr

yxr

yxxr

yyyxxryyxyxryxx

n

nn

nnnnnn

















 

The proof is completed. 

 

Proposition3.15. If ~  is an interval valued fuzzy n-fold KU-ideal, then 

)(~))((~ zxzyx nn    

 

 Proof. Since

   3,2.2.),2(

00))()(())(((

)))((()))()(())(()(

kuThby

nnnn

nnnnnn

yzxzxyzzxxy

zzxyxzyzxxzyxzx








 

 

, then we have )())( zxzyx nn  , by Lemma 3.4, we get 
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                        )(~))((~ zxzyx nn   . The proof is completed. 

 

Proposition3.16. Let A be a nonempty subset of a KU-algebra X and~  be an interval valued 

fuzzy set in X define by
otherwise

Axtt
x








],[

],[
)(~

21

21


 , where 11 t ,  22 t           and 

]1,0[,,, 2121 tt . Then ~  is an interval valued fuzzy n-fold KU-ideal of X  if and only if A  is 

an interval valued fuzzy n-fold KU-ideal of X . Moreover AX ~ , where 

)}0(~)(~:{~   xXxX . 

Proof: Assume that~  is an interval valued fuzzy n-fold KU-ideal of X . Since )(~)0(~ x  for 

all Xx , we have ],[)0( 21 tt and so A0 . For any Xzyx ,,  such that Azyxn  )(  

and Ay . Using )( 2L , we know that ],[)}(~)),((~min{)(~
21 ttyzyxrzx nn   and 

thus ],[)(~
21 ttzxn  . Hence Azxn  , and A is n-fold KU-ideal of X . 

Conversely, suppose that A is n-fold KU-ideal of X . Since A0 , it follows that 

)(~],[)0(~
21 xtt   for all Xx . Let Xzyx ,, . If Ay and Azxn  , then clearly  

)}(~)),((~min{)(~ yzyxrzx nn   . 

Assume that Ay and Azxn  . Then by )(II , we have Azyxn  )( . Therefore 

)}(~)),((~min{],[)(~
22 yzyxrttzx nn   . Finally we have that 

AttxXxxXxX  ]},[)(~:{)}0(~)(~:{ 21~  . 

 

Theorem 3.17. Let ~ be an interval valued fuzzy set in a KU-algebra X and n  a positive integer. 

Then~  is an interval valued fuzzy n-fold KU-ideal of X if and only if the nonempty level set 

),~( tU  of ~  is n-fold KU-ideal of X . Then call ),~( tU  the level n-fold KU-ideal of~ . 

Proof: Suppose that ~  is an interval valued fuzzy n-fold KU-ideal of X and  ),~( tU  for any 

]1,0[],[
~

21 Dttt  , there exists )
~

,~( tUx  and so tx
~

)(~  . It follows from )( 1L that 

tx
~

)(~)0(~    so that )
~

,~(0 tU  . Let Xzyx ,,  be such that )
~

,~()( tUzyxn   

and )
~

,~( tUy  . Using )( 2L , we know that   
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tttryzyxrzx nn ~
}

~
,

~
min{)}(~)),((~min{)(~   , thus  )

~
,~( tUzxn  . Hence 

)
~

,~( tU   is n-fold KU-ideal of X . 

Conversely, suppose that  )
~

,~( tU  is n-fold KU-ideal of X for every ]1,0[
~

Dt  . For 

any Xx , let tx
~

)(~  , then )
~

,~( tUx  . Since )
~

,~(0 tU  , it follows that )(~~
)0(~ xt    so 

that )(~)0(~ x  for all Xx . Now, we need to show that~  satisfies )( 2L . If not, then there 

exist Xcba ,, such that  )}(~)),((~min{)(~ bcbarca nn   . By  taking 

)})(~)),((~min{)(~(
2

1~
0 bcbarcat nn    then we have  

)}(~)),((~min{
~

)(~
0 bcbartca nn   . Hence )

~
,~())(( 0tUcban   and )

~
,~( 0tUb  , 

but )
~

,~( 0tUcan  , which means that )
~

,~( 0tU  is not n-fold KU-ideal of  X . This is 

contradiction. Hence ~  is an interval valued fuzzy n-fold KU-ideal of X . 

 

Lemma 3.18. Let ~  be an interval valued fuzzy n-fold KU-ideal of a KU-algebra X and  

]1,0[
~

,
~

21 Dtt  with 21

~~
tt  . Then  

(i) )
~

,~()
~

,~( 21 tUtU   , 

(ii) Whenever )~Im(
~

,
~

21 tt , where }:
~

{)~Im(  iti  then )
~

,~()
~

,~( 21 tUtU   , 

(iii) )
~

,~()
~

,~( 21 tUtU   if and only if there does not exist Xx such that 21

~
)(~~

txt   . 

Proof: clear. 

 

Theorem 3.19. Let ~  be an interval valued fuzzy n-fold KU-ideal of a KU-algebra X  with 

}:
~

{)~Im(  iti and }:)
~

,~({  itU i where   is an arbitrary index set. Then 

(i) There exists a unique 0i such that ii tt
~~

0
  for all i . 

(ii) )
~

,~()
~

,~(
0

~ i

i

i tUtUX  


 , 

(iii) )
~

,~(



i

itUX  , 

Proof: (i) since )~Im()0(~   , there exists a unique 0i  such that
0

~
)0(~

it . Hence by )( 1L , 

we get 
0

~
)0(~)(~

itx   for all Xx , and so ii tt
~~

0
  for all i . 
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(ii) We have that  

XxXxtxXxtxXxtU iii  )}0(~)(~:{}
~

)(~:{}
~

)(~:{)
~

,~(
000

 . 

Note that )
~

,~()
~

,~(
0 ii tUtU    for all i , so that 




i

ii tUtU )
~

,~()
~

,~(
0

 . Since 0i , it 

follows that )
~

,~()
~

,~(
0

~ 



i

ii tUtUX  . 

(iii) For any Xx  we have )~Im()(~  x and so there exists )(xi such that )(

~
)(~

xitx  . 

This implies 



i

ixi tUtUx )
~

,~()
~

,~( )(  . Hence 



i

itUX )
~

,~( . 

 

4. Image (Pre-image) of interval valued fuzzy n-fold KU-ideals under 

homomorphism 

 

Definition4.1.         

  Let f be a mapping from the set X  to the set Y . If ~  is an interval valued fuzzy subset of X  , 

then the fuzzy subset B
~

 of Y defined by  





 





 

otherwise                                              0

})(,{)( if  ),(~sup
)(

~
))(~(

1

)(1




yxfXxyfx
yByf yfx   

Is said to be the image of ~  under f . Similarly if 
~

 is a fuzzy subset of Y , then the fuzzy 

subset f
~~  in X ( i.e. the interval valued fuzzy subset defined by ))((

~
)(~ xfx    for  all  

Xx ) is called the pre-image of 
~

 under f . 

 

Theorem 4.2. An onto homomorphic pre-image of an interval valued fuzzy n-fold KU-ideal is 

also an interval valued fuzzy n-fold KU-ideal. 

Proof:  Let XXf : be an onto homomorphism of KU-algebras, 
~

be an interval valued 

fuzzy n-fold KU-ideal of X  and ~  be the pre-image of 
~

 under f , then ))((
~

)(~ xfx    , for 

all Xx . Let Xx , then )(~))((
~

))0((
~

)0(~ xxff   . Now let Xzyx ,,  then  
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 
 
 )(~)),((~min

)((
~

))),(((
~

min

)((
~

)),()(()((
~

min))()((
~

)((
~

)(~

yzyxr

yfzyxfr

yfzfyfxfrzfxfzxfzx

n

n

nnnn













 

, the proof is completed. 

 

Definition4.3. An interval valued fuzzy subset ~  of X  has sup property if for any subset T  of 

X , there exist Tt 0
 such that  

Tt

tSUPt



 )(~)(~
0  . 

 

Theorem 4.4. Let XXf : be a homomorphism between two KU-algebras X and X  . For 

every interval valued fuzzy n-fold KU-ideal~  in X , )~(f is an interval valued fuzzy n-fold KU-

ideal of X  .  

Proof : By definition )(~sup:))(~()(
~

)(1

xyfyB
yfx


 

  for all Xy   and 0
~

:sup  . 

We have to prove that )},(
~

)),()((
~

min{))((
~

yBzyxBrzxB nn  Xzyx  ,, .  

Let XXf :  be an onto homomorphism of a KU-algebra, ~  be an interval valued fuzzy n-

fold KU-ideal of X  with  sup property and 
~

be the image of ~  under f , since~  is an interval 

valued fuzzy n-fold KU-ideal of X , we have )(~)0(~ x   for all Xx . Note that )0(0
1  f  , 

where 0  , 0  are the zero of X and X   respectively , Thus, ),(~)0(~)(~sup)0(
~

)0(1

xtB
ft

 
 

for 

all Xx , which implies that ),(
~

)(~sup)0(
~

)(1

xBtB
xft


 

 for any Xx  . Now, for any 

Xzyx  ,, , let  )(,)(,)( 1

0

1

0

1

0 zfzyfyxfx     be such that   

 )(~sup)(~ ,)(~sup))((~

)(
0

))((
00

11

tytzx
yftzxft

n

n


 

 and  

    

).(~sup)}()((~sup

))()((
~

))}()(({
~

))()((~

))()((
000

)()(()()((

000000

11
000

tzyx

zyxBzyxfBzyx

xyxft

n

zyxfzyx

nnn

nnn





 





 

 Then  ))((
~

zxB n ))((~)(~sup 00
))((1

zxt n

zxft n


 

 )}(~),()((~min{ 0000 yzyxr n   =  
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 , )(~supmin
))()((1




 

tr
zyxft n






 

)(~sup
)(1

t
yft

  = )}(
~

,))()((
~

min{ yBzyxBr n  .  

Hence B
~

  is an interval valued fuzzy n-fold KU-ideal of Y. 

 

Proposition4.5. For a given interval valued fuzzy subset 
~

 of a KU-algebra X , let


 ~
~  be the 

strongest fuzzy relation on X . If


 ~
~  is interval valued fuzzy n-fold KU-ideal of XX  , 

then )0(
~

)(
~

 x  for all Xx . 

Proof: Since 


 ~
~  is an interval valued fuzzy n-fold KU-ideal of XX  , it follows from )( 1L  that 

)}0(
~

),0(
~

min{)}(
~

),(
~

min{),(~
~ 


rxxrxx  , then )0(
~

)(
~

 x .  

 

Theorem 4.6. Let ~ and 
~

 be two interval valued fuzzy n-fold KU-ideals of a KU-algebra X, 

then 
~~   is an interval valued fuzzy n-fold KU-ideal of XX  .  

Proof: for any XXyx ),( , we have 

),)(
~~()}(

~
),(~min{)}0(

~
),0(~min{)0,0)(

~~( yxyxrr   . 

Now let XXzzyyxx ),(),,(),,( 212121 , then   

 

    

    

 ),)(
~~()),(),()(

~~(min

)(
~

),(~min,))((
~

)),((~minmin

)(
~

)),((
~

min,)(~)),((~minmin

),(
~

,),(~min),)(
~~(

21222111

21222111

22221111

22112211

yyzyxzyxr

yyrzyxzyxrr

yzyxryzyxrr

zxzxrzxzx

nn

nn

nn

nnnn

















 

Hence 
~~  is an interval valued fuzzy n-fold KU-ideal of XX   .  

Analogous to theorem 3.2 [ 6] , we have a similar results for interval-valued n-fold KU- ideal , 

which can be proved in similar  manner , we state the results without proof .  
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Theorem 4.7. Let ~   and 
~

 be two interval valued fuzzy subsets of a KU-algebra X , such 

that 
~~  is an interval valued fuzzy n-fold KU-ideal of XX  , then  

(i) either )0(~)(~  x  or )0(
~

)(
~

 x  for all Xx ,  

(ii) if )0(~)(~  x  for all Xx , then either )0(
~

)(~  x or )0(
~

)(
~

 x ,  

(iii) if )0(
~

)(
~

 x  for all Xx , then either )0(~)(~  x  or )0(~)(
~

 x , 

(iv) either ~   or 
~

 is an interval valued fuzzy n-fold KU-ideal of X .  

 

Theorem 4.8. Let 
~

 be an interval valued fuzzy subset of a KU-algebra X  and 


 ~
~

 be the 

strongest fuzzy relation on X , then
~

is an interval valued fuzzy n-fold KU-ideal of X   if and 

only if 


 ~
~  is an interval valued fuzzy n-fold KU-ideal of XX   .  

Proof: Assume that 
~

 is an interval-valued fuzzy KU-ideal of X , we note from )( 1L that: 

),(~)}(
~

),(
~

min{)}0(
~

),0(
~

min{)0,0(~
~~ yxyxrr


  .  

Now, for any XXzzyyxx ),(),,(),,( 212121 , we have from )( 2L :  

 

    

    

 ),(~)),(),((~(min

)(
~

),(
~

min,))((
~

)),((
~

minmin

)(
~

)),((
~

min,)(
~

)),((
~

minmin

)(
~

,)(
~

min),(~

21~222111~

21222111

22221111

22112211~

yyzyxzyxr

yyrzyxzyxrr

yzyxryzyxrr

zxzxrzxzx

nn

nn

nn

nnnn





















 

Hence 


 ~
~

  is an interval valued fuzzy KU-ideal of XX  . 

Conversely:  For all XXyx ),( , we have 

),(~)}(
~

),(
~

min{)}0(
~

),0(
~

min{)0,0(~
~~ yxyxrr


  It follows that )()0( x   for all 

Xx , which prove )( 1L . 

Now, let XXzzyyxx ),,(),,(),,( 212121 , then  
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 

 

  

    

    

    )(
~

),((
~

min,)(
~

),((
~

minmin

)(
~

),(
~

min,)((
~

),((
~

minmin

)(~),(~min,)((),((~minmin

),(~,))(),((~minmin

),(~)),,(),((),((~min

),(~)(
~

),(
~

min

22221111

21222111

2~1~222111~

21~222111~

21~212121~

2211~2211

yzyxryzyxrr

yyrzyxzyxrr

yyrzyxzyxrr

yyzyxzyxrr

yyzzyyxxr

zxzxzxzxr

nn

nn

nn

nn

nn

nnnn

































 

In particular, if we take 0222  zyx , then  

)}(
~

)),((
~

min{)(
~

111111 yzyxrzx
nn

  . This proves )( 2L and completes the proof. 

 

Conclusion: we have studied the interval valued fuzzy foldedness of a KU-ideal in a KU-algebra. 

Also we discussed few results of interval valued fuzzy n-fold KU-ideal of KU-algebras under 

homomorphism, the image and the pre-image of interval valued fuzzy n-fold KU-ideals in KU-

algebras are defined. How the image and the pre-image of interval valued fuzzy n-fold KU-ideals 

are studied. Moreover, the product of interval valued fuzzy n-fold KU-ideals to product KU-

algebras is established. Furthermore, we construct some algorithms for folding theory applied to 

KU-ideals in a KU-algebra. 

 The main purpose of our future work is to investigate the foldedness of other types of interval 

valued fuzzy ideals such as an implicative (commutative, positive implicative) and ~ -cubic n-

fold KU-ideals of a KU-algebra. 

 

Appendix A. Algorithms 

This appendix contains all necessary algorithms 

Algorithm for KU-algebras  

Input ( :X set, : binary operation) 

Output (“ X is a KU-algebra or not”) 

Begin 
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If X  then go to (1.); 

EndIf 

If X0  then go to (1.); 

EndIf 

Stop: =false; 

1:i ; 

While Xi   and not (Stop) do 

If 0 ii xx  then 

Stop: = true; 

EndIf 

1:j  

While Xj   and not (Stop) do 

If 0))((  iij xxy  then  

Stop: = true; 

EndIf 

EndIf 

1:k  

While Xk   and not (Stop) do 

If 0))()(()(  kikjji zxzyyx  then  

Stop: = true; 

     EndIf 

   EndIf While 

 EndIf While 

EndIf While 

If Stop then  

(1.) Output (“ X is not a KU-algebra”) 

Else  

   Output (“ X is a KU-algebra”) 

     EndIf 

End 

 

Algorithm for fuzzy subsets 

Input ( :X KU-algebra, ]1,0[: XA ); 

Output (“ A is a fuzzy subset of X  or not”) 

Begin 
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Stop: =false; 

1:i ; 

While Xi   and not (Stop) do 

If ( 0)( ixA ) or ( 1)( ixA )  then 

Stop: = true; 

EndIf 

   EndIf While 

If Stop then  

Output (“ A is a fuzzy subset of X  ”) 

Else  

   Output (“ A is not a fuzzy subset of X ”) 

     EndIf 

End. 

 

Algorithm for n-fold KU-ideals 

Input ( :X KU-algebra, :I subset of NnX , ); 

Output (“ I is an n-fold KU-ideal of X  or not”); 

Begin 

If I  then go to (1.); 

EndIf 

 If I0  then go to (1.); 

EndIf 

Stop: =false; 

1:i ; 

While Xi   and not (Stop) do 

1:j  

While Xj   and not (Stop) do 

1:k  

While Xk   and not (Stop) do 

If Izyx kji
n  ))(( and Iy j   then  

If Izx ki
n  )(  then 

    Stop: = true; 

          EndIf 

       EndIf 
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    EndIf While 

 EndIf While 

EndIf While 

If Stop then  

Output (“ I is an n-fold KU-ideal of X ”) 

Else  

(1.) Output (“ I is not an n-fold KU-ideal of X ”) 

     EndIf 

End. 

  

Algorithm for fuzzy n-fold KU-ideals 

Input ( :X KU-algebra, : binary operation, :A fuzzy subset of X ); 

Output (“ A is a fuzzy n-fold KU-ideal of X  or not”) 

Begin 

Stop: =false; 

1:i ; 

While Xi   and not (Stop) do 

If )()0( ixAA   then 

Stop: = true; 

EndIf 

1:j  

While Xj   and not (Stop) do 

1:k  

While Xk   and not (Stop) do 

If ))()),((min()( jkj

n

ik

n

i yAzyxAzxA   then  

Stop: = true; 

     EndIf 

   EndIf While 

 EndIf While 

EndIf While 

If Stop then  

Output (“ A is not a fuzzy n-fold KU-ideal of X ”) 

Else  

   Output (“ A is a fuzzy n-fold KU-ideal of X ”) 

     EndIf 

End  
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